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Part 1
Preliminaries

1 What is optimization?

In attempting to answer this question, we will define a scope for the course and highlight some key
themes as we go.

A general optimization problem can be written in the form:

minimize f(x)

subject to x € C.

Here f is called the objective function, and C' defines the constraints. In practice, the feasible
set C is usually specified via a list of equality and/or inequality constraints. (In semidefinite
programming, C' can be defined additionally in terms of linear matrix inequalities involving matrix
variables.) A point satisfying = € C is called feasible.

1.1 Scope of the course

In this class, we will be concerned with continuous optimization problems where C' C R™ for
some n'. If simply C = R”, then we say that the problem is unconstrained. Unconstrained
optimization will be our first focus. Constrained optimization is in general more difficult, and the

theory of duality plays a key role.

Our general formulation conceals boundless diversity of optimization problems. There is no ‘one
algorithm’ that achieves all desiderata for all problems. Often one faces serious tradeoffs between
accuracy and efficiency /scalability, dictated by the problem dimension as well as the dimension and
structure of the constraints.

Indeed, there are so many topics we will not even touch! A quick glance at the reference texts
(some of which are quite lengthy!) will make this clear. But this course intends to hit most of
the big ideas that are practically relevant. By the end of the course, when faced with a continuous
optimization problem, you should have an intuition about what one can hope to achieve for this
problem, and with what kind of computational cost for a given target accuracy. You should also
have the tools you need to code up your own optimizer from scratch (though this may not always
be necessary).

At the risk of some oversimplification it is useful to keep in mind two regimes:

e Low-dimensional problems: direct linear algebra is cheap (recall that solving n x n linear
systems in general costs O(n®) operations via Gaussian elimination, cf. Math 128A). In this
regime, we expect algorithms that converge in a few iterations, each of which has a cost that
scales steeply with dimension.

— Think Newton’s method for unconstrained problems; interior point methods and
augmented Lagrangian methods for constrained problems.

1Note that it may be awkward to phrase some given optimization problem in terms of a single variable x € R™.
In particular it may require viewing = as a composite variable via a concatenation and/or flattening of primitive
matrix/tensor variables. It is worth keeping in mind that doing so may obscure some special structure that is useful
for your particular problem. But there is also a lot of power in designing general approaches.
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Figure 1.1: Convex (left) vs. nonconvex (right) optimization landscapes.

¢ High-dimensional problems: direct linear algebra is too expensive, and possibly anything
beyond O(n) computational scaling is intractable. In this regime, we expect algorithms that
converge slowly over many iterations, each of which is cheap.

— Think gradient descent for unconstrained problems. For constrained problems, the
recipe is less clear. (Inexact) augmented Lagrangian methods define a general
framework, but often there is special structure to consider.

The cutoff between these two regimes is murky to define, and there are many methods that aim for
somewhere in between. For example, quasi-Newton methods (e.g., L-BFGS) attempt to extend
the magic of Newton’s method to higher-dimensional problems, by using some kind of low-rankness
to accelerate the linear algebra.

Indeed, for general unconstrained optimization problems of at least moderate dimension in many
settings, L-BFGS has been a fairly standard choice for a long time. But in deep learning, a new suite
of variations on gradient descent (e.g., especially, Adam) have taken over. It is worth noting that
modern deep learning essentially always involves training with stochastic gradients and moreover
that success consists not merely of lowering the objective but also of finding neural network weights
that generalize well beyond the training set. Understanding how the training dynamics influence
‘generalization error’ is a major topic of contemporary inquiry, but we won’t focus on it in this
class. That said, hopefully we will get to a discussion of stochastic gradient methods from a purely
optimization-theoretic point of view.

1.2 When is optimization tractable?

Now when is it possible to ‘win’ at our goal of optimization? Let us highlight the key difficulties
standing in the way.

First of all, it is important to draw a distinction between global and local optimization. Global
optimization, as a general problem, is NP-complete, and it is not reasonable to hope for a general
efficient solver. In the continuous setting, the major fundamental difficulty is the possible existence
of many local optimizers. (For discrete optimization problems, it is less clear in general how to
define local optimality, but a similar difficulty is often present.) Local optimization (i.e., finding
some local optimizer) is typically a tractable goal, and special structure (namely, convexity) can
guarantee that there is one local optimizer, which is the global optimizer.

We probably do not have time to study algorithms for nonconvex global optimization. They
are by necessity based on some heuristics for exploring many local optima, cf. simulated annealing,
basin hopping, and ‘just trying a bunch of random initializations.’



Secondly, we need to assume some kind of regularity in the objective function. Intuitively, we
should not be getting our hopes up about finding local optima of extremely rough functions, and the
analysis needs to rule out certain pathologies. It is also important to remember that optimization
algorithms are typically iterative algorithms, which furnish a solution as a limit of a sequence.
The rate of convergence of this sequence is very important, even if we know that the sequence
is guaranteed to converge. Some quantitative notion of smoothness, sometimes together with
quantitative notions of convexity, is important for controlling this rate.

In summary, we highlight two key, quantifiable properties which we will study before getting to
any optimization aglorithms.

e Convexity: rules out the possibility of local optimizers that are not global optimizers. Con-
vexity is a property of both the objective function and the feasible set. When both hold, the
problem is a convex optimization problem. For many global convergence results, we will
assume convexity somehow. However, even for nonconvex problems, convexity typically holds
effectively near a local optimizer. Thus the assumption of convexity is not as severe as it may
seem, if we care about studying the local convergence properties on general problems.

e Smoothness: an appropriate quantification of smoothness will appear in our quantitative
rates of convergence. Later we will also see how certain types of structured non-smoothness
can be accommodated for some problems.
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Figure 2.1: Left: illustration of the definition of convexity of a set C. Right: depiction of the
convex hull of a set {z1,x2,x3,24} C C.

2 Convexity

2.1 Convex sets

We begin with the definition of a convex set.

Definition 2.1 (Convex sets). A set C' C R is called convez if for all 2,y € C and all § € [0, 1],
the point (1 — 6)x + Oy also lies in A. (See Figure 2.1.)

Exercise 2.2 (Intersections of convex sets). Show that the intersection of two convex sets is
convex. Show that the intersection of an arbitrary finite number of convex sets is convex.

We have the following immediate consequence of the definition which furnishes an equivalent
definition.

Lemma 2.3 (Convex combinations). A set C C R™ is convex if and only if for any choice of

T1,...,2 € C for any positive integer k and 01, . ..,0; > 0 such that Zle 0; = 1, it holds that
k

Zi:l 0;x; € C.

Remark 2.4. Such a linear combination with nonnegative coefficients that sum to 1 is called a
convex combination. The collection of all convex combinations of elements from some set .S
is called the convex hull of S. See Figure 2.1. The convex hull of S is the smallest convex
set containing S (in the sense that it is a subset of any other convex set containing S). It is a
good exercise to prove this claim.

Proof. The reverse direction is immediate (taking k = 2), so we prove the forward direction.



2

Polytope = intersection
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Figure 2.2: Convex polytope as an intersection of half-spaces.

Thus assume C' is a convex set and let x1,...,z; € C and 64,...,60; > 0 such that Zle 0; = 1.

We want to show that T := Zle 0;x; € C. Without loss of generality assume that 6; > 0 for all

t=1,...,k (otherwise we can just omit some terms from our sums and reduce k accordingly).
We can proceed by induction on k. Let # = 0, and y = x, so then

Also define

k—1
1-6= Z 0;.
=1

k—1 k—1
_ > i bizi _ b;
r === _ =
1-06
so that we can rewrite

K2

Zg

2.1
1 —0 (2.1)
=1
T=(1-0)x+ 0y.
By the inductive hypothesis, € C since we have written it in (2.1) as a convex combination of
€1,

,Zx—1. Then by the definition of convexity applied to (2.2), we know that T € C as well.

(2.2)

O

Exercise 2.5 (Half-spaces are convex). For a given a € R™ and b € R, the set {x € R"
a-x < b} is called a half-space. Show that half-spaces are convex.

In light of this exercise and the fact (Exercise 2.2) that intersections of convex sets are convex, we
of half-spaces. See Figure 2.2.

can understand the convexity of ‘convex polytopes’ as following from a presentation as an intersection

More concretely, any affine subspace can be presented as {Ay +b : y € R™} where A € R?"*™
subspace is a convex set.

Exercise 2.6 (Affine subspaces are convex). Show that any subspace of R™ is a convex set.
and b € R™. (This is the translation by b of the column space of A.) Show that any affine

Moreover, we can define an affine subspace as a translation of a subspace by a fixed vector.
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Figure 2.3: A supporting hyperplane.

In fact, the next exercise proves something more general: the image of a convex set under an
affine-linear transformation is a convex set.

Exercise 2.7 (Affine-linear transformations preserve convexity). An affine-linear transfor-
mation is a map F : R™ — R"of the form F(y) = Ay + b where A € R"*"™ and b € R". Show
that if C' C R™ is a convex set, then F(C) := {F(y) : y € C} is a convex subset of R™.

In the next section, we will give further examples of how convex sets can be furnished from
sublevel sets of convex functions. We close this section with a classic theorem which conveys further
intuition about the nature of convex sets. We omit the proof since it is not essential for us.

Theorem 2.8 (Supporting hyperplane theorem). Let C' C R™ be a convex set and let xy € OC
(the boundary of C). Then there exists a € R™ nonzero such that a-x < a-xzq for all x € C.
In other words, for any xo € OC' there exists a ‘supporting half-space’ {x € R™ : a -z < a-xzp}
which contains all of C and which contains xo on its boundary (the supporting hyperplane).
Conversely, any closed convez set is equal to the intersection of all of its supporting half-spaces.

2.2 Convex functions

2.2.1 Definition and basic properties

Definition 2.9 (Convex functions). A function f : C' — R defined on a convex domain C' C R™
is called convex if for every z,y € C and 6 € [0, 1], it holds that

f(A=0)x+0y) < (1-0)f(z)+0f(y) (2.3)

(See Figure 2.4 for illustration.) We say that f is strictly convex if the inequality 2.3 holds
strictly for all § € (0,1) whenever = # y.




Figure 2.4: Left: illustration of the definition of convexity of a function f. Right: depiction of the
equivalent definition in terms of arbitrary convex combinations.

In general we won’t talk much about concave functions, which are simply those functions f such
that —f is convex. ‘Concave maximization’ problems can be formulated as convex minimization
problems by negating the objective.

The following exercise establishes an equivalent definition.

Exercise 2.10 (Convex functions in terms of convex combinations). A function f : C — R
defined on a convex domain C' C R" is convex if and only if for any choice z1, ...,z € C for
any positive integer k and 61, ...,60; > 0 such that Zle 0; = 1, it holds that

k
f (Z 6’1'171') < Zoif(xi)- (2.4)

i=1 i=1

(See Figure 2.4 for illustration.) Hint: Mimic the proof of Lemma 2.3.

Exercise 2.11 (Sums and nonnegative scaling preserve convexity). Suppose f,g: C — R are
convex functions on a convex domain C' C R™ and « > 0 is a nonnegative scalar. Then f + ¢
and af are both convex functions. More generally, suppose that fi,..., fr : C — R are convex
and a7, ..., > 0 are nonnegative scalars. Then )", | o, f; is convex.

Exercise 2.12 (Composition with affine-linear transformations preserves convexity). Let f :
R™ — R be convex on R™, A € R™*" and b € R™. Then the map g : R™ — R defined by

g(x) = f(Ax +1b)

is convex.

Remark 2.13. This result can be viewed as saying that the restriction of a convex function
to any affine subspace is itself a convex function. As an additional exercise, try to make this
precise!

10
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Figure 2.5: Hlustration of convex functions that are not strictly convex.

Exercise 2.14 (Pointwise maxima of convex functions are convex). Suppose f,g : C — R
are convex functions on a convex domain C C R™. Then the pointwise maximum h(z) :=
max(f(z),g(x)) is convex on C. More generally, suppose that fi,..., fr : C — R are convex.
Then the pointwise maximum h(z) := max;—1, . fi(x) is convex on C.

Exercise 2.15 (Sublevel sets of convex functions are convex). The a-sublevel set of a function
f:R™ = R is defined as {x € R" : f(z) < a}. (a) Show that if f is a convex function, then
any sublevel set of f is convex (as a set). (b) Show that the converse is not true.

2.2.2 Strict convexity and strong convexity

Definition 2.9 of convex functions introduces a notion of strict convexity that rules out the possibility
of ‘flat segments’ in the graph of the function. For example f(x) = |z| is not strictly convex. The

Huber function
1,2
) 577, lz] <1
€T =
f(@) {|x| -3, |zl >1,

which is by contrast differentiable, also fails strict convexity. See Figure 2.5.
The notion of strict convexity is unfortunately not quantitative, and for optimization analysis it
is often important to assume something stronger. Here we use || - || to denote the Euclidean norm

n

JlP = z-2= 322, zeR,

=1

and often we adopt this convention unless specified otherwise. It is always useful to think of elements
of R™ as column vectors so that we can view the dot product as a (1 x n) by (n x 1) matrix-matrix

product: u-v =u'wv.

11



Figure 2.6: Hlustration of the definition of strong convexity. The blue curve is the graph of f while
the purple curve indicates the quadratic on the right-hand side of (2.5).
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Figure 2.7: Two functions which are strictly convex but not strongly convex. Can a function be
strongly convex but not differentiable?

Definition 2.16 (Strong convexity). A function f : C — R defined on a convex domain
C C R™ is called u-strongly convex for p > 0 if for every x,y € C and 0 € [0, 1], it holds that

I
F((1=0)z+0y) < (1=0)f(w) +0f(y) — 5001 0)llz — y]* (2.5)
(See Figure 2.6 for illustration.) Note that strong convexity with p = 0 recovers the ordinary

definition of convexity. When we just say that a function is strongly convex, we mean that it
is p-strongly convex for some p > 0.

In Figure 2.7 we show several examples of strictly convex functions on R that fail to be strongly
convex.

2.2.3 Continuity

The definition of convexity itself automatically imposes some regularity on convex functions, without
any additional assumptions. The key tool for understanding this point is the following lemma, which
establishes that the slopes of secant lines only increase as we move either of their endpoints from
left to right.

12



Figure 2.8: Illustration of Lemma 2.17. The slope of the blue line is less than the slope of the red
line, which is less than the slope of the green line.

Lemma 2.17 (Secant slopes are increasing). Suppose f : R — R is conver and x < y < z.

Then
fly) = fx) _ f(z) = fla) _ f(2) = fy)
y—x =~ z—-xz  z-y
Proof. Write y as a convex combination of z and z:
y=(1—-6)x+ 0z where§:= v=% ¢ (0,1).
z—

Then apply convexity to deduce that
fly) <1 =0)f(2) +0f(2).
Subtracting f(z) from both sides and simplifying, we obtain
fly) = f2) <0[f(2) = f(2)].
Recall that we defined 6 = (y — x)/(z — x), so dividing both sides by y — x yields
f) ~ f@) _ )~ f(x)

Yy—x - Z—T

This proves the first half of the lemma.
To deduce the other inequality, apply the first half of the lemma to the convex function g(t) :=

f(=t), with points u := —z, v:= —y, w := —z (so u < v < w) in place of z, y, z:
9(v) —g(w) _ g(w) = g(u)
v—u —  w-u

Unpacking everything in terms of our original function f and points x,y, z, we see that

)~ ) _ f@)— f(2)
y—z = x—z
Multiplying both sides by —1 proves the second half of the lemma. O

13



In fact this result implies that any convex function on R™ is continuous (even locally Lipschitz).
The case n = 1 is most immediate to show, but with additional work the general case can be deduced
from the one-dimensional case. We will only sketch the proof.

Theorem 2.18 (Convex functions are continuous). A convez function f: R™ — R is continu-
ous.

Proof. Hand-waving at the board! O

Remark 2.19. In fact it is possible to show that a convex function is continuous on any open
set (or even on any ‘relatively open’ set within an affine subspace). But somewhat annoyingly,
convex functions may fail to be continuous, e.g., on closed sets. Try to think of a counterexam-
ple! In convex analysis, the standard framework for dealing with convex functions allows them
to take values in the ‘extended reals,’ i.e., R U {+o00}. The definition of convexity still makes
sense for such functions when interpreted suitably. Then typically one restricts attention to
lower semi-continuous’ (L.s.c.) functions, which have closed sublevel sets. For our purposes, we
will avoid such technicalities for the most part. We will typically work with convex functions
that are either continuous on closed domains or defined only on an open domain (due to an
asymptote at the boundary). When the domain is R™ as in unconstrained optimization, there
is nothing to worry about.

2.2.4 Characterization in terms of the gradient

Under the assumption of differentiability, we have the following alternative and important charac-
terization of convexity.

Theorem 2.20. Suppose that f : C'— R is differentiable on an open conver domain C. Then
f s convex if and only if

f(z) > f(zo) + Vf(z0) - (z — 20)

for all x,zy € C.

Remark 2.21. We can interpret the theorem as saying that convex functions always lie above
their linear approximation about any point. We can argue for this graphically via Lemma 2.17.

We will actually prove a stronger theorem, phrased in terms of a general strong convexity pa-
rameter. (The simpler case is recovered by setting = 0.) See Figure 2.9 for an illustration of both
results.

Theorem 2.22 (Convexity in terms of the gradient). Suppose that f : C — R is differentiable
on an open convex domain C. Then f is p-strongly convez if and only if

f(@) = fzo) + Vf(wo) - (z — 20) + gl\ﬂc—%‘oll2 (2.6)

forall z,zy € C.

14
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Figure 2.9: Hlustration of Theorems 2.20 and 2.22.

Remark. In fact our arguments will show that if f is p-strongly convex, then (2.6) holds for all
x € C and any xg € C where f is differentiable. (In other words, we only require differentiability
at the point z( to get this global inequality.)

Proof. First we prove the reverse direction. Suppose (2.6) holds for all z,z¢g € C. Let =,y € C and
let 8 € [0, 1]. Define w = (1 — )z + 0y for convenience. To establish that f is u-strongly convex, we
want to show that

flw) < (1 =0) f(z) +0f(y) - §9(1—9) ly — ). (2.7)

Now apply (2.6) with y,w in the place of x,z¢ to obtain

) = Fw) + V) - (y = w) + Sy — w]?

=fw)+ QA =0)Vf(w)-(y—=z)+ %(1 —0)?[ly — |, (2.8)
where in the last line we have used the fact that y — w = (1 — 0) (y — ).
Repeating the same argument with z,w in the place of y,w and using © — w = —0(y — z), we
obtain p
f(@) = f(w) =0V f(w) - (y —2) + 50|y — 2| (2.9)

Then by taking a convex combination of our inequalities (2.8) and (2.9), we see that
I
(1=0) f(z) +0f(y) = f(w) + 5001 =0) [ly — =],

which implies (2.7) and completes the reverse direction of the proof.

Now we turn to the proof of the forward direction. Let f be u-strongly convex and let x, zg € C.
We want to show that (2.6) holds. For 6 € [0, 1], let

xg =29+ 0(x —x9) = (1 — )z + O,
and apply strong convexity:

F(wa) < (1= 0)f(w0) + 0f(x) = 501 = O)]ja — 0%

15



Rearrange to solve for f(z):

F(aa) = (1= 6)f(wo) + 561 = B) 1z — o
fla) = ;

= f(z0) + 51 = )]l — xo]> +

fxg) = f(20)
; .

But then taking the limit as § — 0, we obtain

d
do 0:0f(x0 +0(z = 20))

= flao) + o = ao][* + V(o) - (& — o),

F(@) 2 fawo) + = wol* +

where in the last line we have used the chain rule. Evidently the last line is equivalent to (2.6) by
rearranging terms. O

2.2.5 Characterization in terms of the Hessian

In a typical single-variable calculus course, we say that a univariate function f : R — R is convex
if f”(z) > 0 for all . But note that our definition in this course does not require any derivatives,
let alone two! Fortunately, when a function is twice differentiable, we will see that our definition is
equivalent to this simpler one in the univariate setting. Moreover, we will see how the condition on
the second derivatives generalizes to functions of several variables.

Definition 2.23 (Positive (semi)definite matrices). We say that an n x n matrix A € R"*"
is positive semidefinite (PSD) if (1) A is symmetric (i.e., AT = A) and (2) 2T Az > 0 for all
z € R™. If the inequality holds strictly for all z # 0, we say that the matrix is positive definite
(PD).

Exercise 2.24. Show that if A € R™*" is an arbitrary (possibly rectangular) m x n matrix,
then ATA € R™*" is PSD.

Positive definiteness of a matrix can be interpreted in terms of the eigenvalues via the spectral
theorem. Recall that the spectral theorem says that symmetric matrices can be ‘orthogonally diag-
onalized,’ i.e., admit an orthonormal basis of eigenvectors. In compact linear algebra notation, this
means that if A is symmetric, we can write

A=UAUT,
where A = diag(A1,...,\,) and the columns of U = [uy,...,u,] form an orthonormal basis of
eigenvectors uq,...,u, satisfying Au;, = \ju; fort =1,...,n.

You may recall the standard notation for diagonalization A = PDP~!, where the columns of P
are the eigenvectors of A and D is a diagonal matrix with corresponding eigenvalues on the diagonal.
In the case where U = P has orthonormal columns, U is an orthogonal matrix, so U = U~!, and
the notations coincide.

It is useful sometimes to write the spectral theorem in a different (but equivalent way):
n
i=1
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This format follows from the following more general fact, by viewing A = (UA)U T and recalling that
multiplication from the right by a diagonal matrix A rescales the columns suitably by the diagonal
entries of A:

Exercise 2.25. Show that if A = XY T where X = [21,...,2;] € R™* and Y = [y1,...,ux] €
R™** then we can write A = Zle Ty,

Then we can prove the following characterization of positive definiteness in terms of the eigen-
values.

Lemma 2.26. A symmetric matric A € R™ "™ is positive semidefinite if and only if all of
its eigenvalues are nonnegative. It is positive definite if and only if all of its eigenvalues are
positive.

Proof. We will just prove the first statement and leave the second as an exercise. First we will prove
the forward direction, so let A be PSD. Let A be orthogonally diagonalized according to the above
notation, so Au; = A\u; for ¢ = 1,...,n. Then we fix ¢ and want to show that A; > 0. By the
definition of PSD, we know that uiTAui > 0. But

u) Aug = u,) (Nwg) = Mg wg = N ||uil|? = N

Therefore A\; > 0 as was to be shown.

For the reverse direction, let A be a symmetric matrix with nonnegative eigenvalues. We want
to show that A is PSD, so letting z € R™ it suffices to show that z' Az > 0. Let A be orthogonally
diagonalized according to the above notation, and write

n

T

A= E /\iuiul
i=1

By assumption, the eigenvalues A; > 0 are nonnegative. Then

TAzfz)\ 2T u; )( u;rz Z/\ Z - u;) _O,

i=1

as was to be shown. O

Exercise 2.27. Prove the second statement of the lemma, regarding PD matrices.

To relate these definitions to convexity, we need to define one more thing:

Definition 2.28 (Hessian). If f is twice differentiable at a point # € R™, then define the

Hessian matrix )
o°f "
2
V@) = (o @)

4,j=1

i.e., the matrix of all mixed second partial derivatives.
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Remark 2.29 (Twice differentiability). There are some subtleties to point out about what we
mean by differentiability here. When we say that f is twice differentiable at xy, we always
interpret this in the sense of Fréchet differentiability. What this means is that there exists a
gradient vector Vf(zp) and a Hessian matrix V2 f(zo) such that the resulting second-order
Taylor expansion f(zo)+ V f(2o) - (x — z0) + (. — z0) " V2 f(20) (z — o) agrees with f(z) near
To up to a term that goes to zero faster than ||z — x¢||? as z — xo. We will state what we need
more concretely in our proofs. Now when a function is twice differentiable in this sense, in fact

the Hessian matrix is automatically symmetric.

The confusing point is that higher-order multivariate differentiability is sometimes defined
in multivariate calculus courses in terms of the existence of partial derivatives. This actually
yields a weaker notion, and one needs an additional assumption that the partial derivatives
are continuous to ensure that partial derivatives commute—and that in turn the Hessian is
symmetric. This is the content of the famous Clairaut-Schwarz theorem. However, we need
not adopt this additional assumption if we define differentiability in the more natural way.

Finally, we remark that there is a difficult theorem (Alexandrov’s theorem) saying that
convex functions are twice differentiable almost everywhere! We will not prove this theorem,
but it is reassuring to keep in mind.

Theorem 2.30 (Convexity in terms of the Hessian). A function f : C — R which is twice
differentiable on an open convex domain C C R™ is convez if and only if V2 f(x) is PSD for
allx € C. In fact, it is u-strongly convex if and only if V2 f(x) — pl, is PSD for all x € C.

Remark. In fact our arguments will show that if f is u-strongly convex, then V2 f(z) — ul,, is
PSD for any point « € C where f is twice differentiable, even if f is not twice differentiable on
all of C.

The fact that V2f(z) — ul, is PSD is also equivalent to saying that 2" V2f(z)z > plz||? for all

z € R™. (Why?) In light of the following exercise, it is also equivalent to saying that the eigenvalues

of V2f(z) are all at least p.

Exercise 2.31. Suppose that A € R™*" is diagonalizable with eigenvalues Aq,...,\,. Show
for any p € R, the matrix A — ul, is diagonalizable with eigenvalues A\; — p, ..., Ay, — p.

Proof of Theorem 2.30. We will prove the second statement for general p > 0, since it recovers the

first statement in the case p = 0.

We start with the forward direction. Let f : C' — R be twice differentiable and p-strongly convex.

Let 79 € C. We want to show that V2 f(zo) — ul,, is PSD. The matrix is symmetric since the Hessian
must be symmetric. Then fix z € R, so it suffices to show that z [V2f(gc0) — ,uIn] z>0.

The definition of differentiability means that for all z near zg, we have

f(@) = f(xo) + Vf(wo) - (x — wo) + %(w —0) " [V2f(0)] (x = 20) + (& — wo) |z — wo|?,

where lim,_,o4¢(z) = 0. (We will unpack this a bit in lecture.)

Meanwhile, strong convexity means that

f(@) > f(zo) + Vf(zo) - (z —x0) + %(m —x0) " [pl,] (z — x0).
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If we subtract inequalities and rearrange, we obtain

S (o= 20) [V2f (o) ~ ula] (2 — 0) > ¥(a — wo)|e — ol

for all z in a neighborhood of z.

Since this holds for any x in a neighborhood of zy, we can choose x = xy + tz for any t # 0
sufficiently small, yielding (after dividing both sides by #?):

22T (V25 (@wo) — ul]) = > 6 (t2) 2]

for all ¢ # 0 sufficiently small. Then taking the limit as ¢ — 0, we obtain the desired result.

Now we prove the reverse direction. Suppose that f : C' — R be twice differentiable and that
V2f(x) — ul, is PSD for all x € C. Fix x,2¢ € C. To show p-strong convexity it suffices to show
that

£@) 2 f(@) + Vf(zo) - (@~ 20) + 3¢~ 20) T k] (& o).
Now define z; = (1 — t)zo + tx € C for t € [0, 1], and define h : [0,1] — R by
h(t) = f(xe) = f(zo + t(x — 20)).

By applying the fundamental theorem of calculus (twice!) we deduce:

h(t) = h(0) +/0 h'(s)ds

:h(0)+/0t {h’(O)Jr/OS B () du} ds
= h(0) + th'(0) +/Ot [ OS R (u) du} ds. (2.10)

Now
h(0) = f(wo), H(0) =V f(zo)- (& —x0), h"(u)=(x—m0)"V2f(xe)(w — o).
Since V2 f(z) — pl, is PSD, it follows that A" (u) > ullz — zo||*.
Plugging these identities into (2.10) and evaluating at ¢t = 1, we conclude that

f(z) = n(1)
> flaw) + (o) o =)+ [ [l = aolP ] s
= @) + 9 f(a) - (@ =) + e = ol [ s

= F(w0) + V(w0) - (& — w0) + Sl = o],

as was to be shown. O

2.2.6 Examples

Now we have enough theory to demonstrate a variety of examples of convex functions. By way
of Exercises 2.11, 2.12, and 2.14, these building blocks can be used to construct most examples of
convex functions appearing in the wild. In turn, our dictionary of convex functions allows us, by
way of Exercise 2.15 (‘sublevel sets of convex functions are convex’), to understand most types of
convex constraint sets of practical interest.
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Exercise 2.32 (Exponential is convex). f: R — R defined by f(x) = e is convex.

Exercise 2.33 (Powers greater than 1 are convex). f : [0,00) — R defined by f(z) = a? is
convex when p > 1.

Exercise 2.34 (Powers in (0, 1) are concave). f :[0,00) — R defined by f(z) = —aP is convex
when p € (0,1).

Exercise 2.35 (Log is concave). f:(0,00) — R defined by f(z) = —logz is convex.

Exercise 2.36 (Negative entropy is convex). f : [0,00) — R defined by f(z) = zlogx for
x>0 and f(0) = 0 is convex.

Exercise 2.37 (ReLU is convex). f:[0,00) — R defined by f(z) = max(0, z) is convex.

Exercise 2.38 (Absolute value is convex). f : [0,00) — R defined by f(z) = |z| is convex.
Hint: Write as a pointwise maximum of two convex functions.

Exercise 2.39 (PSD quadratics are convex). Consider f : R™ — R defined by
1 5 T
f(z) = 2% Az +b'z+c

where A € R"*" b € R", and ¢ € R. In general, we can always assume that A is symmetric
because if it’s not, we can replace A < 1(A+ AT), which does not alter the function value.
(Show this.) Also show that if A is PSD, then f is convex. Hint: To start, you should verify
that Vf(z) = Az + b and then V2f(x) = A for all x € R™.

Exercise 2.40 (Least squares objective is convex). Consider f : R® — R defined by f(z) =
|Az — b||> where A € R™*™ as an m x n (possibly rectangular) matrix and b € R™. Show
that f is convex. Hint: By using the identity |z||?> = 2 z and matrix algebra, you can reduce
to a quadratic function in the sense of the last exercise. The matrix will be AT A, so you can
conclude by Exercise 2.24.

In fact there is another way to see that the least squares objective is convex, based on the fact
that all norms are convex. First we review the definition of a norm.
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Figure 2.10: Unit p-norm ball boundaries {z € R? : ||z, = 1} in the plane for several values of p.

Definition 2.41 (Norm). A norm is a function || - || : R™ — R satisfying three properties

1. ||lz]] > 0 for all x € R™ with equality if and only if z = 0.
2. Homogeneity: ||Az|| = |A|||z] for all A € R and = € R™.

3. Triangle inequality: ||z + y|| < ||lz|| + [|y[| for all 2,y € R™.

Remark 2.42. In most situations, for simplicity we will use || - || to denote the 2-norm or
Euclidean norm ||z||3 = # - #. But in the current context, we use the notation to indicate a
more general norm.

Exercise 2.43 (Norms are convex). Any norm is a convex function.

The most important norms are the p-norms (cf. Figure 2.10), defined by

n l/p
]l := (Z |17i|p>
i=1

for p € [1,00).2 Note that the case p = 2 recovers the Euclidean norm, our typical default choice.
In the limiting case p = co, we recover the co-norm

[#]loc = max |a.
i=1,...,n

Note that we can also verify directly that the map x — ||z||~ is convex because it is a pointwise
maximum of convex functions!

2When p € (0,1), this formula does not define a norm. The triangle inquality does not hold.
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Figure 2.11: Contour plot of LogSumExp on R?, i.e., f(x1,72) = log(e®! + e%2).

Exercise 2.44. Verify that the p-norm is actually a norm in the cases p = 1,2, co. Hint: In the
case p = 2, you will have to use the Cauchy-Schwarz inequality, which says that |z-y| < ||z||2]|y]|2
for all z,y € R™.

Example 2.45. Tt follows then from Exercise 2.43, together with Exercise 2.12 (composition
with affine-linear functions), that f(z) := ||Az — b||, defines a convex function for any p-norm.

Thus we have seen that both z + ||Ax — b||2 and x +— ||Az — b||3 are convex functions. In fact
the first fact implies the second fact via the following result.

Exercise 2.46. Suppose h: D — R is convex and non-decreasing on a convex domain D C R
and g : C — D is convex on a convex domain C' C R™. Then the composition f : C — R
defined by f(z) = h(g(x)) is convex. Hint: If you want, you can prove this using the chain rule,
under the extra assumption that everything is as differentiable as you like. (Easiest to start in
the simplest special case C = R, and note that the fact that A is non-decreasing means that
h’ > 0.) But it is also good to try proving directly using the definition of convexity, without
any differentiability assumptions.

We will introduce one more building block. It looks a bit funny, but it is motivated by our case
study of softmax / logistic regression below. It also has an important role in statistical mechanics,
which we won’t really touch on.
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Example 2.47 (LogSumExp is convex). f : R — R defined by f(z) = log (>, %) is
convex. Sometimes this function is denoted LSE(z). We will verify convexity directly by
computing the Hessian, though see the remark below for an alternative point of view.

First compute using the chain rule:

OF (5) = = OF ()= byt __€em
0z e’ Ol e (T em)”

1, i=j
5ij = -
0, i#]

It is helpful to define a ‘probability vector’ m(z) with entries

where

is the Kronecker delta.

evi
i @

so that 7(z) > 0 (entrywise) and Y. | m;(z) = 1. In terms of 7(z), we can rewrite the gradient
and Hessian as

7TZ(.’L') =

of 0% f _
8951( T) = mi(z), duidz, (z) = dijmi(z) — mi(z) 75 (),

or more compactly as
Vi@)=n(z), V*f(z)=daglr(z)] - n(x)n(z)".

Then to guarantee that V2 f(z) is PSD, let z € R”. We want to show that z ' V2 f(z) z > 0,
so compute

Tv2

Zsz

- (St

Note that for any fixed x, we can define convex combination coefficients 6; = 7;(z) and interpret

TV2 Z—Zﬁzg 2;) <ZH zz>,

where g : R — R is simply the univariate convex function defined by g(z) := z2. Then by
our equivalent characterization of convex functions in terms of convex combinations (Exercise
2.10), we conclude that 2" V2f(z) 2z > 0, as was to be shown. [0

Z xz('“)xj
i,j=
=2 s
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Remark 2.48. In fact, it is possible understand LogSumExp as the ‘convex conjugate’ or Legen-
dre transform of the negative entropy y > Z;;l y; log y;. This offers a different way of proving
convexity, and it is connected to the Gibbs variational principle in statistical mechanics. We
will talk about convex conjugates in our study of duality.

Remark 2.49. LogSumExp can be viewed as a smooth approximation of the maximum function

in the sense that if any of the entries z1,...,x, are large, then it returns an approximation of
max(z1,...,2,). More formally, for any x € R", the limit ! f(8z) — max(z1,...,z,) holds
as 3 — oo.

2.2.7 Further reading

It may seem strange, but we have actually covered most of the major ingredients appearing in
practical convex optimization problems. The references of Boyd and Vandenberghe highlighted in
the syllabus (including their very helpful lecture slides) are more exhaustive. The main points we
have left out are those motivated by semidefinite programming (SDP). Specifically, two important
facts for SDP are (1) that the set of PSD matrices is convex and (2) that the function logdet X is
concave on the set of PD matrices. In this course, we will not get into SDP.

2.3 Regression and classification

We digress here to describe some important applications of convex optimization: regression and
classification. Specifically we will discuss linear and softmax / logistic regression, which are widely
used frameworks defining convex optimization problems. In fact, modern deep learning approaches
to regression and classification can be viewed as extending these basic building blocks, although they
define nonconvex optimization problems.

2.3.1 TUnconstrained quadratic optimization and least squares

We are headed toward a discussion of linear regression, but first we pause to make some mathematical
observations about some of the few nontrivial multivariate optimization problems that can be solved
in closed form.

First consider the unconstrained optimization problem

1
minigﬁze f(x), where f(x):= ixTA:c —b-x, AeR"™" is positive definite.
TERN

The objective is strongly convex, so (as we will prove later in Section 2.4), we are guaranteed that
there exists a unique optimizer, which is the unique critical point. We can solve for the critical point
as

0=Vf(z)=Az -,

meaning that the unique solution is given by x = A~'b, or alternatively, we can think of the solution
as being given by solving the linear system

Ax =b.

Depending on your point of view, you can think of the linear system as being easy or hard. If
O(n?) cost is tractable, then we can obtain a solution via Gaussian elimination. However, many
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methods for solving such PD linear systems are based on the optimization perspective indicated
above, most notably the conjugate gradient (CG) method. This is covered in Math 128B, so we will
not talk about it for now. Depending on the condition number of the matrix A (most simply, the
ratio of largest to smallest eigenvalue), as well its sparsity, the system can potentially be solved with
O(n) cost. The obstacle of conditioning is related to difficulties we will encounter in general convex
optimization, as we will highlight later.

Meanwhile, consider also the least squares problem

minei{gize f(z), where f(z):=|Ax—b|3, AcR™ " bhcR™

We can rewrite the objective (cf. the algebraic manipulations required by Exercise 2.40) as
fx)=(Az—b) (Az —b) =2 AT Az —2(ATb) -z +b"b, (2.11)

which, up to an irrelevant constant term, can be viewed as a quadratic optimization problem by
putting AT A in the place of A and ATb in the place of b. This means that the unique solution
should be given by
z=(ATA)"LATD,
or alternatively as the solution of the linear system of equations
(ATA)z = ATb.

The equations defining the latter system are called the normal equations.

There is a catch! What if AT A fails to be invertible? Indeed, if m < n, so the linear system
Ax = b is underdetermined, then since the rank of AT A is at most m, it follows that AT A cannot
be invertible. This corresponds to the possibility the least squares solution is not unique. We know
that AT A is invertible when m > n and A has full rank (i.e., rank 7, meaning that the columns of A
are linearly independent). In this case, there exists a unique solution to the least squares problem,
even though the system of equations “Axz = 0" may be overdetermined.

In order to resolve the possibility that the system is underdetermined, or more generally to
‘regularize’ the solution of a least squares problem, it is typical to include a regularization term in
the problem, defining a modified objective

fal@) = | Az = b3 + Alll3, (2.12)

where A > 0 is a ‘regularization’ parameter. We will discuss the purpose of regularization below in
Section 2.3.2, but for now we note that such a modified objective still admits a closed-form optimizer,
because it is still quadratic.

By (2.11) and the fact that ||z||2 = 2T I,,z, we see that
fz) =2 (ATA+ L)z —2(ATb) -2+ b

Since V2fy(z) = AT A + M, it follows that fy is A-strongly convex and therefore admits a unique
optimizer whenever A > 0, as we will prove later in Section 2.4. The modified normal equations are

(ATA+ X))z =ATb.
It is worth pointing out now that the related objective
1Az = b3 + A, (2.13)

which regularizes the least squares problem in a different way, does not admit a closed-form optimizer
and requires more general convex optimization tools to minimize! Moreover, the objective is not
everywhere differentiable, and the optimizer is typically obtained at a point where the gradient does
not exist (i.e., where z; = 0 for some 7). In fact, the purpose of this regularization term is to force
this to happen, as we shall discuss below.
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Figure 2.12: Graph of affine-linear least squares fit for a 1-dimensional regression problem. (No
regularization.)

2.3.2 Linear regression

To talk about regression, we have to shift our notation a bit in order to match the literature.
Somewhat annoyingly, the letters x and y will be used here to denote fixed quantities (‘data’), not
optimization variables.

Now suppose we are given x; € RP, y; € R, for ¢ = 1,..., N. The goal of regression, at a very
high level, is to determine a function F' : R? — R that fits the data well, i.e., achieves F(z;) = y; for
t=1,...,N, and morever can be used to generate a prediction F(x) for the value of y that should

be associated to a new arbitrary input x.

Specifically, we will look for an affine-linear transformation of the form F(x) = Sy + 8 -  where
B=(B1,---,8p)" €RP (‘slopes’) and By € R (‘intercept’) are unknown parameters for an arbitrary
affine-linear map. The goal is to find parameters that fit the data in the sense that

Bo+ B xi~y, i=1,...,N.

We penalize the approximation error in the least squares sense, yielding the optimization problem

N
. 1
minimize ; [Bo+ B+ xi — yil” + R(B), (2.14)

where R : R? — R is a regularization term (typically convex) that is designed to prevent overfitting.
We will discuss several choices below, but first we note that regardless of the choice, it is possible
to eliminate the intercept variable 5y in a way that is equivalent to preprocessing the dataset.

Indeed, suppose that we freeze the slope parameters 8 and (given this choice) simply optimize the
intercept parameter 3y in the above optimization problem. This amounts to a univariate, smooth
convex optimization problem which can be solved exactly by taking the partial derivative of the
least squares objective with respect to 5y and setting the resulting expression equal to zero. (Note
that the regularization term is constant with respect to By, hence can be ignored.)
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Exercise 2.50. Show that for fixed 5 in the optimization problem (2.14), the optimal Sy is
given by By =9y — B - T, where

1Y 1Y
ESZN;%’, y::N;yi

are the empirical means of the z and y datasets. Hint: Refer to the strategy outlined in the
preceding discussion.

Based on the result of this exercise, we conclude that we can eliminate the variable 3y from (2.14)
by plugging 5y =y — (- T into the objective function, yielding the optimization problem

N
mipimize 3" (3 (s~ 7) — (s~ 7 + R(D).
i=1

Note that this is equivalent to a linear regression problem on a modified dataset Z; := x; — T,
Ui =y — Y, 1 =1,...,N. We say that such a modified dataset has been de-meaned because the
modified means + Zfil =0, + Zf\; 7; = 0 are both zero by construction. (Check this!)

Thus we typically always assume before proceeding further that our dataset (x;,y;), i=1,...,N
1s already de-meaned in the sense that %sz\; r; = 0 and % vazl y; = 0, and without loss of
generality we can then consider linear regression in which By = 0:

N
migiize 3" [~ il + R(9), (2.15)

=1

It is useful to collect the dataset into the following objects:

] %
X=| : |erV? y=| : |€eR",
x]TV YN

so that the i-th row of X is the row vector @, for each i = 1,..., N. Then the objective of (2.15)
can be written more compactly to yield

. 1 2
mlélé%yze N||X5—y||2+R(ﬁ)'

Now we discuss the choice of the regularizer. Recall that regularization is necessary when N < p,
so that the system X = y is underdetermined, but it may be important in any case to improve the
generalization error of the regressor, i.e., to avoid overfitting.

When simply R(S) = 0, the recipe for producing S is simply called ordinary least squares
(OLS). More generally, linear regression with an “Ly” or “Tikhonov” regularizer

R(B) = AlIBl3, A>0

is called ridge regression and yields a problem that is mathematically equivalent to a problem of
the form (2.12).

Meanwhile, linear regression with an “L,” regularizer

R(B) = AlBlr, A>0
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Figure 2.13: Graph of linear least squares fit for a 2-dimensional regression problem. The data has
been de-meaned, and there is no intercept parameter, so the graph passes through the origin. (No
regularization.).

is called LASSO (‘least absolute shrinkage and selection operator’) and is mathematically equivalent
to optimizing an objective of the form (2.13), which cannot be achieved with a closed-form solution.

Generally the purpose of L, regularization is to promote a sparse solution vector £ in which some
or many components are zero. Thus LASSO can be viewed as a tool for feature selection, in which
all but the most informative columns of the dataset X are discarded. It is common to perform a
second OLS fit using only the features that were selected.

Do we really need to worry about overfitting even for linear regression? Yes! Linear regression
underlies many studies in the social and biomedical sciences, where broad failures to generalize have
been observed recently in what is known as the replication crisis.

Think of each data point x; € RP as a potentially high-dimensional feature vector corresponding
to a person, e.g., in a clinical trial. Indeed, the number of features p can be made arbitrarily high by
passing an initial dataset through an arbitrary feature map ¢ : RP — R?" and then performing linear
regression using the transformed data points z; = ¢(z;) € RP',i=1,...,N, in place of the original
data points. Regularization may be necessary to prevent overfitting with these extra dimensions
and/or to extract an interpretable and limited subset of informative features.

In modern deep learning, a layer of linear regression often appears as the final layer. Regression
by deep learning can be interpreted as finding a feature map ¢ : RP — R?" and then performing
linear regression using the transformed data x} € R?' . Typically, regularization does not appear
directly in modern neural network training, as it is believed that the dynamics of training itself
using stochastic gradients acts as an implicit regularizer. Our perspectives on this point continue to
evolve. It is worth pointing out that the datasets used in the most spectacular examples of modern
deep learning are extremely large relative to those available in the social and biomedical sciences.
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2.3.3 Softmax and logistic regression

As we have seen in the last section, regression is about finding a function F' : R? — R such that
F(z;) = y; on a given dataset (2;,y;), 7 =1,..., N. Then when we see a new input z, we can predict
an outcome F'(x).

But what if we have a dataset in which the y values are not real numbers, but rather labels from
a discrete set. For example, each point z; might be a vector encoding of an image of an animal,
and y; € {1,2,3} may be a discrete label: 1 if cat, 2 if dog, 3 if other. More generally we will allow
yi € {1,...,k} for arbitrary positive integer k. How can we construct a classifier that assigns a
label to a new image x? Again we think of the training data (z;,y;), ¢ = 1,..., N as fixed, not as
optimization variables.

Softmax regression 3 is perhaps the most basic framework for classification, but it is of fun-

damental importance in machine learning because the last layer of essentially all deep classifiers is
based on softmax regression. Classification by deep learning can typically be viewed as finding a
feature map that transforms the input data, then performing softmax regression on the transformed
data. Note the analogy to our comments above about regression with deep neural networks.

Softmax regression consists of a composition of two layers: an affine-linear layer and a softmax
layer. The affine-linear layer will map R? — R¥ (recall: k is the number of label classes) according
to

x— Wa+0,

where now we adopt the machine learning conventions: W € RFXP for ‘weights’ and b € R* for
‘biases.” These are the model parameters that we need to ‘learn’ or optimize.

It is helpful to remove the biases from the notation via the following observation:
Wz+b=Wi, where W :=(W,b)eR>PH) 7 .— ( 91” ) e RPHL,

Thus by appending an extra entry of 1 to each our input data points x;, ¢ = 1,..., N, we can simply
consider linear maps instead of affine-linear maps. Without loss of generality, we assume that this
preprocessing step (‘homogenizing the coordinates’) has already been performed to furnish our given
dataset. Then we seek simply a vector of weights, which will transform our input data as

z+— Wx.

Next we define the softmax function, which generally appears as the final layer in most machine
learning classifiers:

Definition 2.51 (Softmax). The softmax function R¥ — R* is defined coordinate-wise as

exp(z)
Sk exp(z;)

Note that for any z € R¥, softmax(z) is a probability vector in the sense that is has nonnegative
entries which sum to 1.

[softmax(z)], =

3Although ‘regression’ appears in the name, usually we distinguish between the overall tasks of regression and
classification. Softmax / logistic regression are ultimately doing classification.
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Remark 2.52. The name ‘softmax’ derives from the fact that the function can be viewed as
a smooth approximation to the ‘argmax’ function.® Indeed, if for some entry 7, we have that
z; > zj for all j # i, then softmax(z) = e;, the suitable standard basis vector, and the softmax
function puts nearly all its weight on the maximizing index 4.

®The nomenclature is somewhat confusing because it might be argued that LogSumExp deserves the name
‘softmax’ as a smooth approximation of the ‘max’ function. But that’s just how it is.

Exercise 2.53. Show that the softmax function is the gradient of LogSumExp, i.e., softmax(z) =
VLSE(z) for all z € R¥.

Then softmax regression attempts to model the conditional distribution of y € {1,...,k} given

x € RP in terms of model parameters W. Since y is a discrete label in {1,...,k}, this conditional
distribution can be viewed as a probability vector which we define in terms of W as

7(z; W) := softmax(Wz) € RF. (2.16)

The entries m;(x; W) are meant to achieve the following approximation of conditional probabilities:
(W) By =jla), j=1,....k

The key idea is that as a stepping stone toward classifying a new input = (i.e., assigning it a label
y €{1,...,k}), we assign it a probability vector w(x; W) reflecting our guess about the probabilities
of each of the labels that could be assigned.

Our model for this map of any input to a vector of probabilities is parametrized by W, which
must somehow be determined by fitting it to our given data. Specifically, we will find parameters
W that maximize the likelihood* of our observations (z;,v;), i =1,..., N:

N
H”yi (x5 W).
i=1

It is equivalent to minimize the negative log-likelihood, which we can view as defining an objective
function over our parameters w:

N
LW) == logmy, (z;; W),
=1

which is sometimes called the cross-entropy loss.

Unpacking the definition of 7 (2.16) and in turn the softmax function (Definition 2.51), we can
expand the loss function in terms of the vectors z; = Wa; e RF, i =1,...,N (each with entries z; ;,
j=1,...,k):

= exp(Zi,y; ) -
ﬁ(W) = - Zlog < k Lt ) = Z [LSE(Zl) - Zi,yi] )
i=1 Zj:l exp(zi,;) i=1
where we recall that LSE (LogSumExp) is defined in Example 2.47. Now we can write z; ,, = ey, - 2;
and substitute z; = Wx; to further calculate:

N
LW)=>_ [LSE(Wz;) — e, Wa;] . (2.17)

i=1

4Technically, this principle is based on an assumption that the data are sampled independently from some joint
distribution over (z,y).
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Here we have used e, € R* to denote the standard basis vector in R* corresponding to any label
yed{l,.... k}.

Notice that £ : R¥*P — R is a function with a matrix-valued input. However, we can discuss its
convexity by identifying R**P ~ R*P,

Theorem 2.54. The cross-entropy loss is convez.

Proof. Note that for each i« = 1,..., N, the map W — LSE(Wx;) is a composition of a convex
function (LSE, see Example 2.47) with a linear transformation (hence convex), and the map W —
—e; Wz, is linear (hence convex). Therefore the loss function £ is a sum of convex functions (hence
convex). O

It is worth injecting a word of caution about evaluating the LogSumExp and softmax maps. Note
that direct evaluation of LSE(z) by the formula of Example 2.47 may result in numerical overflow
or underflow if max(zy,...,2,) > 0 or max(zy,...,2,) < 0, respectively, due to the intermediate
exponential depenencies on the entries of z. But we know that the final values satisfy reasonable
bounds:

Exercise 2.55. For any z = (21,...,2,)" € R”, we have the bounds
max(z1,...,2n) < LSE(z) < max(zy,...,2,) + logn,

as well as
0 < softmax(z) <1,

interpreted entrywise.

A more stable evaluation strategy is based on the following insight.

Exercise 2.56. Let 1,, € R™ denote the vector of all ones. Then for any z € R"” and o € R,
LSE(z) = a + LSE(z — al,,).

In other words, shifting all the entries of the input by a results in shifting the output by «.
Meanwhile,
softmax(z) = softmax(z — al,).

Remark 2.57. Based on this result, we can choose a = max(z1,...,z2,) for a safe evaluation of
either function.

Alternative presentations. = We conclude with some remarks connecting our presentation with
some more standard presentations.

First, there is a slight redundancy in our parametrization due to the fact that the softmax
function automatically normalizes the entrywise exponential. Therefore, we can simply fix the first
entry that we feed into the softmax layer to be 0, and parametrize the remaining entries 2,...,k
linearly in terms of z, i.e., define

0
m(x; W) = softmax < Wa ) ,
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Figure 2.14: Depiction of logistic regression. The given data are z; € R? and y; € {0,1},i=1,..., N,
where the labels 0 and 1 are indicated with blue and red crosses, respectively. The background color
plots the function z + o(w -z + b) using the trained parameters w,b. (Here we maintain a bias
parameter for illustrative purposes.) When we are given a new input point x € R? with unknown
label y, the value o(w - x + b) is our estimate of the probability that the unknown label of  is 1.

where now W € RE=1DxP (ie., we explicitly zeroed out the first row of our original specification of

Second, softmax regression is often first presented in the special case of binary classification
where the set of labels is {0, 1}, rather than {1,...,k}. In this case, it is called logistic regression.
Eliminating the redundancy as in the last paragraph, W = w' € R'*P can be viewed as a single
row vector, and we define

1
1+ ewi _ o
7(z; w) = softmax 0 = _ 1—o(w-z) ,
w-T ew T a(w . .CL'l)
1+ ewai
where we have defined the logistic function
et 1

o(t):

:1+et_1+e—t

and used the fact that it satisfies
1—o0(t) =o(-t).

Then in turn the logistic loss (which is the negative log-likelihood in this special case) reads
concretely as

Lw) = — Z {yilog[o(w - ;)] + (1 — y;) log [1 — o (w - z;)]},
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Figure 2.15: Plot of the logistic function.

where we have used the fact that y; € {0,1}. This formula might be found more commonly in an
introductory presentation. The name ‘logistic regression’ is based on the presence of the logistic
function in this expression for the loss. The more general case with an arbitrary number of labels is
sometimes called multinomial logistic regression.

Third, recall that if we have not preprocessed the input data x;, ¢ = 1,..., N by homogenizing
the coordinates, we need to retain a vector of bias parameters b with the same number of rows as
W. The logistic loss can then be viewed as a function L£(W,b), in which all appearances of Wz;
have been replaced with Wx; + b. (In our discussion of binary classification, b is a scalar and w - x;
should be replaced with w - z; + b.)

Practical discusssion. = Why then have we chosen to present things that way we have?

In my opinion, removing the redundant degrees of freedom actually complicates the presentation
by breaking the symmetry among the dimensions of the softmax layer. Relatedly, starting with
binary classification also obscures some of the general points, especially via ad hoc expressions
involving y; and (1 — y;).

The presentation we have chosen sticks much more closely to how you will think of things when
you train a deep classifier at some point in your life. Even more to the point, you will probably
build the loss as something like

N
LW, b) = — Z ey, - log softmax(Wz,; + b), (2.18)

i=1

where the log is interpreted entrywise. In particular, you will probably use the built-in implementa-
tion of the ‘log softmax’ function available in a machine learning library such as JAX or PyTorch,
without expanding in terms of LogSumExp. Meanwhile, the vector e,, € RF is called a one-hot
encoding of the label y; € {1,...,k} and also typically appears in implementation. Note that in
current practice, it is actually not typical to remove the redundant degrees of freedom in the weights
and biases W and b.

Finally, after training (W,b) according to the loss (2.18), how do we infer the label of a new
input x € RP? Recall that the vector 7(x; W,b) = softmax(Wz + b) € R* encodes our estimate
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of the probabilities of each of labels 1,...,k. If we want to make a deterministic prediction, we
simply choose the label to be the maximizing index of this vector of probabilities. However, in some
generative modeling tasks, for example, we might use the entire vector of probabilities to sample a
label at random with the appropriate probability.

2.4 Convex optimization problems

Our next task is to define more carefully what we mean by a convex optimization problem. We
will then discuss several key properties that follow from the definition. Finally we will go over some
important examples to supplement the regression and classification problems outlined above.

2.4.1 Definition and standard form

Definition 2.58 (Convex optimization problems). A convex optimization problem is an opti-
mization problem of the form

minimize f(x)

subject to x € C,

where C' C R™ is a convex set f : C' — R is a convex function. We call f the objective and C the
feasible set. We may say that the problem is strictly (resp., strongly or u-strongly) convex if the
objective is strictly (resp., strongly or u-strongly) convex. If we just say strongly convex, this
means p-strongly convex for some p > 0. If C' is empty, we say that the problem is infeasible.

Remark 2.59. More technically, we assume that convex optimization problems are defined by
lower semi-continuous (l.s.c.) objectives f : R® — R, c¢f. Remark 2.19. The feasible set can
always be encoded into the objective by setting f(z) = 4oo for all z ¢ C. An equivalent
definition of lower semi-continuity is that for any = and any sequence {x}32, converging to x,
we have that f(z) < liminfy_, ().

The assumption that f so defined is l.s.c. rules out the possibility of pathologies at the
boundary of the domain C, cf. Figure 2.16. Note that the assumption is always satisfied as
long as C' is closed f is continuous on all of C'. However, it also allows for ‘barrier functions’
that tend to +o0o as we approach the boundary of C, cf. Figure 2.17.

m

Typically, the convex set C' is specified as an intersection C' = (),_, C; of sets cut out by convex
inequality constraints:

Ci={zxeR": fi(x) <0}, i=1,...,m,

where each f; : R™ — R is a convex function. Since intersections of convex sets are convex (Exercise
2.2) and sublevel sets of convex functions are convex (Exercise 2.15), it follows that any such C
is a convex set. You may wonder why we consider only 0-sublevel sets, but note that by adding
a constant to a function (which does not alter its convexity), we can view any sublevel set as a
0-sublevel set.

What about equality constraints? Later on we will consider general equality constraints of the
form h(z) = 0 where h : R® — R is fairly arbitrary. But we can only view such constraints as convex
constraints when h is affine-linear. Indeed, think of an equality constraint as an intersection of two
inequality constraints h(x) < 0 and —h(xz) < 0. These are both convex constraints if and only if
both h and —h are convex functions. The following exercise establishes that this is only the case for
affine-linear functions.
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Figure 2.16: A convex function on the domain [—1, 1] which is not l.s.c. We typically rule out such
pathological behavior.
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Figure 2.17: Tllustration of the convex barrier function f(z1,x2) = —logz; —logzs —log(1—x; —x2)

for the convex domain defined by the constraints 1 > 0, o > 0, and z1+x2 < 1. Note that although
the barrier function blows up to 400 near the boundary, it is still l.s.c. in the sense of Figure 2.59.
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Exercise 2.60. Consider f : R™ — R. Show that if both f and —f are convex, then f is an
affine-linear function, i.e., there exist a € R™ and b € R such that f(z) = a -z —b. Hint: If
you want, you can just assume that there exists some point in C' where f is differentiable, then
apply the remark after Theorem 2.22 to both f and —f. For a challenge, try using Exercise
2.10 to construct an open region on which f is affine-linear, hence in particular differentiable.
Then you can conclude using the first part of the hint.

Remark 2.61 (Standard form). In light of the preceding observations, we often present a general
convex optimization problem in the standard form:
minimize f(x)
subject to  fi(z) <0, i=1,...,m,

a;-x==b;, i=1,...,p.

where f; : R" — R, ¢ = 1,...,m are convex functions defining the inequality constraints and
a; € R" b, € R, 7 =1,...,p define the equality constraints. The equality constraints can be
written more compactly as

where

Technically, the optimal value of an optimization problem, often denoted® p*, is defined as the
mfimums:

p* = it f(z).

Ideally, there exists some x* such that p* = f(z*). In this case, the infimum is a bona fide mini-
mum, and we say that optimal value or minimum is attained, and z* is an optimal solution or
minimizer / optimizer. However, as we shall explain below, the optimal value may not always
be attained. In fact, the objective f may not even be bounded below on C', in which case we allow
formally for the infimum to attain the value —oco. Note moreover, that even if the optimal value is
attained, there may not be a unique optimal solution.

2.4.2 TUniqueness and existence of minimizers

First we observe that strict convexity guarantees uniqueness (not existence!) for the optimal solu-
tion.

Lemma 2.62 (Minimizers are unique for strictly convex problems). Consider a convex opti-
mization problem with a strictly convexr objective. Any minimizer must be unique.

Proof. Let f be the objective and C' the feasible set. Suppose z,y € C are both minimizers, so
f(z) = f(y) = p*. It suffices to show that z = y.

5P is for ‘primal,” by contrast with the ‘dual’ that we will discuss later.
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Suppose for contradiction that x # y. Then by strict convexity,

11 1 1 .
(5 5v) < 3@+ 5100 ="

But this contradicts the optimality of p*. O

More generally, the set of optimal solutions is convex (even if it is not a singleton).

Lemma 2.63 (The set of minimizers is convex). The set of minimizers of a convex optimization
problem is a convex set.

Proof. Let f be the objective and C' the feasible set. Suppose z,y € C are both minimizers, so
f(x) = f(y) = p*. Let 6 € [0,1]. It suffices to show that (1 — 0)z + Oy is a minimizer, i.e., that

f(L=0)z +by) = p*.
Now by convexity

F(1=0)z+0y) < (1=0)f(x) +0f(y) = (1= 0)p" +6p" =p".

But of course f((1—80)x+0y) > p* because p* is the optimal value. Therefore we have f((1—80)x +
0y) = p*, as was to be shown. O

Let us provide some illustration of the loopholes allowed by the above results.

Example 2.64. Consider the convex optimization problem with feasible set C' = R and ob-
jective f(x) = x. The optimal value is —oo.

Example 2.65. Consider the strictly convex optimization problem with feasible set C' = (0, c0)
and objective f(z) = —logz. The optimal value is —oo.

Example 2.66. Consider the strictly convex optimization problem with feasible set C' = R
and objective f(z) = e”. The optimal value is 0, but it is not attained.

Example 2.67. Consider the convex optimization problem with feasible set C' = R and objec-
tive f(z) = max(0,z). The optimal value is 0, which is attained nonuniquely by all z € (—o0, 0].

At least we have a sufficient condition for uniqueness of the minimizer. Can we offer any sufficient
condition for existence? There are two convenient options.

Lemma 2.68 (Compact feasible sets admit minimizers). Consider a convex optimization prob-
lem with a compact (i.e., closed and bounded) and nonempty feasible set C and an objective
which is continuous on C. Then the optimal value is attained.
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Proof. This follows from the classical real analysis fact that a continuous function on a compact
domain attains its minimum. In fact, we do not even need that the optimization problem be convex
in order for this result to hold. O

Remark 2.69. More generally, in light of our assumption that the objective is always assumed
to be Ls.c. in the sense of Remark 2.59, we can show that any convex optimization problem
with a bounded and nonempty feasible set C' must admit a minimizer.

Indeed, since C' is nonempty, there exists z € C. Then with f denoting the objective, we
can consider the sublevel set S := {x € C : f(z) < f(2)} within C. If we can show that
f attains its minimum over S, then it follows that it also attains its minimum over C, since
fly) > f(z) for all y € C\S. Now by the l.s.c. property, the sublevel set S is closed. Since it
is contained within C| it is also bounded, hence compact. Then we can consider a minimizing
sequence {xy}72, such that p* = limy oo f(2r). (Why?) By compactness, we know that there
exists a convergent subsequence with limit point z. Replacing {x}}?2, with this subsequence
and using the l.s.c. property, we know that f(z) < limg_,~ f(xx) = p*, hence z is an optimizer.
O

Another sufficient condition can be phrased in terms of strong convexity, which guarantees that
a function ‘bends upward’ sufficiently so that its sublevel sets must be compact.

Lemma 2.70 (Strongly convex problems admit minimizers). The optimal value of a strongly
convex optimization problem (with nonempty feasible set) is attained.

Proof. Let f be the objective, and assume it is p-strongly convex for some g > 0. Let C be the
feasible set.

The key idea is that strongly convex functions grow sufficiently fast such that their sublevel sets
are bounded, hence compact. We will adopt a simplifying assumption that f is differentiable at
some point xg € C. Then by the remark following Theorem 2.22, we know that

F(x) = f(wo) + V(o) - (& = x0) + ol (2.19)

for all z € C. (More generally, for any z( there always exists some vector, called a subgradient,
such that this inequality holds with this subgradient in the place of the gradient. We will come to
subgradients later when we discuss non-smooth optimization.)

Now consider the f(zg)-sublevel set
§={zeC: [(x) < [(z0)}

within C. Tt suffices to show that S is compact. (To see why this suffices, see the argument in
Remark 2.69.) We know that S is closed because the objective is always assumed to be l.s.c. in the
sense of Remark 2.59.

Therefore we only need to show that S is bounded. Suppose that = € S, so f(z) < f(x¢). Then
by (2.19), we know that

V(o) - (z = o) + Sl — zo]* < 0,
and by ‘completing the square’ we deduce that

I = 2o + p =V o) | < w72V f (o) ||
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Thus there exists y := zg — p~ 'V f(z0), R = pu~ |V f(x0)| such that
lz—yll <R

for all € S, or in other words S C Bpg(y), the ball of radius R about y. This means that S is
bounded. O

Remark 2.71. This argument has a lot in common with our later analysis of gradient descent
for strongly convex objectives.

2.4.3 Critical points and the boundary

The following result formalizes the idea that the ‘first derivative test’ V f(z) = 0 is necessary and
sufficient for optimality within the interior of the feasible set.

Theorem 2.72. Suppose that the optimizer of a convex optimization problem is attained at
a point in the interior of the feasible set where the objective is differentiable. Then this is a
critical point. Conversely, any critical point of the objective in the interior of the feasible set
must be an optimizer.

Remark 2.73. The forward direction doesn’t require convexity.

Proof. We start with the forward direction. Consider an objective f and feasible set C, and suppose
that x( is an optimizer in the interior of C' where f is differentiable. By differentiability, we know
that there exists a function v defined on the neighborhood of the origin such that

f(@) = f(xo) + Vf(zo) - (x = m0) + th(x = 20) ||z — 20|

for all z near z¢ and lim,_,o ¥ (2z) = 0.

Now since xg lies in the interior of C, for all e > 0 sufficiently small we have that zo—eV f(z0) € C.
Plugging in = zg — eV f(x¢) and rearranging, we obtain

f(@) = f(z0) — el VF (o) |* + e (= V f (w0)) |V f (o)
= f(zo) = el V(@) [ VS (o)l = ¥(=eV f(x0))]

By optimality, we know that f(x) > f(x), so we conclude, after substituting and rearranging, that

IV (o)l < 9(=eV f(z0))

for all € > 0 sufficiently small. Then taking the limit as ¢ — 0 estbablishes that |V f(zo)|| = 0, so
x¢ is a critical point.

Now for the reverse direction, consider a convex objective f defined on a convex feasible set C,
and suppose that V f(zg) = 0 for some z( in the interior of C. By the remark following Theorem
2.22, we know that

f(@) = fwo) + Vf(20) - (x — w0)
for all x € C. But since Vf(zo) = 0, this means that f(z) > f(zo) for all z € C, and z¢ is an
optimizer. O
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Figure 2.18: Convex optimization problem over a polygonal feasible set. The minimum is attained
on the boundary. Left: sublevel sets of the obejctive. Right: graph of the objective.

In general, we can have an optimizer lying on the boundary which is not a critical point, cf.
Figure 2.18. We will see how to generalize the first derivative test using Lagrange multipliers when
we study constrained optimization problems below.

2.4.4 Removing linear equality constraints
Consider a convex optimization problem in the standard form
minimize f(z)
subject to  fi(x) <0, i=1,...,m,
Ax =0,

where A € RP*™ b € RP define the equality constraints. LeWhatt us assume for simplicity that
p < n, so that the system A is underdetermined, and that A has full rank p, so that AAT € RP*P
is invertible. (Why? Recall the SVD.)

Given a particular solution zg solving Axg = b, we can always parameterize a feasible point x
satisfying Az = b as = xo-+2 where z € null(4). Now let B € R"*("~P) be a matrix whose columns
form a basis for the null space of A. (Why must it have n — p columns?) Then any z € null(A4) can
be written as By for some y € R" P, and we can reformulate our equality-constrained optimization
problem

minimize f(xo + By)
yeER"—P

subject to  fi(xog+ By) <0, i=1,...,m.

In this equivalent problem, we have removed all equality constraints. See Figure 2.19 for an illustra-
tion. The feasible set defined by the new problem may now have a nonempty interior, which allows
us to directly apply the interior point methods that we shall study later.

Note that removing these equality constraints comes at the price of certain dense linear-algebraic
operations and may or may not be a good idea for large-scale problems. For very large problems,
interior point methods may become intractable and more scalable (but slower-converging) methods
may be required, cf. the discussion in Section 1.1.
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Figure 2.19: Feasible set defined by the inequality constraints f1(z) < 0, fa(z) <0, f3(x) < 0, where
fi(x) = —x1, fo(x) = —x9, f3(x) = 22 + 23 — 1, together with a single linear equality constraint of
the form a2 = b. We would like to consider an equivalent 1-dimensional problem defined along the
green segment which indicates the feasible set. Here xy denotes a particular solution of o'z = b,
specifically the minimum norm solution.

To make things more concrete, observe that in practice, we can always construct a particular
solution as zg = AT (AAT)~'b. (You can verify directly that this is a solution, but in fact it is the
solution with minimal 2-norm. We may rigorously justify this later when we talk about constrained
optimization.)

Meanwhile, we can construct B by applying P = I — AT(AAT)~1 A, the orthogonal projector
onto null(4), to a random matrix Z € R**("=P) Indeed, we can verify directly that B := PZ =
Z — AT(AAT)71A € R ("=P) 5o defined automatically satisfies AB = 0, so the columns of B
are in null(A). We can possibly adjust B by orthonormalizing its columns, via the Gram-Schmidt
algorithm or QR factorization, without changing their span.

2.4.5 Examples

Example 2.74 (Linear regression). The linear regression problem defined in Section 2.3.2 with
either L2 or L1 regularization defines an unconstrained convex optimization problem. Note that
the objective is not smooth in the case of L1 regularization.

Example 2.75 (Softmax regression). The softmax regression problem defined in Section 2.3.3
defines an unconstrained convex optimization problem. More generally, there is a broader class
of maximum likelihood estimation problems, for inferring the unknown parameters within a
so-called exponential family, that can be solved with convex optimization.
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Figure 2.20: Illustration of the fact that the optimal value of a linear program is always attained
(typically uniquely) at an extremal point. (It takes a little more work to state this fact carefully, but
hopefully you get the idea.) The colors indicate level sets of the linear objective, and the polygonal

region depicts the feasible set. The optimal value is attained at the red vertex.

Definition 2.76 (Linear program). A linear program is a convex optimization problem in
which the objective function is linear and the inequality constraints are all affine-linear.

Example 2.77 (Diet problem). This is one of the oldest examples of a linear program and
actually motivated the development of the first numerical method for linear programming, since
it could not be solved by hand. It conveys the flavor of many linear programs motivated by
industrial optimization and resource allocation.

Suppose that we want to construct a diet consisting of a combination of n different foods.
The j-th entry x; > 0 of our optimization x € R"™ denotes the amount of the j-th food to be

included in the diet, which costs ¢; per unit, j = 1,...,n. Also suppose that we want to ensure
that our diet contains a sufficient amount of each of m possible nutrients. We let b; denote the
minimum allowed amount for the ¢-th nutrient, + = 1,...,m. Finally, for each ¢, j, let a;; be

the amount of nutrient ¢ contained in a unit of food j. Then consider linear program

minimize ¢z
TER™

subject to Ax > b,
x>0,

where A = (a;5), b = (b;), and ¢ = (¢;) and the inequalities are interpreted entrywise. The
problem seeks the lowest-cost diet that achieves our nutrient requirements.

The following two exercises study different ways of solving overdetermined linear systems, using
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the 1-norm and oo-norm in place of the 2-norm as an error penalty. In fact both of these choices
lead to linear programs! As part of these exercises, you will practice putting these linear programs
into a standard form, which is a preprocessing step that will allow us to focus later on designing a
general solver for linear programs.

Exercise 2.78. Consider the following approach to ‘solving’ an overdetermined linear system
Ax = b, where A € R™*™ and b € R™, as an alternative to least squares:

minimize |Az — 0| co-

Show that it is equivalent to the following linear program
minimize ¢
z€R", t€R
subject to Az —b<t1l,,
b— Ax <tl,,

over the composite optimization variable y = (z7,#)T € R"*!. Here 1,, € R™ denotes the
vector of all ones. Show how to construct ¢, d, and C of appropriate shapes so that this linear
program can be written in the form:
minimize c-y
yeRn+1
subject to Cy < d.

Exercise 2.79. Consider the problem

minimize |4z — b1,
z€R™

where A € R™*™ and b € R™. Show that it is equivalent to the following linear program

m
minimize E %5
zER™, zERM 4

=1
subject to Ax —b < z,

b— Az < z,

over the composite optimization variable y = (z7,27)T. Show how to construct ¢, d, and C of
appropriate shapes so that this linear program can be written in the form:

minimize c¢-y
yERPt™

subject to Cy <d.

43



Exercise 2.80. Consider a general linear program

minimize c¢-x
TER™

subject to Cx < d,
Az =0,

where ¢ € R", C' € R™*" d € R™, A € RP*" b € RP. You can assume that p < n and that
A has full rank. Show how, by eliminating equality constraints, we can construct a solution in
terms of the solution of a linear program of the form

minimize ¢-y
yeRn—P
subject to C’y <d.

In particular, specify how ¢, C, and d should be constructed.

Example 2.81 (Portfolio optimization). The following convex optimization problem is known
as the Markowitz model for portfolio optimization:
minimize z' Yz
z€R™
subject to rla > Ruin,

1z =1,
xz > 0.

Here x is a vector indicating our allocation of a fixed amount of money (1 unit total) among
n different assets, r is a vector of expected returns for each of the assets, and we constrain
our choice of z to deliver a minimum expected return of R,;,. Subject to this constraint, we
minimize the variance of our return, which is computed in terms of 3, the (PSD) covariance
matrix of the asset returns.
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Example 2.82 (Optimal transport). Suppose there are m bakeries and n cafes in a town.
Every day, the i-th bakery produces a supply of u; > 0 bagels for ¢ = 1,...,m, and the j-th
cafe demands v; > 0 bagels for j = 1,...,n. The supply and demand are evenly matched, i.e.,
>ty i = y_5_y vj, and the cost of transporting a bagel from the i-th bakery to the j-th cafe
is Cjj. The optimal transport problem finds the transportation plan 7 that allocates the bagels
from bakeries to cafes in the most cost-effective way:

minimize i i CijTrij (220)

mERmXn
subject to w >0,
1, = p,
7TT1m =W

Note that this is a linear program. We interpret m;; > 0 as the number of bagels sent from the
i-th bakery to the j-th cafe in our plan. (Unfortunately, we may have to allow for fractional
bagels.) The equality constraints specify that Z?:l mij = g for all i =1,...,m (i.e., the i-th
bakery exports all of the bagels it produces) and Y ;" m;; = v; for all j = 1,...,n (i.e., the
j-th cafe imports all the bagels it demands).

In fact this optimization problem has a much deeper significance in probability theory, where
it allows us to define useful metrics between probability distributions, and it has countless
applications in modern data science. In practice it is often useful to consider an ‘entropy-
regularized’ version of the problem, which includes the Shannon entropy

S(m) = Zﬂij log m;;
0,J
as a regularization term:

minimize Z Z Cijmi; + B71S(m) (2.21)
=1 5=1

subject to 7w >0,
T, = p,

7l 1, =v.
Here 8 € (0,00) is a regularization parameter, and the unregularized problem is recovered as

B — +oo. By Exercise 2.36, this is still a convex optimization problem. We will see that the
dual problem has a special structure that permits a fast specialized solver.

Exercise 2.83. Show that the optimal transport problem is always feasible, for arbitrary C,
p >0, and v > 0 satisfying > ;" p; = Y_7_, v;. Hint: Try to construct a feasible point 7 as
a rank one matrix. What is the intepretation of this feasible point?
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Figure 3.1: Illustration of Theorem 3.3, the basic consequence of L-smoothness.

3 Smoothness

In our analysis of gradient descent, a quantitative notion of smoothness will appear. We prepare for
this analysis in this section. Note that in optimization theory, ‘smoothness’ has a very particular
meaning which is different from the typical meaning that a function possesses arbitrarily many
derivatives.

3.1 Definition and basis consequences

Definition 3.1 (L-smoothness). A differentiable function f : C' — R defined on an open
domain C' C R™ is L-smooth for some L > 0 if |V f(z) — Vf(y)|| < L||z — y|| for all z,y € C.

Remark 3.2. Tt is equivalent to say that the gradient Vf : C' — R"™ is L-Lipschitz.

This notion of smoothness controls the discrepancy between a function and its linear approxi-
mation.
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Figure 3.2: Illustration of Remark 3.4, depicting the upper and lower bounds furnished by L-
smoothness together with p-strong convexity.

Theorem 3.3. Suppose that f : C — R defined on an open convex domain C C R™ is L-
smooth. Then

|f(z) = [f(20) + Vf(20) - (z — 0)]| < gllw — of?

for all xg,x € C.

Remark 3.4. If f is p-strongly convex (possibly with p = 0), we automatically know the lower
bound .
f(@) 2 f(@o) + V(o) - (& = z0) + S|z — zol|?,

which is stronger than the lower bound on f(z) furnished by L-smoothness alone. Already
given convexity, what L-smoothness really buys us is the upper bound

£(&) < Flao) + Vi (ao) - (@~ 0) + iz — zol”

Together these conditions tell us how tightly we can squeeze our function f(z) between two
quadratics.

Proof. Let xg,x € C and define z; := xo + t(x — x¢) = (1 — t)xg + tz € C for ¢ € [0,1]. Then use

47



the fundamental theorem of calculus to write

fla) = flao)+ [ Gl

:f(xo)+/0 V(22 - (x — o) dt
1
:f@w+vﬂhﬁwx*%)+é[Vﬂm)*vﬂmﬂwwfmﬁw

where in the last equation we have added and subtracted Vf(zo) - (x — zp) and absorbed the
subtracted copy inside the integral, since it is independent of ¢.

Then we can rearrange and use the triangle inequality to deduce:
1
£0) = 7 (ao) + Vf(ao) - @ = a)| < [ [V (e0) = V@) - (@ - o)
0
(i [t
< [ 1950 = VG e o d
0
(ii) !
<L [ o= aoll o = ool
0
(iii) ) 1
< Lz — o / tdt
0
L
= Sl — ol

where in (i) we have used Cauchy-Schwarz, in (ii) we have used the definition of L-smoothness, and
in (iii) we have used the fact that x; — 2o = t(x — x¢). Finally in the last step we have just computed
a definite integral. This completes the proof. O

3.2 Characterization in terms of the Hessian

We will see that much like p-strong convexity, L-smoothness can be characterized equivalently in
terms of the Hessian.

Definition 3.5 (Operator norm). Given a norm | - || on R”, we use the same notation to
denote the associated operator norm or induced norm, defined on arbitrary A € R™*" as

| Az]] _

|A]| := max ——— = max || Az]|.
20 ||z||  |lzll=1
In the case where || - || = || - ||2, the operator norm is called the spectral norm. For simplicity
of notation, we may use || - || to denote this special case, as we have been doing for the 2-norm

throughout, unless otherwise specified.

Exercise 3.6. Show that the two expressions appearing above in the definition of ||A| are
actually equal, for an arbitrary norm || - ||
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Exercise 3.7 (Matrix-vector sub-multiplicativity). Show that for an arbitrary norm || - ||,
we have ||Az| < [|A| ||z|| for all A € R™*™ and x € R™. (This is the functionally important
property of the operator norm.)

Exercise 3.8 (Spectral norm as top singular value). Use the SVD to show that || Al is equal
to the largest singular value of A € R™*™. Hint: It is helpful to expand ||Az|2 = 2T AT Az.
You may also want to use the fact that ||Oz||s = ||z||2 for an orthogonal matrix O and any
x € R". (Why is this true?)

Exercise 3.9. Use the spectral theorem to show that for a symmetric matrix A € R"*™,
Al = max{|A| : X is an eigenvalue of A}.

Hint: Same as last exercise.

Exercise 3.10 (The operator norm is a norm). Show that for any norm ||-|| on R™, the operator
norm actually defines a norm on R™*" in the sense of Definition 2.41 suitably interpreted.

Theorem 3.11 (L-smoothness in terms of the Hessian). A twice differentiable function f :
C — R defined on an open convexr domain C C R™ is L-smooth if and only if |V2f(z)|2 < L
forallz € C.

Remark 3.12. In other words, L-smoothness tells us that all eigenvalues of the Hessian matrix
V2 f(x) are all bounded by L in absolute value,. Convexity already tells us that the eigenvalues
are nonnegative, and u-strong convexity even tells us that they are bounded below by p. Hence
L-smoothness and p-strong convexity together tell us that the eigenvalues of the Hessian all lie
in [u, L].

Proof. First we prove the backward direction. Thus we suppose f : C — R satisfies | V2f(z)| < L

for all z € C. We let z,y € C, and we want to show that ||V f(x) — Vf(y)| < L||lx — y]l.

Let 2, =z +t(y — x) € C for t € [0,1]. Then use the fundamental theorem of calculus to write

VI) = Vi) + [ V)] d

1
=Vf(x) +/0 V2f(x,) (y — ) dt.

It is a good exercise in the chain rule to verify the second step. Then rearranging and applying the
triangle inequality we deduce that

HVﬂm—VﬂwnsAnvvun@—xmw

1
sélW%@@MM—ﬂMﬁ

<Lz =yl
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where in the penultimate step we used Exercise 3.7. This completes the proof of the backward
direction.

Now for the forward direction, suppose f : C — R is L-smooth and twice differentiable. Let
zo € C. We want to show that ||V?f(z)| < L.

Now the differentiability of the gradient means precisely that for z near zy, we have
V(@) = V(o) + V2f(w0) (x — x0) + || — xo|| ¥ (x — o)
where ¥ is now a vector-valued function defined near the origin such that lim,_,o ¥(z) = 0. (This fact

follows from applying the definition of differentiability to each component df/dx; of the gradient.)
Now we rearrange, take norms, apply the triangle inequality, and use L-smoothness to bound

IV2 f(z0) (& = @o) || = |V f(2) = Vf(x0) = [l = 2o ¥ (2 — 20)]
<|IVf(z) =V (zo)ll + l|lz = o[l [¥(z = zo)]|
< lz = 2ol (L + [[¥(z — z0)])

for all z near xg.

Then plugging in z = xg + tz for all ¢ # 0 sufficiently small and z € R™ an arbitrary vector with
|lz]l = 1, we see that
[tV f (o) 2l < [¢] (L + [ (E)]])-

Then dividing by |t| and taking the limit as ¢ — 0 we deduce that
IV2f(x0) 2|l < L.

Recall that z was an arbitrary unit vector, so by the definition of the operator norm || V2 f(x)|| < L,
as was to be shown. O

It is useful to think of L-smoothness in terms of a model quadratic function:

Corollary 3.13. The arbitrary quadratic function f(x) = %xTAx +b-x+ c where A € R"*",
beR™, c€R, is L-smooth for L > 0 if and only if || A||2 < L.

Proof. We simply compute V2f = A and apply the preceding theorem. O

We also provide some examples of how L-smoothness can fail to hold for any L > 0, even for
continuously differentiable f. The first shows how L-smoothness can fail to hold due to a local
obstruction.

Example 3.14. Consider f : R — R defined by f(z) = |z|>/2. Note that f is differentiable and

f'(z) = sign(z)y/|z|. Moreover f”(z) = %ﬁ is defined for  # 0. Since |f”| is unbounded

on (0,00), by Theorem 3.11 there does not exist any L > 0 such that f is L-smooth on (0, c0),
hence neither can f be L-smooth on the larger set R.

The next example demonstrates how L-smoothness can fail due to fast asymptotic growth.

Example 3.15. Consider f: R — R defined by f(z) = 23. Then |f(x)| = 6|z| is unbounded
over z € R, so by Theorem 3.11 f cannot be L-smooth on R for any L > 0.
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Part 11
Gradient descent and its variants

We are finally ready to introduce and analyze some algorithms for optimization. First we consider
unconstrained optimization problems, in which the feasible set is simply R™ and we denote the
objective by f : R™ — R. As usual, the optimal value will be denoted by p*, and if the optimal
value is attained, we will use * € R™ to denote some optimizer.

4 Gradient descent

We start with gradient descent. Like all the algorithms we will consider, gradient descent is an
iterative algorithm defining a sequence {x:}:2, of iterates x; € R™.

Given an initial guess x¢ € R™, the sequence is completely specified by the update rule
Ti41 :xtanf(xt), t:O71,2,... (41)

Here nn > 0 is a step size (or learning rate), which we take to be a fixed ‘hyperparameter’ of the
method. We will study the conditions on > 0 (in terms of the objective f) that we need to
guarantee convergence.

A practical pseudocode is offered in Algorithm 1. It gives some idea of how to write an im-
plementation with a maximum number of iterations and a reasonable (if not canonical) stopping
condition. This is just one implementation. It may make sense to store the entire history of f(x)
and ||V f(x)||, for example, over the optimization trajectory.

Algorithm 1 Gradient descent (fixed step size)

Input: f:R” - R, Vf: R" — R”, initial guess zy € R", step size n > 0, maximum number of
iterations 7', residual tolerance ¢

Output: Estimates for optimal = and f(z), convergence flag

Set x <~ zp and flag <+ false
fort=1,...,7T do
Set v + Vf(z)
Set x < x —nv
if ||v]| < e then
flag < true
break
end if
end for

return z, f(x), flag

For most of our careful analysis, we will view 7 as fixed a priori. However, it is also possible to
take the step size 7, to be dependent on the iteration counter ¢, yielding the update

Ti41 = Tt — T]tVf(It), t= 0, 1, 27 - (42)
A choice of sequence {n:}:2, can be fixed a priori, in which case we may say that it is specified

offline. But it can also be chosen online, e.g., via a line search.
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Figure 4.1: Hlustration of gradient descent (4.1). The update direction is always perpendicular to
the level set of the current iterate.

4.1 Modern implementation

In recent years, automatic differentiation has transformed the practical implementation of optimiza-
tion algorithms, especially in machine learning. Several machine learning libraries such as JAX have
emerged, allow for easy automatic differentiation while making efficient use of hardware acceleration
for batched operations. This Colab notebook is a JAX-based introduction to several key opera-
tions of widespread use. It covers applications to regression and classification introduced in Section
2.3.

4.2 The descent lemma

The descent lemma guarantees that gradient descent decreases the objective for smooth functions,
provided that the step size is sufficiently small. It is of fundamental importance in our analysis of
gradient descent.

Lemma 4.1 (Descent lemma). If f is L-smooth on R™, then the iterates of gradient descent

(4.1) satisfy
e ) € o) =0 (1 - %) IVf@)P. t=0.12, ...

1

T, we have

In particular, if we choose n <

@) < flae) = 2IVI@IIE, £=0,1,2,...
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Remark 4.2. The descent lemma gives us guidance on choosing the step size in terms of the
smoothness parameter L. (In general, if we take n > %, gradient descent may diverge.) Note
that if a function is L-smooth, then it is also L’-smooth for any L’ > L. Therefore, for simplicity
we will often just take n = % in our analysis.

Proof. By Theorem 3.3,
L 2
f(@e1) < flze) + V(@) - (w41 — 20) + §H33t+1 —z”.

But x411 — x¢ = —nV f(at), so

2
Flen) < (@) = VI @I + 29 )P

The desired result follows via simplification by factoring. O

The descent lemma directly implies that gradient descent finds critical points of smooth functions.
This theorem does not require any convexity!

Note that any critical point is a fized point of the gradient descent iteration, i.e., if x; is a critical
point, then V f(z;) = 0 and automatically z;; = z; by (4.1). Thus gradient descent stays in place
forever if it ever hits a critical point.

In fact, gradient descent will generically converge to local minima, which are special critical
points. This makes sense because gradient descent is always trying to find a direction that locally
decreases the value of the function. However, this fact is harder to formulate and prove because
one has to rule out non-generic behavior (i.e., landing right on a critical point that is not a local
minimum).

Now we present our theorem about convergence to critical points. The statement is a bit subtle,
so read carefully.

Theorem 4.3 (Gradient descent finds critical points). Let f be L-smooth on R™ and consider
gradient descent (4.1) with step size n = % For any positive integer T, there exists some

te{0,1,...,T — 1} such that

IV5@0l? < 22 [7(ao) ~ 9],

Remark 4.4. One way of phrasing the result is as follows. If we want to find x such that
IV f(z)|| < e, where € > 0 is arbitrary, we can always achive this by running gradient descent
and terminating when we hit an iterate z; such that ||V f(x:)|| < e. The theorem says that we
will terminate by the time we reach the iterate number t = T' — 1, where

7= | 2 10 -]
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Remark 4.5. Note that f(xg) — p* > 0 is the difference between the initial objective to the
optimal value. If p* = —oo, then the theorem holds vacuously, so we may assume that p* is
finite in the proof.

Proof. By rearrangement of the descent lemma (Lemma 4.1), we deduce that

flen) = i) 2 SIVA@IE, =012,

Taking the sum of both sides from ¢t = 0 to T — 1, we see that

ﬂ
=
i)

[f(ze) = f(@e41)] >

t

I
o
~+
I
o

The left-hand side is a telescoping sum, yielding

T—1
o SV F @I < Flao) ~ for) < flo) — o,
t=0

where we have used the fact that f(z7) > p*. Then in turn

T-1
= S ISP < 2 (7o) ).
t=0

Now the left-hand side is the average value of |V f(x;)||? over the first T iterations, which must be
greater than minimum value. Thus there exists some minimizing index t € {0,1,...,7 — 1} such
that

IV )P < 2F [7wo) —p'].

This completes the proof. O
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Example 4.6 (Gradient descent on a positive definite quadratic form). The following problem
is useful to keep in mind, since all functions with enough derivatives look similar to such a
model quadratic near a (strict) local optimizer, where the Hessian must be positive definite.
Concretely, consider the objective

1
f(z) = Qa:TAx -b-x,

where A is positive definite. Note that f is L-smooth with L = ||A||2, c¢f. Theorem 3.3 and
Corollary 3.11. By Exercise 3.9, all of the eigenvalues of A are bounded by L in absolute value.
But since A is positive definite, we know more specifically that the eigenvalues of A all lie in
(0, L]. Moreover note that

z*=A"'b (4.3)

defines the unique optimizer.

Now let us choose the initial condition zp = 0 for simplicity. Now Vf(z) = Az — b, so
gradient descent (4.1) reads as

Tir1 = ¢ — n(Azy — b) = (I — nA)xzy + nb,

or equivalently
i1 =Tx + ¢,

where
T:=1-nA, c:=nb. (4.4)

We can then compute the first few terms as
ry =Txg+c=c,

zo=Tx1+c=Tc+c,
xngx2+c:T20+Tc+c,

t—1
By = (Z Tk> @,
k=0

which can be verified by induction. (Note that 7° = I.) Finally we can use the formula for the
sum of a finite geometric series to compute

etc., and deduce the pattern

= I -THI -T) e
Substituting (3.9) and (4.3), we see that
;= (I - Tz

Therefore the convergence of gradient descent to the optimal solution amounts to the question
of whether we have lim;_,o, T = 0.

Note that the eigenvalues of T'= I —nA lie in [1 — 7L, 1) because the eigenvalues of A lie in
(0, L]. Diagonalizing T = UAU T by the spectral theorem and noting that T* = UA*U T, we see
that lim; o, 7% = 0 if and only if all the eigenvalues of T' lie in (—1, 1), which holds provided
that nL < 2, or n < ﬁ' This is precisely the condition required for strict descent in the

descent lemma (Lemma 4.1). In general, if n > m, gradient descent can certainly diverge!
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4.3 Variational interpetation of gradient descent

Next we introduce another fundamental perspective on gradient descent. To wit, we will rederive
the same update from a different point of view.

Suppose our current guess for the optimizer is given by y € R™ and we want to update to improve
the objective. Consider optimizing the following proxy function, defined in terms of the basepoint y
and an arbitary n > 0:

foy(@) = Fy) +VIy)- (Jf—y)+%\lx—y||2, (4.5)

consisting of a linear approximation of f near the guess y, plus a proximal-point penalty that prevents
us from taking too large of a step. (If there were no such penalty, the proxy f, , would be affine-
linear, hence unbounded below in general.) Optimization of the proxy can be performed exactly as
follows.

Lemma 4.7. Let f be differentiable on R™, y € R™, and n > 0. Then
y—nViQy) = g {foy(@)}-
seR™
Moreover, the optimal value is given by

min {f,4(2)} = F) = 2NV

zER™

Remark 4.8. Throughout we will use ‘argmin’ to denote an optimizer of the objective appearing
within. It is often implied that the optimizer is unique, and we show that uniqueness holds
here in the proof of the lemma.

Proof. For any y € R™ and n > 0, let us define f, , : R® — R by
1
Sy (@) := ) + Vi) - (@ =)+ 5l — yll*.

Then observe that f,, is n~l-strongly convex. (Why?) Hence by Lemma 2.62, Lemma 2.70, and
Theorem 2.72, the objective f, , admits a unique minimizer which is the unique critical point. We
can solve for the critical point by computing the gradient

Viya(e) = V1) + @ -)
and setting it equal to zero, yielding
z=y—nVI(y)
We deduce the optimal value by plugging in
foyy=nVIW) = fly) = Vi) [0Vl + %II -V fy)l?
= 1) = IV I + IV FW)IP
= ) = IV W)

This completes the proof. O
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Figure 4.2: Hlustration of the variational interpretation of gradient descent, Lemma 4.9.

Thus, exact optimization of the proxy f, , precisely performs a gradient descent update from y
with step size 1. We state this fact formally.

Corollary 4.9 (Variational interpretation of gradient descent). If f is differentiable on R™,
then the iterates of gradient descent (4.1) satisfy

. . 1
1 = argmin {fy o, (0)} = axguin { f(z0) + Vf(01) - (2 = ) + 5o = 1]}
rER™ rER™ n

Remark 4.10. This interpretation of gradient descent provides the inspiration for a broad gen-
eralization, namely the proximal gradient method, which we will consider later.

Note that by Theorem 3.3, if f is L-smooth and n < %, then in fact f,,(x) > f(z) for all
x € R™, while f, , agrees with f exactly up to linear order near y. In the optimization literature,
we say that f, , majorizes f, and we can interpret gradient descent with n < % as a majorization-
minimization algorithm. See Figure 4.2 for illustration.

4.4 Optimality metrics

The last theorem raises an interesting question. As we run gradient descent, how should we measure
our convergence quantitatively? Given a guess x € R", there are three key quantities to consider.

e Optimality gap: f(z)— f(z*)
e Distance to optimizer: ||z — z*||

e Gradient norm: ||V f(z)||
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Note that since x* is unknown to us a priori, only the last of these is accessible to us as we run the
algorithm. In the quadratic case (Example 4.6), the gradient norm corresponds to the residual norm
||[Az — b||, which is the practical optimality metric used to measure progress in iterative solvers for
linear systems.

Now if f is strictly convex, then all three of these quantities are zero if and only if z = z*, i.e.,
x is optimal. But we are interested in how each can be used to quantitatively control the others.
Such quantitative control can be phrased in terms of p-strong convexity and L-smoothness.

Lemma 4.11 (Strongly convex optimality control). Let f be differentiable and p-strongly
conver on R™. Let z* € R™ be the minimizer of f. Then for all x € R™,

L o . 1
gllx—x 12 < fz) — fla*) < ﬂllvf(x)llz-

Proof. By convexity
f@) = f(@*) + V() (z—a") + %Hx — %

But Vf(z*) = 0 by optimality (Theorem 2.72), so after rearranging we deduce the left inequality
M * 12 *
5 lle—a*" < flz) = fa).
Then it remains to show the right inequality. Again by convexity, we have

f(@") = fle) + Vf(z)- (¢" —2) + gllx — |

= fz,u*l(x*)
> min {fa:,u_l(z)}

z€ER™

where we recall the definition (4.5) of f, ,. (Note the subtlety that although z* is optimal for f, it
is not necessarily optimal for the proxy f, ,-1.) Then Lemma 4.7 furnishes the optimal value of the
minimization problem in the last expression, yielding the bound:

fa®) > fla) - inw@n?.

After rearrangement, this establishes the right inequality, and the proof is complete. O

Lemma 4.12 (Smooth optimality control). Let f be convex and L-smooth on R™. Let z* be a
minimizer of f. Then for all x € R™,

IVI@I? < £(@) - f(@*) < 3l — 2|1

Remark 4.13. Compare and contrast with Lemma 4.11. Together the two lemmas show that if
f is L-smooth and p-strongly convex, then we can use the ‘residual’ V f(x) of our iterates to
construct both upper and lower bounds on the optimality gap and the distance to the optimizer.
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Proof. As in the proof of Lemma 4.11, we apply L-smoothness (Theorem 3.3) two ways. First,
* * * L * |12
fl@) < f@®) + V(") - (@ —a®) + S llo — 2"

But Vf(2*) = 0 by optimality (Theorem 2.72), so after rearranging we deduce the right inequality
L * *
Y= a1 2 5) - 1.

Then it remains to show the left inequality. By the descent lemma (Lemma 4.1), if we consider
Yy=x— %V f(z), obtained by applying on iteration of gradient descent with step size % to z, then
we know that

Fl) < @)~ 5= 195 @)

But f(z*) < f(y) by optimality, so after substitution and rearrangement we obtain the left inequality.
O

4.5 Smooth and strongly convex case

We will now study the convergence of gradient descent in the case where f is L-smooth and p-strongly

convex.

Theorem 4.14 (Convergence of gradient descent: smooth and strongly convex case). Let f
be L-smooth and p-strongly convex on R™, and consider gradient descent (4.1) with step size
n= % Then for allt =0,1,2,..., we have

fe) - £ < (1= 5 (o) - 1)

Remark 4.15. This means that the optimality gap f(x;)— f(z*) decays exponentially as t — oo,
where the base of the exponent is 1 — £. Sometimes in optimization, we may informally define
k := L/pw > 1 to be the condition number of the optimization problem, where we may
understand L and g to be the smallest and largest choices, respectively, for which f is both
L-smooth and p-strongly convex. The condition number can be viewed as controlling the
difficulty of solving the optimization problem, in a sense that generalizes the way in which the
condition number of a matrix controls the difficulty of solving a corresponding linear system
via iterative methods. When the condition number is very large, this indicates the presence of
different length scales that differ by orders of magnitude. We illustrate the connection below
in Example 4.6, as well as in Figure 4.3.
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Figure 4.3: Ilustration of gradient descent (4.1) on a poorly conditioned quadratic form. The
numbers indicate the iteration count. To maintain stability in the sharp direction we must choose a
step size n < % We converge quickly in the sharp direction, but then in the flat direction, the step
size is too small to make fast progress.

Remark 4.16. The decay factor in the theorem can be bounded using the general fact that
1+u < e* for all w € R, which is in fact a direct consequence of the convexity of the exponential.
Plugging in u = —x !, this implies that

(1 . Iﬂ?_l)t < e—t/n'

This bound becomes asymptotically sharp when k is large. Therefore to achieve an optimality
gap within a target accuracy of € > 0, it suffices to run gradient descent up to the T-th iterate

where r = 1o (L2162

&

This means that to obtain any fixed accuracy € > 0 in the objective, we must run gradient
descent for a number of iterations that scales linearly with x. Fortunately, the dependence on
¢ is only logarithmic due to the exponential convergence in the theorem.

Proof. Consider the descent lemma (Lemma 4.1) and subtract f(z*) from both sides to deduce that

Flee) = £*) < @) - £@)] - 5 IV F@)I?,

where we have substituted n = % Then use Lemma 4.11 to lower-bound the gradient appearing on
the right-hand side as
IV f(@o)ll* > 2u[f(ze) — £(2¥)].
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Substituting and simplifying , we deduce

fen) = fla) < (1= %) (@) = @)
Since this holds for all t =0,1,2,..., the theorem follows by using this inequality inductively. [

Example 4.17 (Gradient descent on a positive definite quadratic form). Recall the model
quadratic objective studied in Example 4.6

1
f(z) = ixTAx —b-ux,

where A is positive definite. Let A\pnax and Apin > 0 denote the largest and smallest eigenvalues,
respectively. Thus in particular we know that (1) ||All2 = Amax and (2) A — Apin! is PSD.
Therefore Theorem 3.11 and Theorem 2.30 guarantee, respectively, that f is A\pax-smooth and
Amin-strongly concave. Then the condition number kK = Apax/Amin in the optimization sense
of Remark 4.15 is the same as the condition number of A as a matrix in the usual sense of
numerical linear algebra (ratio of largest to smallest eigenvalue).

In Figure 4.3 we illustrate how poor conditioning slows down the progress of gradient de-
scent.

4.6 Gradient descent as a contraction map

There is another perspective on gradient descent that allows us to more directly analyze the distance
from the optimizer ||z; — «*|. The idea is to consider the map R™ — R"™ that implements that the
gradient descent update and show that it is a contraction in the following sense.

Definition 4.18 (Contraction maps). For o € [0,1), the function ¢ : R™ — R" is called an
a-contraction map such if for all z,y € R, ||¢p(z) — ¢(y)|| < aflr — y||. We say that ¢ is
nonezpansive if it merely holds that ||¢(z) — ¢(y)| < ||z — y|| for all z,y € R™.

In the context of gradient descent with fixed step size 7, our iteration map is defined by

o(x) =z — V(). (4.6)
Note that = is a fixed point of ¢, i.e., a point such that ¢(z) = x, if and only if V f(z) = 0, which
is equivalent to optimality for a smooth unconstrained convex objective.

Then we can view gradient descent as a fixed-point iteration, i.e., a sequence defined by

Ti41 = ¢(xt); (4~7)

which we hope converges to a fixed point of ¢.

There is a classical theorem on the convergence of fixed point iterations, which holds over very
general spaces. We state it only in the setting where we need it.

Theorem 4.19 (Banach fixed-point theorem). Suppose that ¢ : R™ — R™ is an a-contraction
map for a € [0,1). Then there exists a unique fized point x* of ¢. Moreover, for arbitrary
xg € R™, define a sequence by the fized-point iteration (4.7). Then for all t = 0,1,2,..., it
holds that

lze — 2*|| < a*[lzo — 2.
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Remark 4.20. The inequality still holds with o = 1 even if ¢ is merely nonexpansive, though
the existence of a unique fixed point cannot be guaranteed in general in this case.

Proof. We will not prove the existence of a unique fixed point z* since in our application setting of
interest, i.e., unconstrained optimization of smooth and strongly convex functions, we already know
that there exists a unique fixed point for (4.6). (The construction of z* is also a bit of a detour; it
involves showing that the fixed-point iteration sequence is Cauchy. However, showing uniqueness is
a good exercise to check your understanding.)

Let us prove only the last statement. Observe that for any ¢,
[2r41 — 2| = ll¢(ze) — o(a)[| < aflzy — 27,

where in the first equality we have used the definition (4.7) of z;y1 and the fact that z* is a fixed
point. The inequality uses the contraction map property. Since this holds for all ¢t =0,1,2,..., the
desired statement follows by using this inequality inductively. O

Next we establish that gradient descent defines a contraction map via (4.6) as long as the step
size is sufficiently small.

Lemma 4.21 (Gradient descent as a contraction map). Let f be L-smooth and p-strongly
conver on R™, and consider gradient descent (4.1) with step size n = % If w > 0, then the
iteration map (4.6) is an a-contraction map for o« =1—%2. If u =0, i.e., f is merely assumed
to be converx, the iteration map is nonerpansive.

Remark 4.22. In the proof we will assume that f is twice differentiable everywhere. However,
this is not a necessary assumption, so we omit it from the statement. One way to avoid the
assumption is via Alexandrov’s theorem (cf. Remark 2.29). It can also be avoided by considering
a mollifying sequence approximation of f, since standard mollification preserves L-smoothness
and p-strong convexity. As far as I can tell, there is no direct alternative approach yielding the
same sharp result. Please ignore these points if you like.

Proof. Let x,y € R™ be arbitrary. We want to show that
I
low) = é@)l < (1= %) lly - all, (4.8)

which will complete the proof.
First define z; = x +t(y — x) for ¢ € [0, 1], and use the fundamental theorem of calculus to write

o) = ola) + [ Gt at. (1.9
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Now by (4.6), we compute using standard manipulations and the chain rule

d
dt ()] = at [zt — 0V f(21)]
d d
= dat [z4] — 77% [V f(x)]
= (y =)~ V() 5 [

=(y—a)—nVf(z) (y — 2)
=T —nV?f(z)) (y — ).

Then we substitute into (4.9) and rearrange to obtain
1
Jot) o)l = | [ 7 = 091w - o)t
.
< [N =v2s0) - o) d
0

1
< / 11— V2 f ()| ly — 2 dt. (4.10)
0

Now since f is p-strongly convex and L-smooth, we know that the eigenvalues of V2 f always lie in
[, L], cf. Remark 3.12. Thus, recalling that = +, the eigenvalues of I —nV? f () lie in [0, 1—p/L].
Then by Exercise 3.9,

1=V @) <1- 5,
and in turn it follows from (4.10) that (4.8) holds, as we desired to show. O

Corollary 4.23 (Iterate convergence of gradient descent: smooth and strongly convex case).
Let f be L-smooth and p-strongly conver on R™, and consider gradient descent (4.1) with step
size N = % Then for allt =0,1,2,..., it holds that

x ©y* x
Jo: — 2%l < (1= £) lloo — 2"

Remark 4.24. Similar comments as those made in Remark 4.16 apply here, but note that the
relevant notion of error here is different (distance to optimizer vs. optimality gap).

Remark 4.25. Note that in the case p = 0, where f is merely convex, the result holds but does
not imply convergence. However, we are still guaranteed that ||z; — 2*|| < ||zg — z*|| for all ¢,
i.e., gradient descent with a sufficiently small step size cannot increase the initial distance from
the optimizer. This point will be useful later on when we drop the strong convexity assumption.

Proof. The result follows directly from the Banach fixed point theorem together with Lemma 4.21.
O
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4.7 Smooth and convex case

Now we must leave behind the comfort of strong convexity! We will still be able to prove a conver-
gence result for gradient descent on L-smooth objectives, but it has a completely different qualitative
character.

Theorem 4.26 (Convergence of gradient descent: smooth convex case). Let f be convex and

L-smooth on R™ and suppose that x* is any minimizer. Consider gradient descent (4.1) with

step size n = % Then for allt =1,2,..., we have

_ Llzo =2,

flan) - fa") < T

Remark 4.27. Note the qualitative difference in the convergence rate of the optimality gap
compared to the smooth and strongly convex case of Theorem 4.14. Here the rate is algebraic
O(L/t), as opposed to the exponential bound of O(e~*/*), where x = L/u, appearing in
Theorem 4.14.

Importantly, our analysis here in Theorem 4.26 still applies to u-strongly convex f where
u > 0. To reiterate, we should not think of it as only applying in the case u = 0. We should
also think of it as an alternative bound which can be sharper than the bound of Theorem 4.14
in the case where p is extremely small, hence the condition number & is extremely large.

Remark 4.28. Let us examine this point more quantitatively in contrast with the discussion of
Remark 4.16. Theorem 4.26 implies that to achieve an optimality gap within a target accuracy
of € > 0, it suffices to run gradient descent up to the T-th iterate where

T:[”%‘”P]
2e

This means that to obtain any fixed accuracy € > 0 in the objective, we must run gradient
descent for a number of iterations that scales linearly with L. This may be much better than
the linear dependence on « revealed in Remark 4.16. However, the catch with the new result is
that the dependence on ¢ is now O(e~1) as opposed to O(log(1/¢)), so getting a highly accurate
estimate (i.e., within machine precision) of f(z*) is essentially impossible.

Proof. This proof is pretty inspired and involves a trick that is not very intuitive a priori.

First we know from the convexity of f (via Theorem 2.20) that

f@) = f(z) + Vi(z) - (27 —zy).

But from L-smoothness we know (via Theorem 3.3) that

Fleesa) € flen) + V) - (ees =) + 3 eers =l

Subtract the first inequality from the second to deduce
* * L 2
Fl@err) = f(@®) S VF(ze) - (@1 = 27) + S llzegn — 2"
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Now we can solve for Vf(z;) in the gradient descent update rule (4.1) with step size n = % to

write

Vf(z) = L(wy — v441)

and substitute to obtain
faee) = f(@) S Lz — 2e41) - (2441 —27) + ngtJrl — % (4.11)
Next, we will expand the dot product in the right-hand side using the polarization identity
wev =3 (ol =l ~ [ol?)

which holds for general u, v € R™. (This is equivalent to the expansion ||u+v||? = ||ul]?+||v||*+2u-v.)

Plugging in u = x; — x441 and v = 2411 — 2* and substituting into (4.11), we obtain

L L
f(wepr) — f(z¥) < 3 (lze — 2* |1 = |loe = 21 I® = e — 2*)°) + §||35t+1 — z?

L

= Sl ="

— 2l _ x* 2’
e
due to a cancellation of terms in the last step.

Now for any positive integer T', we can sum these inequalities over ¢ = 0,1,...,7 — 1, taking
advantage of telescoping to deduce

T-—1 I I
> (@) = F@)] < Fllao - 2| = S llor - ")
t=0
L
= 5”300 — ¥

But by the descent lemma, given our choice of step size n = +, we know that f(z441) > f(zr) for
allt =0,...,T — 1. After plugging in and dividing by 7', we deduce that

L
fwr) = f@*) < e — "I,

and since T was arbitrary this completes the proof. O

4.8 Backtracking line search

In practice we may not be given any upper bound for the strong smoothness parameter L, which is
what we need to ensure that n < % . (Recall that we can just assume 7 = % by relaxing this upper
bound if necesary.)

To address this shortcoming, we can consider running gradient descent (4.2) where the step size
7, for each iteration is chosen via a search procedure.

Specifically, inspired by the descent lemma (Lemma 4.1) we want to choose 7; such that

F@re) < flaw) = 2|V F (@) (1.12)

The descent lemma says that this can be guaranteed by taking 7 sufficiently small (i.e., g, < %)
However, it is really the descent property itself that powered our convergence theorems. As long as

(4.12) holds at every iteration, Theorems 4.14 and 4.26 hold with sup,_q ;5 {1/7:} in place of L.
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Therefore we want an algorithm for choosing 7; ensuring that it is not too much smaller than
necessary. Specifically, we want a choice guaranteeing 7, > 7/L, where 7 € (0,1) is a fixed hyperpa-
rameter.

This can be achieved by backtracking line search, in which we try an initial guess 7, < 77,50)
and keep reducing 7; by a factor of 7 until (4.12) holds, then output ;. Once 7; drops below 1/L,
we know that (4.12) will hold. Therefore the output step size satisfies 7y > min{ngo), T/L}.

An aggressive initial guess (i.e., nﬁo) > 1/L) will ensure that 7; > 7/L. Note that the downside of

an aggressive choice is that we must perform many evaluations of the objective for each line search.
Specifically, if 77§0> < 1/L, we at worst we must perform [1 + logl/T(n,gO)L)] evaluations.

We assume that we always set 77t(3-)1 > 14, i.e., choose each guess for the step size to be at least as
aggressive as the last step size. Under this assumption we are guaranteed that 7,41 > min{n;, 7/L}
for all ¢. In turn this ensures that n; > min{néo), 7/L} for all t.

A reasonable heuristic is to take o
M1 = T Nes
where v > 1 is another hyperparameter. This way, we are constantly trying to nudge up the step
size to be more aggressive, but the backtracking line search criterion keeps us in check.

We summarize our conclusions in the following remark.

Remark 4.29 (Convergence of gradient descent with backtracking line search). Performing gra-

dient descent (4.2) in which the step sizes are chosen via backtracking line search as outlined
above, Theorems 4.14 and 4.26 hold with L := max{L/T, 1/77(80)} in the place of L. If we make
sure that our initial guess is sufficiently aggressive, i.e., satisfying 7]80) < 1/L, then we have

simply L = L/7.

Algorithm 2 BacktrackGD(f,z,n(?), ), backtracking line search gradient descent step

Input: f:R" = R, 2 € R", step size guess n° > 0, contraction parameter 7 € (0,1)
Output: 1 > 0 and new point * = z — nV f(x) satisfying f(zT) < f(z) — 2|V ()|
Set 1 <= o, p < f(z), v+ Vf(z)
while f(z —nv) > p— Z|jv||* do
Set n < 7
end while

return n, * —nv

The pseudocode for a single step of gradient descent with backtracking line search is given in
Algorithm 2. In terms of this algorithm, the update rule can be written

T, %141 = BacktrackGD(f,z;, 7", 7), m@l =M

where m(o) is the step size guess at the t-th iteration.

Reasonable choices for the hyperparameters are given by 7 = 0.5 and v = 1.2 € (1,771), but
the best choices may be problem-dependent. Moreover, if evaluation of Vf is significantly more
expensive than evaluation of f, it makes sense to do a more careful line search, i.e., choose 7 closer
to 1.
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Figure 5.1: Tllustration of sequence of smooth functions f.(x) = vx? + €2 approaching the non-
smooth limiting function f(x) = |z| as € — 0.

5 Subgradient descent

Finally, it is time to leave behind our last major luxury: L-smoothness. This means that we have
to give up the descent lemma, and we cannot guarantee a decrease of the objective with a fixed
step size. That sounds quite dismal, but there is a loophole that gives us hope: decaying step size.
Before proceeding, first let us put our goals into context.

5.1 Motivation

Consider Figure 5.1, illustrating a sequence of smooth functions f.(x) = Va2 + €2 approaching
the non-smooth limiting function f(x) = |z| as € — 0. In this section, we care about optimizing
non-smooth functions like f(z) = |z|, but our analysis is also relevant for L-smooth functions whose
gradients are bounded but with poor quantitative smoothness (i.e., functions for which L is extremely
large).

Note that the sequence in Figure 5.1 converges to a limiting convex function which is not even
differentiable. In order to come up with a theory that is robust in the non-smooth limit, we must
define a generalization of the gradient called the subgradient.

5.2 Subgradients

Definition 5.1 (Subdifferentials and subgradients). Let f : C — R be convex on a convex
domain C' C R™. For any z( € C, define the subdifferential (of f at x¢) as

Of (xg) ={v €R™ : f(xo)+v-(x—xp) < f(x) for all z € R"}.

We say that any v € 0f(x¢) is a subgradient (of f at xg).
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Figure 5.2: The slopes of the dotted lines all lie in the subdifferential 9 f(0) of the function f(z) = |z|
at « = 0. The graph of f is plotted with a solid line.

The subdifferential at a point x consists of all vectors defining an affine-linear function touching
the graph from below at x. In light of Theorem 2.20, we know that if f is differentiable at x, then

Vi(z) € 0f(x).

Example 5.2 (Subdifferential of |z|). For f:R — R defined by f(x) = |z|, we have that

{1} if x>0,
of(x) =< {-1} if =<0,
[-1,1] if z=0.

Exercise 5.3 (Subdifferentials are convex sets). The subdifferential (of any convex function
at any point in its domain) is a convex set.

The following theorem guarantees existence of subgradients in typical scenarios.

Theorem 5.4 (Subdifferentials are nonempty in the interior). Let f : C — R be convez on a
convezr domain C C R™. For any x in the interior of C, df(x) is nonempty.

We will defer the proof for the moment. First it is worthwhile to illustrate that at boundary
points, even where f is defined and finite, subgradients may fail to exist.

Exercise 5.5. Find some f : C — R, convex on a convex domain C' C R™, for which there
exists € C such that 9f(z) is empty. Hint: The preceding theorem says that the point must
be a boundary point. Take n =1, C' = [0, 1], and try to build a convex function that doesn’t
admit a subgradient at 0.
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Next we illustrate an important and reassuring fact. The subdifferential consists only of the
gradient wherever the function is differentiable.

Theorem 5.6 (Subdifferential is a singleton at differentiable points). Let f : C' — R be convex
on a convexr domain C C R™. If f is differentiable at some x in the interior of C, then

Of(z) = {Vf(z)}.

Proof. Suppose f is differentiable at x in the interior of C'. We automatically know V f(zq) € 0f (o)
by Theorem 2.20. But we need to rule out the possibility that there are other subgradients.

Suppose that v € df(xg). We want to show that v = V f(z¢). Now by the subgradient property,

f(@) = f(xo) +v- (z — o)

for all z € C. But by differentiability, there exists ¢ defined near the origin such that lim, g4 (z) = 0
and

f(@) = f(xo) + V[(zo) - (z = w0) + ¢ (2 — o) [z — wol|.

Then subtracting our equation from the subgradient inequality and rearranging, we find that

r — X
[v—=V[f(zo)] 7 < ¥(x — x0)
|z — ol
for all z near xg.
For any z € R™ with ||z]| = 1, we can plug in = xg + tz, where ¢ # 0 is sufficiently small, to

deduce that
[v =V f(z0)] - 2 = ¥(t2).
Then taking the limit as ¢t — 0, we deduce that
[v=Vf(z)] - 2<0

for all unit vectors z. Then plugging in

L v=Vf(zo)
[ =V f (o)l

we deduce that ||[v — Vf(xo)|| < 0, which in turn implies that ||[v — Vf(zo)|| = 0, i.e., v = V f(xg).
This completes the proof. O

Now to prove Theorem 5.4, we need to make another definition.

Definition 5.7 (Epigraphs). Let f : C — R where C C R™. The epigraph of f, denoted epi(f)
is a subset of R"*! defined as follows

epi(f) = {(z,t) : € C, t e R, t > f(2)}.

The epigraph defines a connection between convex functions and convex sets.
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Figure 5.3: Depiction of the epigraph of a piecewise linear convex function, f(z) =
max{O,x—l—%,Qm—l}.

Exercise 5.8 (Epigraphs of convex functions are convex sets). Consider f : C' — R where C' C
R"™ is a convex domain. Then epi(f) is a convex set if and only if f is a convex function. Hint:
To get started, first consider the reverse direction, assuming that f is convex. Then let (z,¢) and
(y, s) lie in epi(f) and let 6 € [0,1]. What we want to show is that ([1 — 0]z + 0y, [1 — 0]t,0s) €
epi(f). From there, try to unpack things further using the definition of the epigraph.

Finally, we proceed with the proof of Theorem 5.4.

Proof of Theorem 5.4. Let xo be in the interior of C. We want to show that df(xg) is nonempty.
We do this by constructing a subgradient.

Now the point (xg, f(xg)) lies in depi(f), the boundary of the epigraph of f (namely the ‘graph’).
Since epi(f) is convex by Exercise 5.8, the supporting hyperplane theorem (Theorem 2.8) says that
epi(f) admits a supporting hyperplane at (zq, f(z0)). Concretely, there exists (b, c) € R"T! nonzero
(in which b € R™ and ¢ € R) such that

(b,e) - (x,t) < (b,c) - (mg, f(xg)) for all (z,t) € epi(f). (5.1)

To visualize the supporting hyperplane it should help to look at Figure 5.3. The vector (b, ¢) defines
the direction normal to the hyperplane, pointing downward away from the epigraph.

We will use the fact that xg lies in the interior of C' to rule out the possibility that ¢ = 0, i.e.,
that the hyperplane is ‘vertical.” Indeed, suppose for contradiction that ¢ = 0. Then it follows from
(5.1) that b-z < b-zp for all x € C, or b- (v — xp) < 0 for all z € C. But since x( is an interior
point, we know that x = xo + &b € C for € > 0 sufficiently small. Then by plugging in this choice of
z, we deduce that ¢[|b||* < 0, which in turn implies that b = 0. This is a contradiction, because the
normal vector (b, c) must be nonzero.

Next we establish that in fact ¢ < 0, which corresponds to the fact that (b, ¢) points away from
the epigraph. Observe that (zg,t) € epi(f) as long as t > f(zp). Hence substituting such (xo, )
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for (z,t) in (5.1) implies, via some cancellation, that ¢(f(zo) —t) > 0. Plugging in any ¢ < f(zo),
we see that we must have ¢ < 0 for the inequality to hold. Since we already know that ¢ # 0, we
conclude that ¢ < 0 as claimed.

Then we can divide (5.1) by —¢ > 0 and define v := —b/c to conclude that
(v,—1) - (2,t) < (v,—1) - (wo, f(xo)) for all (z,t) € epi(f).
Equivalently, after expanding the dot products and rearranging:
flxo) +v-(x—x0) <t forall (z,t) € epi(f).
In particular (z, f(x)) lies in epi(f) for all z € C, so it follows that
flzo) +v-(x—ax0) <t forallzeC,

meaning precisely that v is a subgradient. O

The following exercise shows how to furnish a subgradient at any point of a function defined
as pointwise maxima of several ‘ingredient’ functions. This is a common way that non-smoothness
arises in practice. The non-differentiable points are those where the graphs of the ingredient functions
cross, cf. Figure 5.3.

Exercise 5.9 (Subdifferential of pointwise maximum). Suppose fi, f2 : C — R are convex
functions on a convex domain C' C R", and define f : C — R as the pointwise maximum
f(z) = max{fi(z), fo(x)} for x € C. Show that for any = € C, if fi(x) > fo(z) and v € 9 f1(z),
then v € f(x). Likewise show that if fa(z) > fi(z) and v € Ofa(x), then v € df(z).

In other words, at any point z, either fi, fo, or both ‘activated’ in the sense that it is the
greatest. A subgradient of any activated function at = is also a subgradient of the pointwise
maximum.

Remark 5.10. More generally, suppose that f; : C — R, i = 1,...,k, are convex functions on
a convex domain C' C R”, and define f : C — R by f(z) = max;—1 . x{fi(z)} for x € C. For
any x, suppose that 4 is a maximizing index in the expression for f(x), i.e., that f(x) = f;(x).
Then Of;(x) C df(z). The proof of this fact is just a slight generalization of the exercise.

Remark 5.11. In fact, it is possible to say more and characterize the subdifferential 0f(z)
completely as the conver hull (denoted here ‘conv’ and cf. Remark 2.4) of the union of the
subdifferential of all functions that are ‘activated’ at x

Of (z) = conv U Ofi(x)
i:f(@)=fi(w)
In the case of f(x) = |z| = max{xz, —z}, this recovers the observation that
9f(0) = conv ({~1,1}) = [-1,1],

cf. Example 5.2. The preceding remark implies the ‘D’ containment, but the reverse contain-
ment is harder to prove.

Subgradients also transform intuitively under suitable operations preserving convexity.

71



Remark 5.12. Suppose f,g : C' — R are convex and A > 0, and define h := A\f + g. Suppose
that g is differentiable at x in the interior of C'. Then

Oh(x) = A0f(x) + Vg(z) = {M+ Vg(z) : vedf(z)}.

We will omit the proof.

Finally, we offer a generalization of Theorem 2.72 (which says that if the optimal value is attained
at a differentiable interior point, then it is a critical point) to the nondifferentiable case.

Theorem 5.13 (Generalized first-order optimality). Let f : C — R be conver on a convex
domain C' C R™ and suppose that x* is an optimizer of f over C. Then 0 € Of (z*).

Proof. For any x € C, we have
f@) 2 f(a*) = f(&") + 0 (z — 2%,
which means precisely that 0 € 9 f(z*). O

5.3 Subgradient descent

Subgradient descent is an unconstrained optimization algorithm that generalizes gradient descent
(4.2) to the case of non-differentiable f. Given an initial guess xg, it defines:

Ti41 = Ty — MeGe, where vy € Of (x¢), t=0,1,2,... (5.2)

Here 7, is a step size which may depend on the iteration ¢. Note that subgradient descent only
requires us to furnish some subderivative v; at each iterate x;. Typically this is not much more of
a challenge than finding an ordinary gradient, cf. Exercise 5.9. Let us expand further upon our
philosophy in considering this algorithm.

Remark 5.14 (Philosophy of subgradient descent analysis). The point of considering subgradient
descent is not necessarily that we will really have to compute subgradients at nondifferentiable
points. In fact, convex functions are differentiable almost everywhere (due to Rademacher’s
theorem, which is outside the scope of the course), and generically subgradient descent will
never see a non-differentiable point. (Caveat: if we determine 7, using an exact line search we
may often see non-differentiable points.)

Moreover, as we noted in the motivating discussion of Section 5.1, we may even be inter-
ested in applying the analysis of subgradient descent to smooth objectives, where subgradient
descent is just gradient descent! Specifically, it will be useful for analyzing objectives with
poor quantitative smoothness (large L) that nonetheless admit bounds on the gradients and
subgradients. Think of f(x) = |z| as well as its smooth approximations depicted in Figure 5.1.

Philosophically, what is important here is that the subgradient property, which is in partic-
ular satisfied by a true gradient, is the crucial ingredient in the analysis. This means that the
analysis extends robustly to the possibly non-differentiable case, where we can make statements
of greater elegance and generality.

To get started, we illustrate the necessity of considering a decaying step size in the analysis of
gradient descent.
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Exercise 5.15. Consider the objective f : R — R defined by f(z) = |z|. Show that for any
fixed step size n; = 1 > 0, it is possible to choose initial conditions such that subgradient
descent (4.1) does not converge as t — oo. Hint: You should be able to see that for a generic
initial condition, the algorithm eventually gets stuck in a loop that bounces back and forth
across the origin.

Exercise 5.16. Consider the objective f : R — R defined by f(z) = |z|. Show that if we
choose the step size schedule 7; = 1/+/t + 1, subgradient descent (4.1) converges as t — oo,
regardless of the initial condition. Hint: You should first show that the algorithm crosses the
origin infinitely many times. (When we say ‘crosses’, we include the possibility that it lands
on the origin.) If you cross the origin at step ¢, in light of the decaying step size, what can you
say about |z,| for all future iterations s > t?

5.4 Convergence of subgradient descent: finite time horizon

In light of Exercise 5.15, we cannot expect a convergence result in the same style as Theorem 4.26
for gradient descent with a fixed step size. However, in light of Exercise 5.16, there seems to be hope
if we allow a decaying step size.

We will ultimately prove such a result, but first we will consider a result that is easier to prove,
though the logic of the statement is a bit funky.

Suppose we fix a time horizon T i.e., fix the number of iterations of gradient descent in advance.
Can we choose our step size n = 7(T") as a function of T', so that the optimality gap of this algorithm
after T iterations is guaranteed to be small? We will see that a choice of the form n = O(1/V/T)
emerges naturally from this question, and it guarantees an optimality gap of O(1/ VT ) at the end
of the procedure.

This suggests that if we are willing to run gradient descent for a long time 7', we should choose
a smaller step size n = n(T) to get a better final value. But Exercise 5.15 suggests that if we
continue running the algorithm after the time horizon, we cannot expect any further improvement.
Spiritually, this feels quite similar to saying that we can get convergence with a decaying step size.
Indeed it is, but we will come to that later.

Definition 5.17 (Bounded subgradients). We say that a convex function f : C — R on a
convex domain C' C R™ has G-bounded subgradients if for any € C and any v € 0f(z), we
have [|g]| < G.
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Theorem 5.18 (Convergence of subgradient descent: fixed step size, finite time horizon). Let
f be conver on R™ with G-bounded subgradients. Consider subgradient descent (5.2) with fixed
step size iy = n > 0. For any positive integer T and any x € R™, we have that
TPl
1 lzo — | | nG®

T 2 [f(z) = f(2)] < Tonl 5 (5.3)

(=)

For any fixred T and x, the bound on the right-hand side is optimized by the choice

which yields
(5.4)

It follows that

Remark 5.19. It may seem funny that we are not assuming that x = z*, i.e., that x is an
optimizer, in the above statement. But in fact the theorem is true as written. A key point
to note is that we only have the complementary lower bound f(z;) — f(z) > 0 when z is an
optimizer. Ultimately the case x = z* is the one that really interests us. The more general
formulation is saying that for any x not too far away from our initial guess xg, our optimizer
eventually finds some x; that is ‘at worst almost as good’ as x. This connects to the notion of
a regret bound in online learning, where the objective itself f; depends on the iteration ¢. The
proof generalizes easily to the online context.

Remark 5.20. It also follows from (5.4) that

where

is the T-th CTesi}lro mean of the iterates. Indeed, the convexity of f directly implies that
F@r) < 73420 fl@)-

Proof. This proof, like that of Theorem 4.26, is pretty inspired and involves a trick that is not very
intuitive a priori.

Fix x € R™. From the subgradient property of v;, we know that

f(@) > flze) + v (2 —x)
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for all ¢. It is useful to solve the subgradient descent iteration (5.2) for v;

1
Vg = *(Cﬂt - $t+1) (55)
n
and substitute into our inequality, yielding the upper bound
1
flze) = fz) < 5(% = Tpp1) - (T — ).
We are hoping to get something out of the right-hand side that can yield a telescoping sum.

To this end, as in the proof of Theorem 4.26, we will expand the right-hand side using a polar-
ization identity

1
a-b=3 (lal*+ [Io]* = fla - b]*)
which holds for general a, b € R™. (This is equivalent to the expansion |ja—b||* = ||a||*+]|b]|>—2a-b.)
Applying with a = x4 — 2441 and b = & — x4 we see that

1

F@) = 1(@) < 51 [l = el + o = aal? = o = argalP
= Dhonll? + = e — all? — & — zesa]] (5.6)
2 2n ’

where we have used (5.5) in the last line to simplify the first term. Note that the remaining two
terms will telescope!

Then fixing a positive T' and summing we obtain

T-1 n T2 1 1
2 2 2
; [f(z:) = f@)] < 5 ; [[oel|* + %Hﬂ? — ol - %leflel

L MTG? | o= ol
-2 2n

Dividing the inequality by T, we complete the proof of (5.3). The remaining parts of the theorem
follow directly. O

5.5 Convergence of subgradient descent: infinite time horizon

As our previous discussions suggest, if we want subgradient descent (5.2) to converge over an infinite
time horizon in the sense that lim;_, o f(z¢) = f(2*), we must consider a step size ;. The preceding
theorem spiritually suggests the right choice of step size is O(1/v/%).

Theorem 5.21 (Convergence of subgradient descent: decaying step size, infinite time horizon).
Let f be convex on R™ with G-bounded subgradients, and fix any x € R™. Consider subgradient
descent (5.2) with

_lmo—=| /1

==y =1 A 000 5.7
G t+1’° Y (&)

For any positive integer T and any x € R™,

: Gllzo — || 1
te{og}?}T_l}{f(xt)} < flx) + — VT (1 e logT> :
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Remark 5.22. Plugging in x = z*, the theorem says that within 7'—1 steps, subgradient descent
is guaranteed to hit an iterate achlevmg an optimality gap of O(GlogT/v/T). Apparently the
log factor cannot be removed without introducing additional complications / assumptions.

Remark 5.23. By analogy to Remark 5.20, a suitable statement can be made in terms of a
weighted Cesaro mean, as shall become clear from the proof.

Proof. Following the same argument as in the proof of Theorem 5.18 up to (5.6), with 7, in place of
71, we find that

Mt 1
P = @) < Gl + g e =2l = o = @]

Then multiply both sides by 7;, use the bound ||v;|| < G, and sum both sides over ¢t = 0,1, ..
(using telescoping) to conclude

T-1

)

T—1 1 T—1 1
> nelf(w) - f2)] < 3 <Z n?) G*+ sl = zol® — [lz — |
t=0 t=0
1 [ 1
S35 <Z 77?) G* + slle— ol
t=0

We divide both sides by ZtT:_Ol 7 to interpret the left-hand side as a weighted average of the values

flxy) — f(x) over t = 0,...,T — 1, which must be lower-bounded by the minimum among these
values.
We conclude that there exists t' € {0,...,T — 1} such that
1 02 1 1
floo) - fla) < oo Bep 1L e —aol”
Zt o "t Z
1 1+
— §G||x0 _ xH Zt 0 t-‘rl , (58)
i
0 VT

where in the last expression we have substituted the definition (5.7) of 7; and performed elementary
simplifications.

First want to upper bound the sum in the numerator, which is precisely the T-th Harmonic sum.
By comparison to the integral of %du, we can bound

T T
1 1
E - / —du=1+logT.
u

t=0 t+ :2]

T-1

Next we want to lower bound the sum in the denominator by comparison to an integral:

1 1 T+1 1
:Zfz/ ——du=2VT+1-2.
1 Vu

1"'2?:_01t_%1< 2+ logT NlogT
S A T 2VTH1-2 2T

76



where the asymptotic equality holds as T" — oc.

In fact, it is possible to show a slightly better nonasymptotic bound

1"'2?:_01 t.,%l < 4 +logT N log T

T-1 1 — ’
Yo 7T /T /T

which shares the same asymptotics. We omit the details required to prove this as they are not
qualitatively important.

Now substituting into (5.8) yields

4+1logT  G|xo— = ( 1 )
o) - £(0) < Gllra — o L - Sl (1) T

This completes the proof. O
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6 Proximal gradient method

Next we consider a substantial generalization of gradient descent called the proximal gradient
method. In particular, this method unlocks a completely different approach to optimizing cer-
tain kinds of non-smooth functions, while retaining the same convergence theory as gradient descent
and avoiding the O(1/v/T) convergence rate of subgradient descent. However, the possibility of
achieving this win depends very much on the structure of the non-smoothness. We will see that
the proximal gradient method also enables a gradient-descent-like approach to certain constrained
optimization problems. This perspective defines the projected gradient method.

6.1 Meta-algorithm
In this section, we consider an optimization problem where the objective F' splits into two terms:

miniﬂrgize F(z), where F(x)= f(x)+ g(z). (6.1)
z€ER™

Here f : R™ — R is at least L-smooth, and g : R” — R is convex but otherwise arbitrary for now
(possibly non-smooth).

Given our current iterate x;, the proximal gradient method defines the subsequent iterate as

. 1
Ty41 = argmin {f(xt) +Vf(xy) - (x —xp) +g(x) + 2*||£E - xt|2} . (6.2)
zER™ Ui

The idea is that we perform a first-order Taylor expansion of the smooth part but leave the non-
smooth part exact within the argmin. By Lemma 4.9 (from Section 4.3 on the ‘variational interpre-
tation of gradient descent’), ordinary gradient descent is recovered in the case where g = 0.

Note that we can still interpret this as a majorization-minimization algorithm in the sense
of Section 4.3, provided that f is L-smooth and n < %, because in this case the objective within the
argmin of (6.2) majorizes F.

The proximal gradient method is a meta-algorithm and leaves unspecified the details of imple-
menting the exact minimization within (6.2). Indeed, the implementation of (6.2) is not necessarily
tractable for any given choice of g. We are interested especially in choices of g for which the mini-
mization within (6.2) can be performed in closed form, in which case (6.2) defines an implementable
algorithm. However, the convergence theory for the abstract update (6.2) permits a fairly general
convex ¢, as we shall elucidate below.

Ultimately, the convergence theory will look almost exactly the same as that of ordinary gradient
descent, phrased in terms of the smoothness and/or strong convexity of the f term alone. Impor-
tantly, the smoothness of g does not affect the convergence rates.

6.2 The proximal mapping

The proximal gradient update (6.2) can be rephrased in terms of a general construction called the
proximal mapping.

Definition 6.1 (Proximal mapping). For a convex function » : R® — R, the proximal
mapping of h, denoted prox;, : R” — R", is defined for y € R" by

. 1
prox,, (y) := arg%nn {h(m) I §||£C = y||2} : (6.3)
zeR™
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Remark 6.2. The argmin is well-defined because the map x — h(z)+ 1|z —y||* is automatically
strongly convex, hence admits a unique minimizer (cf. Lemmas 2.62 and 2.70).

Definition 6.3 (Extending the proximal mapping, domain and properness). More generally,
we can extend the definition of prox,, to any convex h taking values in R U {400}, as long as
h is l.s.c. For such a general h, it is useful to define the domain of h as

domh = {z € R" : h(z) < +oo},
which must necessarily be a convex set. Then it is equivalent to define
. 1 2
prox,, (y) := argmin < h(z) + §||m —yll? b
rcdom h

The argmin is still well-defined by strong convexity, as long as dom h is nonempty, again by
Lemmas 2.62 and 2.70 (the latter requiring the l.s.c. property).

Any convex h : R” — R U {400} satisfying domh # 0 is called proper. The preceding
discussion ensures that the definition of prox; extends to any proper, l.s.c. convex function h.

Remark 6.4. The projected gradient method can be understood in this extended framework,
S0 it is convenient to generalize our perspective.

Our motivation for defining the proximal mapping is the following lemma, which also explains
the origin of the name ‘proximal gradient method.’

Lemma 6.5. The prozimal gradient method update rule (6.2) can be written equivalently as

Ti1 = Prox,, (zy —nVf(ze)).

Remark 6.6. Thus the tractability of the proximal gradient method boils down to the tractabil-
ity of evaluating prox,  (y) for arbitrary n > 0 and y € R™.

Proof. Consider completing the square in the objective minimized by the proximal gradient method
(6.2), using the polarization identity |lu + v|? = |lu|®> + ||Jv]|* + 2u - v:

1 2
@) + V(o) - (0 =) + 9(a) + 5o = ]
= flae) + 9(z) + %u@c ) i@~ LIVl
— g0 + %nx — [r — iV f ()] | + const.,

where const. indicates terms that are independent of . Then minimization over x of this objective
is equivalent to minimization of

n9(@) + 3l — oo — nV F ()] I
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Figure 6.1: Depiction of projection onto a convex set. The concept generalizes the orthogonal
projection onto a subspace.

The optimizer of this expression is precisely prox,, (z;: — 7V f(z)), by the definition of the proximal
mapping. O

6.3 Projected gradient method

The projected gradient method is recovered from the proximal gradient method when we choose g
to be an indicator function in the following sense.

Definition 6.7. For any set C' C R™, define the indicator function (¢ : R" — RU{+o0} for

C by
wo(z) = 0, xz e,
A +oo, x ¢ C.

Remark 6.8. If C is a nonempty, closed convex set, then ¢ is a proper, l.s.c. convex function
in the sense of Definition 6.3.

Observe that under the choice g = ¢¢, the unconstrained problem (6.1) reduces to the general
constrained optimization problem

minimize f(z) (6.4)

subject to x € C.

Thus the proximal gradient method framework furnishes an abstract algorithm even for solving
constrained problems! It can be phrased more succinctly in terms of the projection onto C'.
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Definition 6.9 (Projection). For a nonempty, closed convex set C C R™, define the projection
onto C, which is a map IIg : R® — C by

¢ (y) := argmin ||z — y]|.
xzeC

Remark 6.10. Observe that for any > 0, if g = ¢, then prox,,(y) := argmin |lz—y||*> = Il (y).
zeC

In light of Remark 6.10, the proximal gradient algorithm (6.2) in the case g = v reduces to the
update
Ti41 = HC (xt — Vf(l‘t)> . (65)

The algorithm defined by (6.5) is called the projected gradient method, for solving (6.4).

6.4 Concrete examples

Now we consider several examples of proximal mappings, starting in particular with several simple
projections.

Exercise 6.11 (Projection onto ball). For some fixed zy € R"™, consider the ball C' = {x €
R™ : ||z — z¢|| < R}. Determine a formula for II¢.

Exercise 6.12 (Projection onto nonnegative vectors). Let C' = {x € R™ : > 0}. Determine
a formula for Ilg.

Exercise 6.13 (Projection onto box). Fix ay,b1,...,a,,b, € R. Let
C={zeR": a1 €la1,bi], ..., Tn € [an,bn]}.

Determine a formula for Ils.

We will be able to determine formulas for several more kinds of projection later in the course
after our discussion of duality.

Now we turn to an important examples of proximal mappings that are not projections.

Exercise 6.14. Define g : R"® — R by g(z) = %xTAm—b-m. Then for A > 0 and = € R™, show
that
prox,,(z) = (I + M)z — Ab).
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Figure 6.2: Depiction of the shrinkage operator Sy(z) in the scalar case. For z € R", the same
operation is applied elementwise.

Example 6.15. Although g as in Exercise (6.14) is smooth, it may still be useful to consider
within applications of the proximal gradient method. For example, consider a linear solve of
the form Az = b where A = Ay + A, and both terms are positive definite. Suppose moreover
that [|Az2]] > ||A1]| but linear solves of the form (I + AAs)y = ¢ are easy to perform. This
scenario arises frequently in numerical PDE, for example, where As may be a discretization of
the Laplacian operator.

Then applying the proximal gradient method to

1 1
F(x) = ngAx —b-x= ixTAlx —b-z + ixTAgx
| — ——
=: f(x) =:g()

yields the algorithm
Top1 = (I +1n42)7 [z — n(A1z — b)].

Provided that we can efficiently perform the linear solves required by the update, this can be
an effective algorithm, because the convergence rate will be controlled only by ||A;||. If A; is in
addition well-conditioned, then we will even get a good exponential convergence rate in terms
of its condition number.
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Exercise 6.16 (Soft thresholding). Define g : R™ — R by g(z) = ||z||;. Show that for o > 0,

Ty —Q, T Z «,
[pI‘OXag(CL')L = Ov |xz| <a
r;, +o, ;< —aq,

fori=1,...,n.

We can more compactly write

ProxXe,(y) = Sa(y) := [y — aln]y — [~y — aln]s,

where [-]; denotes the elementwise max(0, -) operation.

The function S, is called the soft thresholding or shrinkage-thresholding operator,
depicted in Figure 6.2.

Hint: The fact that g(x) is separable, i.e., a sum of terms each involving only a single
coordinate z;, means that you can essentially reduce to the scalar case n = 1.

Example 6.17 (Iterative shrinkage-thresholding algorithm (ISTA)). Consider any objective
of the form
F(z) = f(z) + Allz:-

Then by Exercise 6.16, the proximal gradient method applied in this case is specified by the
update

Ti41 = Sn)\ (l’t - nvf(xt)) :

This is called the iterative shrinkage-thresholding algorithm (ISTA). Although F' is
non-smooth, the convergence rate of ISTA will be controlled only in terms of the smoothness
(and possibly strong convexity) of f.

In the special case
1
f(z) = 54z ~ b2,
motivated by Ll-regularized least squares or LASSO (cf. Section 2.3.2), ISTA becomes more

concretely:
Zir1 = Spr (xt —nAT [Az — b]) .
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Example 6.18 (Low-rank matrix completion). Suppose I am give entries A;; of an unknown
matrix A € R™*" only for (i,j) € S (some subset). Can I estimate A fully just from the
known entries, under the assumption that the rank of A is low? (The Netflix Prize problem
can be phrased as a problem of this form.)

One relaxed approach to this problem takes the following form:

. 1 2
minimize { o (‘z)és(Aij - Xi)? + AMX]. ¢ s (6.6)
2,7

where A > 0 is a regularization parameter and || X||, := S.™2™" 5.(X) denotes the nuclear
norm. In this definition, o;(X) is the i-th singular value of X.

In fact || - ||« defines a norm, hence a convex function. We will take this fact on faith here,
though it is not obvious a priori. As a regularizer, the nuclear norm encourages sparsity of
the singular values, i.e., low-rankness, in much the same ways as L1 regularization encourages
sparsity. Like the 1-norm, the nuclear norm is nonsmooth.

We can suitably extend our previous developments by identifying R™*" with R™" and then
consider the proximal gradient method with nonsmooth term g(X) := || X||..

Without loss of generality assume that m > n (considering the transposed problem if not).
Then for Y € R™*" let Y = UXV ' be an SVD, where U € R™*™ and V € R™*" are

orthogonal matrices and
5 ( diag [o1, ..., 0] )
O(mfn)XO
is built from the singular values o1 > --- > o, > 0.

It is possible to show that for any o > 0,

Y)=U < diag [Sa(01), - - ., Sa(0n)] ) .

TOX
P O(mfn) x0

all -l

where Sy : R — R denotes the scalar soft thresholding operator defined in Exercise 6.16. In
words, the proximal operator can be computed by taking the SVD and replacing the singular
values with soft-thresholded singular values.

Then by setting

f(X) = % Y Ay =Xyl = %Z Mij(As; — Xi5)%,

(i,)€S =1 j=1

where we define a ‘mask’ matrix entrywise by:

we can apply the proximal gradient method to the objective F(X) = f(X) + g(X) from (6.6).

We can compute Vf(X) = M ® (X — A), where ® denotes the Hadamard or entrywise
product, yielding the update

Xt+1 = pI'OX,,,]AH |l (Xt — T]M O) (X — A)) 9

in which the prox map can be computed using the SVD.
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6.5 Smooth and strongly convex case

Now we delve into the convergence theory, starting with the smooth and strongly convex case.
Implicitly, when we talk about proximal gradient descent, we will assume throughout that the
objective is F' = f 4 g where g satisfies the conditions of Definition 6.3 such that the proximal
operator prox,, is well-defined.

Theorem 6.19 (Convergence of proximal gradient method: smooth and strongly convex case).
Let f be L-smooth and p-strongly conver on R™, and consider the proximal gradient method
(6.2) with step size n = % Then for allt =0,1,2,..., we have

Fla) - F) < (1-2) [Fleo) - F@)].

Remark 6.20. This is a generalization of Theorem 4.14, which is recovered in the case g = 0.

Proof. Tt is convenient to fix the notation # = x; and ™ = x4, for some arbitrary t. It suffices to
show that
F(z%) = F(z*) < (1 = p/L) [F(z) — F(z)].

By analogy to (4.5), define F), , : R — R by
1
Eyo(y) = f(2) +VI@) - (y —2) + 5o~ yl>+9(y), yeR™

By the L-smoothness of f (by way of Theorem 3.3), since n = % we know that
F(y) < F,.(y), forallyeR".

(We can say that F,, ;, majorizes F in the sense of Section 4.3.)
Now by the update rule (6.2), z* = argmin F, ,(y). Therefore, for any y € R", we have
yER®

F(zT) < Fpo(z®) < Fa(y).

Then to get an upper bound on F(zT), we have the freedom to plug in any value of y. Let us
consider xg := x + 0(z* — x), or zg = (1 — 0)z + Oz*, where 0 € [0,1]. We will optimize the choice
of 6 later. For now, compute

F(a) < Fy o) = f(2) + VF(2) - (g — 2) + %nxe — 2]]? + g(zo)
— f@) + 0V f(x) (2 — ) + %Hx* 2| + glao)
< f(2) + 6V f(2) - (" — )+ %Hx* P+ (1-0)g(@) +0g(z),  (6.7)

*

where in the first step we plugged in zg — z = 0(z* — ), and in the last step we used the convexity

of g.

Next, by strong convexity observe that

@) = f(@) + V(@) - (@ =)+ Slla* = af?,
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hence after rearranging:

We can plug into (6.7) to obtain

P < A= 0)f@) +0 76+ § (2= u) lo* = al? + (1= 6)g(a) + 09(a")

Now we can finally fix 6 := nu = p/L < 1 (how do we know < 1¢) to cancel the third term and
obtain

F(zt) <(1=0)f(x)+ 0 f(=z*) + (1 —0) g(x) + 0 g(z*)
=(1-0)F(z)+ 0 F(z*).

In turn
Fa®) = F@a*) < (1-0)F(x) + (0 - 1) F(z*) = (1 - 0) [F(z) — F(2")].

Since 6 = u/L, this completes the proof. O

6.6 Contraction mapping perspective

Now we will explore an alternative pathway to convergence in this case that builds on Section 4.6
and directly establishes convergence of the distance to the optimizer ||x; — 2*||. First we show a
fundamental fact about proximal operators.

Lemma 6.21 (Proximal operator is nonexpansive). For any conver h as in Definition 6.3,
prox;, 18 nonerpansive.

Proof. Let z,y € R™. Let & := prox, (x) and § := prox;, (y). It suffices to show that || z—g|| < |[z—y||.

By the optimality conditions defining the proximal operator, x — & € dg(Z) and y — § € 9g(y).
Therefore

hence
2 —gI°<@—-7) (x—y) < [1E—g|llz -y,

where the last inequality follows from Cauchy-Schwarz. Cancelling terms completes the proof. [
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Now recall the definition (4.6) of the ‘iteration map’ of gradient descent with step size n > 0:
p(x) =z —nVf(z). (6.8)

We already showed (Lemma 4.21) that ¢ is an a-contraction map for a = 1 — p/L., provided that
f is L-smooth and p-strongly convex.

Now the iteration map of proximal gradient descent is simply the composition prox, o ¢. Then
the following result follows immediately.

Corollary 6.22 (Iterate convergence of proximal gradient method: smooth and strongly convex
case). Let f be L-smooth and p-strongly convex on R™, and consider the proximal gradient
method (6.2) with step size n = % Then for allt =0,1,2,..., it holds that

t
Jo: —a* < (1= £) llzo — a*].

Remark 6.23. This is a generalization of Corollary 4.23, which is recovered in the case g = 0.

Proof. By the Banach fixed-point theorem, it suffices to show that prox, o ¢ is an a-contraction
map, where & = 1 — u/L. Let 2,y € R™ be arbitrary. Then

[[prox,,, 0 ¢(x) = prox,, o (y)l| < [[¢(x) = ¢(y)|| < allz -y,

by the fact that prox, is nonexpansive and the fact that ¢ is an a-contraction map (Lemma 4.21).
This completes the proof. O

6.7 Smooth and convex case

Next we give up strong convexity and attempt to generalize Theorem 4.26 for ordinary gradient
descent.

Before proceeding with the convergence analysis, we make a useful definition.

Definition 6.24. Given suitable g and 7 > 0, define G,, : R® — R" by

Gy (&) = 7 [ = pro,, (@~ 1V £(@))]

Remark 6.25. With this definition, the proximal gradient descent can be written as

Ti41 = Tt — nGn(ﬂUt)a

and we can view G, as generalizing the role of V f in the ordinary gradient descent update.

Now we proceed with a lemma which generalizes the descent lemma.
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Lemma 6.26 (Generalized descent lemma). If f is L-smooth on R™ and n < %, then the
iterates of the proximal gradient method (6.2) satisfy

f(@ea1) < fl@e) =nVF (@) - Golan) + 211Gy (@)

forallt=0,1,2,....

Remark 6.27. For now we consider a fixed step size, but this lemma will suggest the correct
stopping condition for backtracking line search.

Proof. By the definition of G,, (Definition 6.24) and the L-smoothness of f, we have
f(@en) = flee —nGy(x))
n*L 2
< flze) =0V f(ae) - Golae) + —= |Gyl

. O

=

which implies what we want to show since n <

Lemma 6.28. If f is convex and L-smooth on R™ andn < %, then the iterates of the proximal
gradient method (6.2) satisfy

F(m41) < F(2) + Go(1) - (w0 — 2) — gHGn(xt)HQ

forall ze R™ and ollt =10,1,2,... .

Remark 6.29. In particular, taking z = x; we recover the inequality
n
F(x41) < F(w) — §||Gn($t)”27

which also generalizes the ordinary descent lemma and directly implies that the objective F'(z;)
is nonincreasing over the trajectory.

Proof ). In this proof it is useful to set = x; and 2 = 2;,. In turn we have G, (z) = %(x —at).
Now recall the definition (6.2) of ™t = z441:
1
o = anguin { 7(0) + ¥ £(0) - (0 = ) + g(u) + g — ol |
weR™ 2U

Now by the (subgradient) first-order optimality condition of this optimization problem, we know
that

0€ Vf(z)+og(z™) + %(f’ — ).

After rearranging we see that
vi=Gy(x) — Vf(z) € dg(z™).
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Now fix an arbitrary z € R"™, then expand and bound

F*) = f6*) +9()
< f@) iV f(@) - Gofa) + DGy + 9(a)

LU + V@) (@ - 2] - 1V @) - Gyle) + DGy la)
+ [g(2) +v- (@ = 2)]
=F@E)+[Vf(@) (-2 +v-(r—2) —nv-Gy(z)
— V(@) Gyla) + 2Gy (@)%
Here (i) follows from Lemma 6.26, while (ii) follows from the convexity of f and the subgradient
property of v € dg(x™).
Now expand the bracketed term in the last expression:
Vi(@)-(z=2)+v-(z—2)—nv- Gy(z)
= [Vf(@) +0]- (= 2) —nv-Gy()
= Gy(x) - (z = 2) = [|Gy@)II* + 0 V(@) - Gy(2),

where we have used the definition v = G, (z) — Vf(z) in the last line. Substituting back into our
bound, we see

i
F(z%) < F(2) + Gy(a) - (v = 2) = 5 |Gy (@)%,
which completes the proof. O

Finally we are ready to prove our convergence theorem.

Theorem 6.30 (Convergence of proximal gradient method: smooth convex case). Let f be
convez and L-smooth on R™ and suppose that x* is any minimizer. Consider gradient descent
(6.2) with step size n = % Then for allt = 1,2, ..., we have

Lo =

Ple) - Fla") < =2

Remark 6.31. This is a generalization of Theorem 4.26, which is recovered in the case g = 0.

Proof ). Apply Lemma 6.28 with z = 2* to deduce:

Flaia) = (%) < Gyla) - (20 = %) = DGy )]
- (;”Gn@tw — Gylwe) - [0 e — x*ﬂ)

(%) 1 _ n? *
2 [ 31Gaten) = 17 = )P = Ll - 1P

ny.— _ 1
=~ e = we) = = P+ e — )

1
=% (“llwers = a1 + lloe — 2*)?) |
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where we have completed the square in (*).
Then perform the sum from ¢t = 0 to arbitrary 7" and telescope to bound

T 1 )
[F(we1) = )] < goflao = P = o flar = o

-
Il
o

1 *
< 5-llzo —a %
n
Since F'(z;) is nonincreasing (Remark 6.29), we have F(x441) < F(z7) on the left hand side for all
t in the sum, hence
1
F(xp) — F(z") < ﬂ”xo —a*|%,

which concludes the proof. O

6.8 Backtracking line search

We hope to generalize the discussion of Section 6.29 to derive a backtracking line search algorithm
for the proximal gradient descent method with variable step size 7;:

Tyy1 = prox,, (v —n:Vf(ze)) . (6.9)

The key is offered by Lemma 6.26, which suggests the following criterion:
i
f@en) < fla) =neVf(@e) - Gy, (20) + f\le (@)%, (6.10)

where we recall G, from Definition 6.24.

We know that this holds for 7, < % But regardless—when this bound holds, the convergence
analysis carries through almost exactly the same as above.

Therefore we can follow the discussion of Section 6.29, replacing our simpler criterion f(r:41) <
f(@) = 2|V f(a¢)||* for gradient descent with its generalization (6.10). Specifically, we try an
initial guess 1y < nt(o) and keep reducing n; by a factor of 7 until (6.10) holds, then output 7;.

Once 7y drops below 1/L, we know that (6.10) will hold. Therefore the output step size satisfies
. 0
m > min{n}”,7/L}.

Note that each ‘try’ within a line search requires one evaluation of f and one evaluation of the
proximal operator. However, only a single evaluation of V f is required at the beginning of the line
search. Hence if V f is a bottleneck relative to evaluating f and the proximal operator, then it makes
sense to do a more careful line search, i.e., choose 7 closer to 1.

As before, we suggest the simple heuristic for choosing the guess in terms of the last step size:

0) _
N1 =Yt
where v € (1,771) is a hyperparameter. This guarantees in particular that n; > min{n((]o), 7/L} for
all ¢.

Remark 6.32 (Convergence of proximal gradient descent with backtracking line search). Per-
forming gradient descent (6.9) in which the step sizes are chosen via backtracking line search

as outlined above, Theorems 6.19 and 6.30 hold with L := max{L/, 1/7)(()0)} in the place of L.

If we make sure that our initial guess is sufficiently aggressive, i.e., satisfying néo) < 1/L, then
we have simply L = L/7.
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7 Acceleration

Our analysis of gradient descent (and more generally of the proximal gradient method) for convex
L-smooth f yields the famous O(1/t) convergence rate for the optimality gap, cf. Theorem 6.30.

In fact, at essentially no additional cost, it is possible to modify the proximal gradient method
to obtain a convergence rate of O(1/t?). Moreover it is even possible to show that one can hope for
no better using a single gradient query per iteration, though we will not prove this claim here. The
resulting acceleration of gradient descent is called (Nesterov’s) accelerated gradient descent.
The accelerated variant of the proximal gradient method more generally is called the accelerated
proximal gradient method.

In this section, we consider a general objective of the form F' = f + g, where g is an arbitrary
convex function (nice enough in the sense of Definition 6.3 such that the suitable proximal mapping
is well-defined) and f is convex and L-smooth. Accelerated gradient descent will be recovered in the
case g = 0.

In the special case where g = (¢ for a closed nonempty convex set C, our general algorithm
recovers a suitable accelerated projected gradient method as a special case. Finally, in the
special case where g(xz) = M||z||1, we recover a famous algorithm called FISTA (fast iterative
shrinkage-thresholding algorithm), which is the accelerated variant of ISTA.

In fact, acceleration techniques can be applied in the L-smooth and p-strongly convex case as
well, bringing the convergence rate from O(e~*/*) down to O(e~*/v*) in terms of the condition
number k := L/u. For solving positive definite systems via optimization of f(z) = %xTAa? —b-x,
this yields a convergence rate that is qualitatively the same as the conjugate gradient method!
However, acceleration is less widely considered in this context because the suitable variant of the
algorithm requires a priori knowledge of x (or equivalently an upper bound on &), which is in general
not accessible in practice. Thus we will not consider this variant, though we comment that restarted
accelerated gradient techniques have been considered in the literature to address this shortcoming.

In the following we will use (A)PGM as an abbreviation for the (accelerated) proximal gradient
method, though we try to use this abbreviation sparingly to avoid confusion with the projected
gradient special case.

7.1 Definition and basic intuition

APGM is defined by the following update rule:

Tyy1 = prox,, o (e — eV f(ye)) (7.1)
Yep1 = Teg1 + Ve (T — )
defining a sequence x;,y; € R™, t =0,1,2,.... Given an initial guess x(, we always set
Yo = To (7.2)
to get started. Moreover v, t =0,1,2,..., is a sequence of scalars that we concretely define as
t
= — 7.3
Tt 13 (7.3)
In practice the step size sequence 7, t = 0,1,2,..., can be chosen constant 1, :=n < 1/L or via a

backtracking line search procedure on which we elaborate below.

We will see how this mysterious choice arises, but to gain intuition, first just think of 7z > 0
as arbitrary. The intuition of the APGM update (6.30) is to consider the PGM update y; — x¢11
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and then, instead of accepting this update, go even further forward in the search direction z;11 — x4
to define y¢41. The coefficient v > 0 dictates the extent by which we extrapolate our update
forward. Note that ¢ = 0 would simply recover the PGM update, while a larger value of 7, > 0
corresponds to a more ‘aggressive’ extrapolation. We can also interpret the v, term as a ‘momentum’
contribution.

Lemma 7.1. APGM (7.1) is equivalently defined by the update rule

Ti+1 = PIOXy, 4 (ye —m:V f(ye))
Vi1 = Ty + o%(furl — ) (7.4)

Yir1 = (1 — Op1)Tiq1 + 01041

for xi, v,y € R™, £ =0,1,2,... where

in terms of which

1
= 0t+1 (0 - 1) . (76)
t

Remark 7.2. This equivalent formulation of APGM expresses the next iterate y; 41 as a convex
combination of two guesses: ;41 (the update from y; suggested by PGM) and v;11 (an extrap-
olation of the update x; — x;1). Henceforth we will take (7.4) as a definition specifying v; in
addition to zy, v+, t = 0,1,2,.... Note that we are free to specify vy = zo (hence also vy = yo)
without altering the output of (7.4), and we adopt this convention going forward.

Remark 7.3. This lemma partially explains the mysterious formula for ~;, but it remains to see
why we choose 6; = 2/(¢ + 2). Ultimately, we will see that the key properties satisfied by this
choice are that 6; € [0,1] for all t = 0,1,2,... and that

1— 06, 1
< 7.7
07 074 (7.1)
for all t = 1,2,... . This can be verified directly for our choice, but other choices of sequence

satisfying these properties are possible. In particular, the sequence ; can be defined recursively
to ensure that the inequality holds with equality for all ¢.

Proof. Simply expand the expression in the last line of the update rule (7.4) and verify that it
recovers the last line of (7.1):

(1 = 0pp1)Teq1 + Or10e41

1
= Zi41 — Oep1®e1 + O |:1't + §($t+1 - l’t)}
t

1

Tpr1 + 0 |:(l't —Zeq1) + §($t+1 - -Tt):|
t

1
Tpg1 + 01 (0 - 1) (@41 — x4).
¢
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Hence it remains only to show that ;14 (% — 1) =y = H—LS by the definition (7.3).

To see this, substitute (7.5) and compute

oo (LY 2 (tt2 \_ 2 (t\_ _t
+1\ g, Tt+3\ 2 T t+3\2)  t+3y

as desired. 0

Lemma 7.4. The iterates in APGM (7.4) satisfy

Vt41 = V¢ — %Gm (Ye)-
t

Proof. Recall that G, was defined (cf. Definition 6.24) precisely such that y; — .Gy, (y¢) is the PGM
update from y, i.e.,

Tip1 =y — NGy, (yt)-
Then rewrite y; in terms of z; and vy, following (7.4):
zer1 = (1 — 0)xs + Opvr — G, ().

Note that this even holds for t = 0 by our convention vy = x¢ (Remark 7.2).

Then substituting into the second line of (7.4), we obtain

1
V41 = T¢ + 9 [T41 — 4]

t
1

=+ 7 (1= 0p)xy + Opvp — Gy, (Y1) — 4]
t
1

=x+ % [—0ix¢ + v — .G, (y4)]
t

=Vt — %Gm (yt)’
t

as was to be shown. O

7.2 Convergence theorem

Now we state the celebrated O(1/t?) convergence theorem.

Theorem 7.5 (Convergence of accelerated proximal gradient method: smooth convex case).
Let f be convex and L-smooth on R™ and suppose that x* is any minimizer. Consider APGM

(7.1) with step size n = % Then for allt =1,2,..., we have

N 2L||zg — z*||?
F(z) - Fa*) < |(t+1)2||

To prove the theorem, we use the following lemma to establish the progress made in one itera-
tion.
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Lemma 7.6. Let f be convex and L-smooth on R™, and consider APGM (7.1) with step size
n < % Then for allt =0,1,2,..., we have

2

F(zry1) = F(z") < (1= 60) [F(21) — F(2")] + % [loe = 2*|I* = [lvesr — 2*1?]

Proof. Within the scope of the proof, we view t as fixed and set the notations x = x;, y = y¢, v = vy,
= Tt+1, yt = Yt+1, vt = Vgy1, 1 =1, 0 = 0.

Now since z™ is obtained by applying on iteration of PGM to y, we can apply Lemma 6.28 (with
y in place of x;) to deduce that

F(a™) < F(2) + Gp(y) - (y — 2) = gIIGn(@/)H2

for any z € R™.

Setting z = x and z = x*, we obtain two inequalities:

F(@™) < F(z) + Gyly) - (y — ) = gIIGn(y)II2

F(2™) < F(z*) + Gyly) - (y — 2%) — gHGn(y)IIQ-

Then take a convex combination of these inequalities:
F(2") < (1= 0)F(2) + 0F(a%) + Gy(y) - (y — (1 — )z — 02%) — gHGn(y)HQ-
Now by the third line of (7.4), we have that y = (1 — 0)x 4 fv, hence by substitution, we obtain:
F(a') < (1-0)F(z) + 0F(z") + 0Gy(y) - (v — 2*) — g||Gn(y)||2~

Then we can complete the square involving the last two terms to obtain

2

F(z") = (1-0)F(z) + 0F(a*) + 277 [lo = a** = o —a* = (n/0)Gy ()]

2

= (1-0)F(z) + 0F(z*) + 277 [lo = 2*) = ot —2*|?],

where in the last line we used Lemma 7.4, which says here that v = v — (n/0) G, (y).
Then by subtracting F'(z*) from both sides we conclude the proof. O

Proof of Theorem 7.5. For simplicity of notation, define the optimality gap A; := F(x¢) — F(z*) for
all t. Then Lemma 7.6 says, after dividing by 67, that
Apr _1-6, 1

2 2
ot < g Bt g (o= a7 o — 7] (73)

for all ¢.
Now by (7.7) (cf. Remark 7.3) we know that




hence by substituting this inequality into (7.8) we obtain

Ar A1 , )
< - o _ o
G Sty =t = o 2 1P]

forall t =0,1,2,....
But then, setting ¢ «<— ¢ — 1 in this inequality, we also know

At Atfl 1 *12 * (12
g S g+ gy v =P = o=,

which we can substitute into the preceding inequality, and so on, yielding, via telescoping:

Apr _ 1—10, 1 ) )
< g Dot g [l = s — )P

L
< Sllao - 2",

1

where we have used in the last line the facts that 6y =1, vg = zg, and n = 7.

Then unpacking and using the fact that 6; = 2/(t + 2), we conclude that

* 2L 2
F(zp4q) — F(2") < m”xo —z*[".
Since this holds for arbitrary ¢, we have concluded the proof. O

7.3 Backtracking line search

Similarly to our discussion of backtracking line search for PGM (Section 6.8), we observe that the
key inequality that we really require of our step size 7, is that the following inequality holds:

Feen) < F) = meVF ) - Galye) + 51, (90|

Contrast with (6.10) and indeed note that y; (not z;) is the point from which we compute the PGM
update in iteration ¢ of APGM, yielding x;y1.

The rest of the discussion carries over mutatis mutandi, using this inequality as the stopping
criterion for backtracking line search.
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Part II1
Newton’s method and its variants

We have seen that for L-smooth and u-strongly convex objectives, gradient descent (4.1) with step
size n = 1/L converges exponentially fast in the sense that

Hl't—il'*”éOZtHl'o—l'*”, t:()v]-v"'v

where
a:=1-p/L.

More sharply, we showed in the proof of Corollary 4.23 that the distance to the optimizer contracts
by the fixed ratio « € [0, 1) in every iteration

lwtrr — 2| < aflay —2*|| t=0,1,....

We will actually call this type of convergence linear convergence due to its position in a more
general framework that we explain below. Within this nomenclature, Newton’s method achieves
quadratic convergence. Intuitively speaking, linear convergence means that each additional digit of
accuracy costs about the same as the last one. For quadratically (or more generally superlinearly)
converging methods, each digit is cheaper than the last. This qualitative difference has profound
implications. However, each iteration of Newton’s method costs more than an iteration of gradient
descent because it requires us to solve a linear system. Quasi-Newton methods have been proposed
to alleviate the additional cost while retaining some of the advantages of Newton’s method.

8 Orders of convergence

Before introducing and discussing the convergence of Newton’s method, we take a brief digression
to define the notion of the order of convergence of an iterative method.

Definition 8.1. Consider an iterative method that, given some initial guess xg, yields a se-
quence {x;}2°, satisfying

|@e+1 — 2*|| < Mz — ™|, t=0,1,2,... (8.1)

for some x*, a positive integer ¢, and M > 0. The order of convergence of the method
is q, and the corresponding rate of convergence is M. The case ¢ = 1 is called linear
convergence. The case ¢ = 2 is called quadratic convergence. More generally, the case
q > 1 is called superlinear convergence.

Remark 8.2. Note that in the case ¢ = 1, we need M < 1 for the inequality (8.1) to actually
imply anything quantitatively about convergence, no matter how close the initial guess is to
x*. Hence linear convergence as defined above is not interesting unless M < 1.

However, if ¢ > 1, we do not need M < 1 for the definition to be interesting. As long as
the initial guess is close enough to x, (or z; is eventually close to x, for ¢ sufficiently large),
the inequality (8.1) itself will guarantee convergence.
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In practice an iterative method may converge slowly at first, until it reaches a zone of superlinear
convergence. If one is interested only in studying the asymptotic convergence behavior, it is therefore
reasonable for theoretical purposes to assume that the initial guess is sufficiently close to the true
solution. Then the following theorem explains why the inequality (8.1) implies extremely fast local
convergence when ¢ > 1. Note with caution that (8.1) does not in general imply anything about
global convergence.

Theorem 8.3. Suppose that an iterative method, with notation adopted from Definition 8.1,
satisfies (8.1) with order ¢ > 1 and rate M > 0. If ||lzg — 2*|| < W, then the method
converges, and moreover there exist o, C > 0 such that

lwy — 2| < Ce™4"

Remark 8.4. In fact we can take C' = M~1/(4=1 "and oo = —log [M/ (4D ||2(©) — 2]

Remark 8.5. Notice the remarkable implication: the logarithm of the error goes to —oco expo-
nentially fast as ¢ — co. Thus we conclude that with respect to an error tolerance € > 0, the
number of iterations required to reach the tolerance scales as O(loglog(1/¢)), provided that we
start in the local superlinear convergence regime.

Proof. Define F; := ||z; — *|| and plug in (8.1) recursively to deduce
El < ME(()Za
By < MEY < M'“1ET
Fs < MES < M'“7+te’ g2
Ey<--o
from which we conclude that L
By < M>i=0 7 Bl
as can be verified by induction.

Taking logarithms, defining e; := log ¢, and summing the geometric series Zi;é ¢ = qfll [qt—1],
we obtain

1
ﬁ[qt —1]log M + ¢"log Ey

= [¢" —1]log (Ml/(qfl)) + ¢'log Ey
= —aq' +1logC,

IN

€t

where we define C' and « following Remark 8.4.

We have convergence (i.e., e, — —00) if @ > 0, which holds when ||zg — 2*|] < m Thus
the theorem is proved by re-exponentiating to get the desired bound. O
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Figure 9.1: Two perspectives on the update in Newton’s method. Left: for solving G(z) = 0,
we solve the linearized equations. Right: for optimizing f(x), we exactly minimize a quadratic
approximation. (Note that the left and right panels do not correspond to one another here.)

9 Newton’s method

Newton’s method defines an approach for solving general systems of nonlinear equations with equal
number of equations and unknowns:

G(z)=0, G:R"—=>R™ (9.1)

We can always write G in terms of coordinate functions R — R:

G(J?): ) gla"'agn:Rn%R‘
gn()
In the context of optimization of an unconstrained objective f(x), we are interested in the choice
G(z) :=Vf(x),

so that (9.1) defines the equations for a critical point. In the setting of differentiable strictly convex
optimization, we know that solving these equations is equivalent to finding a unique optimizer.
However, Newton’s method can still be applied more broadly to nonconvex problems, and we will see
that there is a local convergence theory guaranteeing convergence to critical points for a sufficiently
close initial guess.

9.1 Derivation

Newton’s method is based on the following iterative loop:

1. Linearize the equations near our current guess.

2. Solve linearized equations to obtain new guess.

More concretely, suppose that x; is our current guess. Near x; we can expand G(z) to first order
using multivariate Taylor expansion:

G(z) = G(xt) + DG(z4) (x — x¢), (9.2)
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Figure 9.2: Left: A function G(z) with many degenerate roots z* satisfying G’(2*) # 0. Right:
A function with a single degenerate root a*, for which G’(2*) = 0. The root can either vanish or
bifurcate upon a small perturbation of G.

vet = (5,

4,j=1

where

is the usual Jacobian matrix.
Then we replace G with the approximation (9.2) in the nonlinear equations G(z) = 0 to obtain
the linearized equations
0= G(z) + DG(xy) (x — xy),

which we can solve for x to obtain
r=x; — DG(x;) " G (24).

We set the solution of these equations to be the next guess z(*+1) thereby fixing the following
iteration

T4l = T — DG(ZL‘t)_lG(ﬂft), (93)

which is called Newton’s method. In practice we want to avoid literally inverting the matrix
DG (), so we instead think of the process of computing y = DG (z;) " 1G(x;) as solving the following
linear system for y:

DG(zy)y = G(ay),
in which x; is fixed.

In the optimization setting where G(z) := Vf(z), we have DG(z) = V?f(x), so Newton’s
method reads as

Tip1 = xp — V7 f ) TV f(22).

An equivalent derivation is to approximate f locally about x; with a quadratic using a second-order
Taylor series expansion, then solve for a critical point of this quadratic approximation.

Intuitively, since DG(x;) ™! arises in the method and we hope that x; — z* as t — 0o, we expect
that there should be problems if DG (z*) is not invertible. Our convergence theory will rule out this
possibility by assumption, but let us dwell on the intuition.

When DG(z*) is invertible, this means that the root z* satisfying G(z*) = 0 is nondegenerate
in the sense that a small perturbation of G' will yield a small perturbation of the root location. By
contrast, a degenerate root may vanish or bifurcate upon an infinitesimally small perturbation of G.

See Figure 9.2 for an illustration in dimension n = 1, where the nondegeneracy condition simplifies
to saying that G'(z*) # 0.
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Moreover, note that if DG(z*) is invertible, then DG(z;) will be invertible for x; sufficiently
close to x*, so the update (9.3) is well-defined in the local convergence regime.

A model pseudocode for the optimization context is provided in Algorithm 3. However, we warn
that only local convergence is guaranteed. Below we will consider variants that are safer for global
(and possibly nonconvex) unconstrained optimization.

Algorithm 3 Newton’s method for optimization (only local convergence guaranteed!)

Input: f:R®” - R, Vf:R" = R", V2f : R® — R"*"_initial guess ¢ € R”, maximum number of
iterations 7', residual tolerance €

Output: Estimates for optimal x and f(x), convergence flag

Set x < xo and flag + false
fort=1,...,7 do
Set b« Vf(z), A+ V2f(x)
Solve Ay = b for y € R
Set z+z—y
if ||b]] < e then
flag < true
break
end if
end for

return z, f(z), flag

9.2 Local convergence theory

Now we study the local convergence of Newton’s method. We must assume first of all that there
exists some z* satisfying G(z*) = 0.

We start with a formal argument before trying to make it rigorous. Define the error vector
et := x4 — x* and subtract both sides from the update rule (9.3) to deduce:

€41 = € — DG($t)71G(It). (94)

Now, assuming sufficient smoothness (e.g., G twice continuously differentiable), consider the Taylor
expansion

0 = G(z*) = G(x1) + DG () (¢ — x*) + O]z — 2*]?).
Then recall that G(z*) = 0, rearrange, and use the definition of e; to write
G(x;) = —DG(x1) e + O([lec]]?).
Finally, substitute into (9.4) to deduce
err1 = O([led]®),

which is precisely indicative of quadratic convergence.

Our implicit assumption above that G is C? can be relaxed somewhat. We really only need DG
to be Lipschitz in a certain sense, as we state presently.
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Theorem 9.1 (Quadratic convergence of Newton’s method). Suppose that G : R™ — R and
x* € R" satisfies G(z*) = 0.
Assume that the Jacobian DG : R™ — R™*™ 4s B-Lipschitz for some B > 0 in the sense
that
IDG(z) — DG(y)|| < Bllz — y| (9.5)

for all z,y € R™. (The vector norm can be arbitrary, and the matriz norm on the left-hand
side is the corresponding operator norm.)

Moreover assume that there exists p > 0 such that the Jacobian satisfies
IDG ()~ < p (9-6)

for all x € R™.
Then the iterates of Newton’s method (9.3) with arbitrary initial condition xq satisfy

B
lzeer = 2™ < 5l = |, (9.7)

i.e., Newton’s method is quadratically convergent with rate B/(2u), in the sense of Definition
8.1.

Remark. Note that the nondegeneracy assumption, i.e., that DG(x*) is invertible, is built
into (9.6), which phrases this assumption more quantitatively. In the context of optimization
where G = Vf, we know that DG(x) = V2f(x) is always invertible as long as f is strictly
convex. More quantitatively, (9.6) follows precisely from p-strong convexity in the case where
| -l =1 - |2, since in this case | DG(x)~!||2 is the largest eigenvalue of the inverse of V2 f(x),
and p-strong convexity means that all eigenvalues of V2 f(x) are at least as large as pu.

Remark. If we want to show local convergence of Newton’s method, the global quantitative
assumptions in terms of B and p can be relaxed to local assumptions on a neighborhood of x*.
In that case, we must assume that the initial condition zg is sufficiently close to z* in order
for both (1) (9.7) to hold and (2) (9.7) to guarantee that ||z;+1 — 2*|| < ||zs — x*||, ensuring
that we never leave the neighborhood. As long as DG is locally B-Lipschitz (in particular, if
G is C?) and DG(x*) # 0, a suitable local convergence theorem can be stated and proved. For
simplicity, we opt for the cleaner global statement.

Proof. Consider (9.4) as our starting point, where we recall e; := x; — x*.

Then fix ¢, define
x(0) :=a* + 0(xy — x*) = 2" + Oey (9.8)

for 0 € [0, 1], and then use the fundamental theorem of calculus to write

1 1
G(z:) = G(zy) — G(z*) = /o %G(z(@)) df = /0 DG(x(0)) e do,

where we have used the facts that G(z*) = 0 and d%z(@) =e;.
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Now substitute into (9.4) to deduce
1
eoir = e — DG(zy)~! / DG ((6)) e df
0
1
= DG(z;)™? [DG(xt)et —/ DG(x(0)) e d&]
0

= DG(x;)™? [/01 [DG(zt) — DG(x(0))] e d@} .

Then take the norm of both sides, using the submultiplicativity of the operator norm and the triangle
inequality to deduce

IN

lecal] HDG(%)_l\I/O DG () — DG(x(0))]| [le:|| dO

IN

B 1
Bl / e — 2(6)]] b,
1% 0

where in the last step we used (9.5) and (9.6).
Finally, compute from the definition (9.5):

zp—2x(0)=1—=0)(zt —2*) = (1 —0)e;
from which it follows that

B 1 B
lec1] < flletHQ/ (1—0)do = —|le]|*.
1% 0 21

This concludes the proof. O

9.3 Trust-region Newton

We would like to use Newton’s method as a global unconstrained optimizer, possibly for nonconvex
objectives, but there are two dangers:

1. Uncontrolled behavior outside the local convergence domain.

2. Hessian may not be positive definite, meaning that —V?2f(z;) ="'V f(2;) may not even define a
descent direction!

There is a very safe way to proceed using a trust region, which is a concept of more general use.

For a given base point y € R™, define the quadratic expansion about y as:

Qy(x) == f(y) +VI(y) - (z—y) + %(33 —y) V2 f(y)(z - y). (9-9)

Now at iteration ¢, instead of optimizing Q,, (which may not even admit a global minimizer if V2 f(y)
is indefinite!), we optimize it over a so-called trust region, taken to be a ball of radius A; > 0 about
Tt

Tip1 = argmin {Qz,(2)}. (9.10)
TER™ : ||lz—x || <Ay

The update (9.10) defines a method that we call trust-region Newton for short.

There are now two difficulties to address:
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1. How to solve the optimization problem in (9.10)?

2. How to choose the trust region radius A;7

Therefore (9.10) does not yet define a complete algorithm, and in fact we will modify it to reject
updates that fail to decrease the objective due to an overly ambitious choice of A;.
9.3.1 Solving the trust region subproblem

We address the first point first. First we reformulate (9.10) in terms of s = x — z; as the equivalent
minimization problem

1
S¢:= argmin {Vf(zt) -8+ STV2f(zt)s} , (9.11)
SER" : [|s]| <A, 2

in terms of which we recover
Ti41 = T¢ + S¢.

For notational simplicity, it makes sense to consider the more abstract problem

s¥(b,A,A) := argmin {¢p a(s)}, where ¢y a(s):=b-s+ 1sTAs, (9.12)
sER™: |[s] <A 2

defined in terms of arbitrary b € R™, A € R™*"™ symmetric, and A > 0.

Theorem 9.2. Let b € R", A € R"*" symmetric, and A > 0. Let A\, denote the minimal
eigenvalue of A. Then a solution s* = s*(b, A, A) of (9.12) can be recovered as follows.

e Case 1: A is positive definite (Apin > 0). If |A71b| < A, we take s* = —A~'b. (This
is the case where the trust region constraint is inactive.) Otherwise, there exists a unique
N > 0 such that ||[(A+ XI)7tb|| = A, in terms of which we take s* = —(A + X\*I)~1b.

e Case 2: A is not positive definite and b ¢ col(A — Apind) = null(A — Apind)* (which
holds generically). Then there exists a unique \* > —Amin such that ||(A+X*1)71b|| = A,
in terms of which we take s* = —(A + X\*I)~1b.

e Case 3: A is not positive definite and b € null(A — Apin D)L, Then if [|[(A — Amin) 70| <
A, we take s* = —(A — Apinl)Tb + v, where v € null(A — Apinl) is arbitrary with
lv]|2 = A% — ||(A — Amind)Tb||2. Otherwise, there exists a unique \* > —Amin such that
I(A+ X I)71b|| = A, in terms of which we take s* = —(A + X*I)~1tb.

Remark 9.3. Here (A — Apin! )+ denotes the Moore-Penrose pseudoinverse. The last case will
not occur generically, but if either of the other two cases returns A ~ —A,, for numerical
robustness it can make sense to snap A — —Anin and then use the pseudoinverse. We have not
yet discussed an algorithmic strategy for computing A, which we will consider below.

We will prove the theorem later using the tools of Lagrange duality. However, for now we will
give arguments that explain the computation of A and why it is uniquely defined as claimed in the
theorem.

First we simplify the problem by diagonalization. Note that large-scale trust-region Newton
solvers will tend to avoid such a step and instead frame the algorithm only in terms of linear
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solves, but for pedagogical clarity we view diagonalization as a preprocessing step. The downstream
computations following this step will be significantly cheaper.

To wit, write A = UAU" where U is an orthogonal matrix and A = diag(\1,...,A,) with
diagonal entries ordered non-decreasingly, so Amin = A1-

Then we can rewrite the objective
1
by.a(s)=b"s+ isTAs

=b'UU" s+ (U s) AU"s)
=UTb)-(UTs)+(UTs)TAU"s).

Hence when optimizing over s of unit norm, we can change variables to z = U " s, which automatically
satisfies ||z|| = ||s]|. We conclude that we can recover s* = s*(b, A, A) as

s* =Uz*, where 2*:=5"(c,A,A), c:=U"b,

hence by diagonalization we have reduced the general problem (9.12) to the case where the matrix
is diagonal. Note that we are abusing notation slightly by using s* both to denote an optimal value
as well as the function (9.12) of the problem parameters.

Then we can apply Theorem (9.2), replacing b + ¢ and A < A. Let us consider the cases
individually.

e Case 1: A is positive definite (Apin > 0). If [A71c|| > A, we want to find A > 0 such that

n

2
¢Qy:MA+AD”dF:§:Od%6§:A?
i=1 v

Note that since A\; > 0 for all ¢ = 1,...,n, the objective ¥(\) is strictly decreasing with
limy .1 ®%(A) = 0. And by assumption, 1(0) > A% Thus there exists a unique \* > 0
satisfying ¥ (\*) = AZ.

e Case 2: A is not positive definite and ¢ ¢ col(A — Apin). Note that this means that there
exists some j for which A\; = Ay and ¢; # 0. This implies that ¥(\) — +00 as A = —Amin
from above. Moreover, ¥(\) is strictly decreasing on (Amin, +00). Hence there exists a unique
A > — A satisfying ¥(\*) = A%

e Case 3: A is not positive definite and ¢ € col(A — Apind). In this case we know ¢; = 0 for all
j such that A\j = Amin. Therefore it is not necessarily the case that PY(A) = +o0 as A = —Amin
from above. However, if ||(A — Amin)Tc|| > A, this means that ¥(Amin) > A%, and still there
exists a unique \* > — i, satisfying ¥(\*) = AZ.

Finally, we must discuss how to compute A* in each of the above cases, when it is relevant to do
so. Note that this is a one-dimensional root-finding problem, and in each case we have a lower
bound for the search interval. If we can compute an upper bound on the search interval, then we
can proceed using the bisection method (see Remark 9.4 below). More ambitiously, we could
use Newton’s method for this root-finding problem! But we would still have to use the interval
bounds as a safeguard, and we omit discussion of this possibility. (Relative to the upfront cost of
a diagonalization, the cost of the bisection method is negligible. However, in more sophisticated
approaches, a better root-finder will require fewer queries to a linear solver.)

To compute an upper bound on the search interval , observe that since A\; > Anin, for A > — A,

we can upper-bound
n

,w()\) < Z C% _ HC||2
o ()\ + )\min)Q (A + /\min)2 '

i=1
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Hence by setting ¥(\) = A? and solving for A, we conclude that when

A 2 % _>\mina

we have that ¢()\) < A2,

Therefore in each case where we have to search for A, we can search using the bisection method
over

llell
A€ )\m1n7 A )\mln
to find A such that
P(\) — A? =0.

Remark 9.4 (Bisection method). In general, given a decreasing function h(A) that we know
possesses a root in the interval [a, b, the bisection method is a simple approach to finding this
root. Define the midpoint ¢ = (a + b)/2 and test the function there. If h(c) < 0, we know
that the root lies in [a, ¢|, and we replace b < ¢. Otherwise h(c) > 0, we know that the root
lies in [b, ¢], and we replace a < c. Either way, we now know that the root lies in [a,b], and
we can repeat the procedure. (If h(c) = 0 exactly, we can terminate.) The bounding interval
shrinks by a factor of 2 with each test, hence for any € > 0 after [log,(2=2)] iterations (where
a,b denote the original endpoints), our interval of uncertainty has length €. Then the final
midpoint must be of distance at most /2 from the exact root.

9.3.2 Choosing the trust region radius

To complete our discussion of trust-region Newton, it remains to discuss the choice of the trust
region radius Ay.

After computing s; as defined in (9.11), following the procedure outlined in the preceding section,
we compute the following key quantity:

o f@e) = floe4s) flae +s¢) — f(x) B “actual reduction”
pr= Qu,(¢) — Qu, (we +5¢)  Vf(we) s+ 58/ V2f(xs) s,  “predicted reduction” (> 0)’
(9.13)

in which we recall the definition of @Q,, (9.9).

If p; 2 1 (concretely, if p; > 72 for a hyperparameter 1 ~ 7o > 0), this means that we have
reduced the objective at least about as much as we expected based on the quadratic proxy. Our
trust region is safe, and we might try increasing the radius—by a factor of 4 € (0,1)—if the
boundary constraint was activated, i.e., if ||s;|| = A;. If pr < 0, then the objective increased, which
is bad! In this case we should reject the update and shrink the radius, by a factor of v; € (0,1).
However, even if p; is positive and small (i.e., p; < 1, for a hyperparameter ny € (0,72)), we
conclude that our proxy is not accurate on the trust region, and we still reject the update and shrink
the radius. For intermediate values p € [no,n1), where 11 € (10,72), we accept the update but still
shrink the radius.

Reasonable choices for the hyperparameters are given by 19 = 0.1, n; = 0.25, n2 = 0.75, v =
0.25, v+ = 2. A complete pseudocode is given in Algorithm 4.
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Algorithm 4 Trust-region Newton

Input: f: R” - R, Vf : R® — R", V2f : R® — R"X" initial guess o € R", initial radius
Ag > 0, maximum radius Apax > 0, threshold parameters 7o > 17 > 19 > 0, radius contraction
parameter v, € (0,1), radius expansion parameter 74 > 1, maximum number of iterations T,
residual tolerance e

Output: Estimates for optimal x and f(x), convergence flag

Set x < xg, A < Ay, and flag < false
fort=1,...,7 do

Set b« Vf(z), A<+ V2f(z) > Store gradient and Hessian
Compute s = s*(b, A, A) > Solve trust region subproblem (9.12)
Set p=[f(z+s)— f(z)]/[b-s+ 1sT As] > Compute reduction ratio, cf. (9.13)
if p > 1o then

Set t +—x+s > Accept the update
end if
if p <n; then

Set A v, A > Shrink the trust region radius
else if p > 1y and ||s|| = A then

Set A +— min{A, Ak} > Expand the trust region radius
end if

if ||b|| < € then
flag < true
break
end if
end for

return z, f(x), flag
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10 Quasi-Newton methods

Next we turn to the topic of quasi-Newton methods, which attempt to match the performance of
Newton’s method while avoiding the O(n?) cost of a generic Hessian solve. Specifically, we will focus
on the BFGS (Broyden—Fletcher-Goldfarb—Shanno) algorithm, which attempts to maintain an
approximation M; of the inverse Hessian matrix that is updated online at each iteration ¢. (Often,
the inverse Hessian approximation is denoted H; in the literature, but this notation is arguably
confusing.) Interestingly, in the BFGS algorithm, M; is positive semidefinite by construction even
when the underlying optimization problem is nonconvex! This will ensure that p; := —M; V f(x)
always defines a valid descent direction. However, this key property depends on a line search
condition that we must discuss first.

The total cost per iteration of BFGS is O(n?). There is a famous extension called limited-memory
BFGS (L-BFGS) which achieves O(n) cost per iteration but involves additional approximation
heuristics. We will not discuss L-BFGS in this course.

10.1 Interlude: line search

Within each iteration ¢ of an optimization algorithm, line search starts with a current guess x; € R™
and a search direction p, € R™. The procedure for determining p; depends on the optimization
algorithm, but once a choice is made, the line search seeks to determine ay > 0, in terms of which
we update x4+ = ¢ + qup;.

Typically we demand that p; defines a descent direction at x; in the following sense.

Definition 10.1 (Descent direction). Given a differentiable objective f : R™ — R, we say that
p € R" is a descent direction at z € R" if

p-Vf(z)<O0.

We may say p is a strict descent direction if the inequality holds strictly.

Remark 10.2. Note that it is equivalent to require that % |a:0 f(z+ap) <O0.

Observe that the negative gradient p = —V f(x) always defines a descent direction at x. More
generally, any p = —AV f(x) where A is positive semidefinite defines a descent direction because

p- V()= -Vf(z) AV f(z) <0.
Therefore if f is strictly convex and twice differentiable, the descent direction

pe = =V2 f(2e) 7'V f ()

can be used to define a suitable “Newton’s method with line search.” However, for a general objective,
this choice does not define a descent direction! This is why we introduced trust-region Newton. Still,
Newton’s method with line search can be useful for convex optimization and in particular for interior
point methods.

Our line search will seek to achieve the following conditions.
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Definition 10.3 (Wolfe conditions). Given a descent direction p € R™ at x € R™ for a con-
tinuously differentiable objective f : R™ — R, we say that a > 0 satisfies the weak Wolfe
conditions (with hyperparameters 0 < ¢; < ¢ < 1) if

flz+ap) < f(z) +caap-Vf(z) (Armijo condition)
—p-Vfil@x+ap) < —cap-Vf(z) (Weak curvature condition)

If the weak curvature condition is replaced with the following stronger condition
p-Vf(x+ap)| <—cop-Vi(z) (Strong curvature condition)

we say that « satisfies the strong Wolfe conditions.

Remark 10.4. A typical choice of hyperparameters c;, ¢y is given by ¢; = 1074, ¢; = 0.9. We
will see that we need ¢; < ¢ in order to ensure that there exists o > 0 satisfying the Wolfe
conditions.

Remark 10.5. Note that the Armijo condition recovers our backtracking line search condition
for gradient descent if we choose p = =V f(x) and ¢; = % See Figure 10.1 for an illustration.

To motivate the curvature condition, consider the objective ¢ : R — R defined by restricting f
to the line defined by a search direction p at x:

o(a) := f(x + ap). (10.1)

We will not ask for a that ezactly minimizes ¢, but note that there should exist such a point, which
must satisfy ¢'(a) = 0, i.e., p- Vf(x + ap) = 0. Therefore the curvature condition seeks to find
« that is closer to satisfying this first-order optimality condition than the base point a = 0. More
concretely, it asks for

—¢'(a) < —2¢/(0)  (Weak),  |¢'(@)] < c2/¢(0)] (Strong)

Theorem 10.6 (Wolfe interval existence). Suppose f : R™ — R is continuously differentiable
and bounded below. Suppose that p € R™ is a descent direction at x € R™ such that V f(z) # 0.
Then there exists o > 0 satisfying the strong Wolfe conditions with hyperparameters 0 < c¢; <
co < 1.

Remark 10.7. We will even see that the conditions hold with strict inequality, hence by conti-
nuity there exists an interval on which they are satisfied.

Proof. Define ¢ : R — R via

P(a) == f(z +ap) = [f(z) + cap- Vf(z)] (10.2)
¢(a) = [#(0) + c1¢'(0)a],
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Figure 10.1: Depiction of the Armijo condition, which is satisfied where the curve of ¢(a) = f(z+ap)
lies below the dotted green line which is the graph of ¢(0) + ¢1¢'(0)a.

where ¢(o) = f(x + ap) as in (10.1). Note that ¢ corresponds to the difference between the gold
curve and the dotted green line in Figure 10.1. Moreover, ¢ < 0 precisely where the Armijo condition
holds strictly.

Now 9/(0) = (1 — ¢1)¢’(0), and ¢'(0) = p- Vf(x) < 0 since p is a descent direction. Therefore
since ¢; € (0,1), we have that ¢’(0). In turn there exists some ¢ > 0 such that ¢(a) < 0 for
a € (0,9).

Meanwhile we know that ¢(a) — 400 as @ — +oo because f, and hence also ¢, is bounded
below and ¢’(0) < 0.

Therefore by the intermediate value theorem there exists & > 0 such that ¥ (&) = 0 and more
concretely we can consider the smallest such &, defined by

& :=inf{a > 0: ¢(a) = 0}.

Then since ¢ < 0 on (0,6), we must indeed have & > § > 0 and moreover by continuity ¢ (&) = 0,
as claimed. Then by construction we know not only that (&) = 0 but also that ¢» < 0 on (0, @).

By Rolle’s theorem, since ¥(0) = ¥ (&) = 0, we know that there exists some a* € (0, &) such
that ¥’ (a*) = 0, i.e., such that
—¢/(a) = —c1¢/(0) < —c2¢/(0),
———

>0

(where we have used the fact that ¢; < ¢3), meaning that the weak curvature condition holds strictly.
Note that the middle expression is positive, so the strong curvature condition holds strictly as well.

Since a* € (0, &), we know that ¢(a*) < 0, i.e., the Armijo condition holds strictly. O

It remains to explain how to actually find « satisfying the Wolfe conditions. We will only concern
ourselves with the weak case, which is all that is required by BFGS. The strong Wolfe conditions can
be satisfied using the more complicated “bracket and zoom” algorithm (cf. Nocedal and Wright).

In our construction we will maintain the notations ¢ (10.2) from the last proof. Recall that the
Armijo condition for « is equivalent to ¥ (a) < 0.

We will maintain an interval (a, b) guaranteed to contain a weak Wolfe point, iteratively bisecting
it while preserving this property. In particular, we will always ensure that a satisfies Armijo
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and b fails Armijo. (Note that the considerations are more subtle than in the case of the standard
bisection method for root finding.)

Indeed, note that if these properties hold, then in particular ¢(b) > 0 and ¥(a) < 0, so ¥(b) —
(a) > 0, and by the mean value theorem we know that there exists a € (a,b) such that ¢'(a) > 0,
ie., ¢'(a) > c1¢'(0), which implies that —¢'(a) < —c2¢/(0), i.e., that « satisfies weak curvature.

Then the algorithm proceeds in two phases.

e Starting from an initial guess for «, keep inflating o by a factor of 2 until it fails Armijo.
— Until « fails Armijo, we may as well check whether a passes weak curvature, in which
case we can simply terminate and return .

— If we failed on the first try, simply set a = 0, b = . Then a passes Armijo trivially and
b fails by construction.

— Otherwise, set a = /2, b = «, since we know by construction that /2 passes Armijo.

e Repeat the following. (Note that by construction, a will always pass Armijo, while b will
always fail Armijo.)

— Set @ = (a+ b)/2 and check whether « fails Armijo, in which case we set b = « and
break.

— Otherwise « passes Armijo, so check whether it passes weak curvature. If so we can
terminate and return a.

— Otherwise, set a = a.

A more formal pseudocode is given in Algorithm 5. We comment that a reasonable initial guess for
« may be given by 1, if p is a Newton or quasi-Newton step. Note that each check of the Armijo
and curvature conditions at some point « requires an evaluation of both f(z + ap) and V f(z + ap).

10.2 BFGS

In the BFGS algorithm, we recursively update a matrix M, which can be viewed as an approximation
of the inverse Hessian (at least asymptotically as ¢ — oo and z; converges to a local minimizer).
Soft convergence results (beyond the scope of this course) guarantee superlinear convergence under
fairly generic conditions, though quantitative bounds are difficult to obtain.

In terms of M;, at iteration ¢t we define a search direction
pe = =MV f(xy).

Remarkably, M; will always be positive semidefinite even for a nonconvex objective f. This property
can be maintained recursively provided that we choose the step size «; using a weak Wolfe line search
(cf. Algorithm 5). Typically we initialize My = I or My = vI where v > 0, depending on whether
we have any a priori knowledge about the scale of the Hessian, so M is positive definite in the base
case. Under the inductive hypothesis that M; is positive semidefinite, p; defines a descent direction,
so the line search is well-posed. Then in terms of oy, we define the update

Ti41 = Ty + Py

To complete the specification of the BFGS algorithm, we must explain how to update M, itera-
tively, i.e., how to determine M, after x;,; is computed.

The motivation for the update rule comes from the Taylor series expansion of the gradient,

Vi(xe) = Vf(we) + V(@) (@0 — z41),
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Algorithm 5 Weak Wolfe line search

Input: f:R™ — R continuously differentiable, x € R™ not a critical point, descent direction p € R™,
initial step size guess (® > 0,0 <¢; < ¢ <1
Output: o > 0 satisfying weak Wolfe conditions
Set a + 0, a < a®
while « satisfies Armijo(cq) do
if « satisfies WeakCurvature(cz) then
return o
end if
Set a + «
Set a + 2«
end while
Set b+ «
while true do
Set a + (a+b)/2
if « fails Armijo(cy) then
Set b+ «
else if « fails WeakCurvature(cz) then
Set a < «
else
return o
end if

end while
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which holds accurately if x;y1 = x4, i.e., asymptotically as we make smaller updates.
Defining
8t 1= Tpp1 — Tt = uPr, Y= V(1) — Vf(2),
we can rearrange to obtain
yr = V2 f(2i41) 54

In the one-dimensional case n = 1, there is a unique choice of scalar By, such that
Y¢ = Biy1 8¢,

and this Byy; is the slope of the secant line for the graph of f’ connecting the points (z, f'(z))
and (441, f'(we41))-
Defining M;,1 = (B;y1)~ ', we can equivalently ask for

Mip1y: = st, (10.3)

which is satisfied in the scalar case given s; and y; by taking M;,1 to be the inverse of the secant
slope. When x;.1 & x;, we have that My ~ 1/f"(z441).

More generally, for any dimension n > 1, (10.3) is called the secant equation. Given s; and ys,
the set of matrices M1 satisfying (10.3) consists of infinitely many choices. In the BFGS algorithm,
M1 can be viewed as the minimal update of M, subject to the secant equation, in the following
sense

My = argmin {IM — My|| : My, = s},
MEeR™ X" symmetric
where || - || denotes a particular scaled norm that we will not discuss further (cf. Nocedal and
Wright). Over many iterations, we expect that M; becomes a close approximation of [V2f(xz;)] 1.

Instead of considering the variational characterization, we will directly consider the formula for
the update, which is itself intuitive:

T T T
Mt+1 =1 - Yt Mt I— Yt + 5t5¢ y (515 = S;ryt. (104)
Ot Ot Ot
We can directly verify from the construction that M;i1y: = s (Exercise.) Moreover, M is

symmetric by construction, provided that M; is symmetric.

Finally, observe that if §; > 0, then M, is in fact positive semidefinite. Indeed, in this case the
term s;s/ /8; is automatically positive semidefinite. Moreover, the first term in (10.4) is of the form
P,” M, P;, hence always positive semidefinite. (Why?)

Then to complete the story, we now show that indeed 6; > 0, provided that «; > 0 was chosen
to satisfy the weak Wolfe conditions. Note that §, = s; - y; and s; = 2411 — ¢ = Py, hence it is
equivalent to show that p; -y > 0, i.e., that p; - Vf(xi41) — pe - Vf(2¢) > 0. In turn we want to
show that

pe - V(e + aupi) > pie - V().
But the weak curvature condition (Definition 10.3) implies the stronger condition that p - V f(z +
ap) > cap - Vf(x), where co € (0,1). This completes the argument.

Finally, observe (ezercise) that we can expand the right-hand side of (10.4) to deduce
y;thyt) s15) _ se(Miye) " + (Myye)s!

Ot Ot Ot
Importantly, note that the cost of evaluating the right-hand side directly is only O(n?).

Mt+1 = Mt+ <1+

A full pseudocode of the BFGS algorithm is offered in Algorithm 6. For simplicity we omit
stopping criteria based on a maximum number of iterations or a residual tolerance, but the user
should specify such criteria by analogy to previous algorithms. We also hard-code the initial condition
My = I, but this choice might be modified.
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Algorithm 6 BFGS algorithm

Input: f:R"™ — R continuously differentiable, g € R™, Wolfe parameters 0 < ¢; < cg < 1

Set M « I
Set v+ V f(xo)
fort=0,1,2,... do
Set p + —Mwv
Choose « > 0 satisfying weak Wolfe conditions (using, e.g., Alg. 5 with initial guess o = 1)
Set s < ap, then z < x + s
Set vt < Vf(x), then y < vT —v
Set 6 < sy
Set M « M + (1 + %) ssl _ s(My) T4 (My)a”

Set v + vt
end for

11 Overview of interior point methods

In this section we will explore how Newton-type methods can be used to solve inequality-constrained
optimization problems. Consider such a problem in general:

inimi 11.1
minimize fx) (11.1)
subject to g;(z) <0, i=1,...,m.

Note that a problem of this form might be produced by eliminating some equality constraints in
some original problem of interest, cf. Section 2.4.4.

We will assume that our problem now admits an interior point, i.e., there exists z € R"
satisfying ¢;(z) < 0 for all i = 1,...,m. Letting C' denote the feasible set

C::{"L‘ER’"‘:gi(.’I])SO, i:l,...,m}

with interior
int(C)={zxeR" : gi(z) <0, i=1,...,m},

it is equivalent to assume that there exists = € int(C').

11.1 Blueprint

To solve the problem (11.1), we will introduce a barrier function

o(x) = — Y log(~g(x)) (11.2)

defined in terms of the constraints. See Figure 2.17 for an earlier illustration. Note that the barrier
function is only defined on int(C) and tends to 400 as we approach the boundary of C from the
interior.

Lemma 11.1. The barrier function (11.2) is convex on int(C) if the constraint functions g;
are convez.
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Proof. The proof follows from Exercise 2.46, since the function v — —ulog(—u) is convex and
increasing on (—o0,0). O

Then we use the barrier to define, for any p > 0, the barrier-augmented objective

fu(z) = f(@) + p@(z),
which in turn determines the barrier subproblem

inimi . 11.
minimize {fu(@)} (11.3)

Corollary 11.2. If (11.1) is a convex optimization problem, then the barrier subproblem (11.3)
is a convex optimization problem.

Proof. This follows directly from the last lemma. O

The idea of interior point methods is to recover an optimal solution z* for the original problem
(11.1) as a limit 2* = lim,,_,o+ x,, where x, is the optimal solution of the barrier subproblem (11.3).
The map p +— x, is called the central path and can tend toward a boundary point in the limit
1 — 07 where the barrier is relaxed to zero.

To realize this idea in practice, we must choose a sequence of barrier parameters p = puj, j =
0,1,2,..., for which to solve the barrier subproblems (11.3) as well as an optimization algorithm to
be applied for each j. We will choose pj41 = op; where o € (0,1), e.g., o = 0.2, so that the barrier
parameter decays exponentially. Importantly, the solution of the j-th subproblem can be used as an
initial condition for the (j + 1)-th subproblem, which can ensure that a Newton-type solver for all
problems j > 1 is guaranteed to start in the local quadratic convergence regime and converge within
only a few iterations.

A delicate convergence theory of interior point methods was pioneered by Nesterov and Ne-
mirovskii, via analysis of Newton’s method under the technical condition self-concordance, which
applies for example in the case of convex optimization problems with quadratic objectives and linear
inequality constraints.

We will not delve into the theory but instead just provide a practical recipe using concepts we
have already reviewed. See Algorithm 7 for a practical pseudocode.

Algorithm 7 Interior point method

Input: Interior point zg € int(C) for problem (11.1), convergence tolerance ¢ > 0 (e.g., e = 1079),
hyperparameters o € (0,1) and n € (0,1) (e.g., 0 = 0.2 and n = 0.1)

Set z + zg, o !

while ¢ > ¢ do
Set pu«— ou
Use z as an initial guess to solve barrier subproblem (11.3) approximately, furnishing 2 € int(C')
with ||V £, (2)]] < ne
end while

Note that Algorithm 7 leaves two questions open. (1) How to solve the barrier subproblems
given an interior point? (2) How to produce an interior point at the very beginning to initialize the
interior point method? We address these questions now in order.
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11.2 Solving the barrier subproblems

In the convex case, where f,, is convex, typically Newton’s method is used with suitable modifications.
Specifically, given an initial guess in int(C'), we want to ensure that the method never leaves int(C).

Since the Hessian is positive definite by strict convexity of the barrier, given a fixed barrier
parameter p > 0 and some iterate x € int(C'), we can use Newton’s method to define a search
direction p = —V?f,(z) "'V f,(x) and then use backtracking line search to find o > 0 ensuring
that

v+ ap€mt(C), fulw+ap) < ful@) + cap- Vi),

i.e., that we do not leave the interior of the feasible set and that Armijo’s condition holds for the
objective f,. Since we do not impose a curvature condition, it is typical to choose ¢ = 0.1 or 0.01.
(Note that we can check membership y € int(C) for arbitrary y by simply evaluating g;(y) for all
t=1,...,m.) As the initial guess for a within backtracking line search, we should choose @ = 1 so
that we default to exact Newton updates when no backtracking is required.

In the nonconvex case, the philosophy of interior point methods is still quite relevant, but there is
less of a framework of standard theory and practice. Nonetheless, a perfectly reasonable strategy is
available to use using the ideas we have already discussed in the course. For the barrier subproblems,
we can apply a trust-region Newton method such as Algorithm 4, with the suitable modification
that the trust region radius must shrink if the proposed update x + s lies outside of int(C).

11.3 Finding an interior point

Now it remains only to discuss how to produce an interior point z € int(C), which is a nontrivial
task. The process for producing such a point is often known as ‘Phase I’ of an interior point method.
The remaining part, which we have already described, is then called Phase II.

To produce an interior point, we actually formulate an auxiliary Phase-I problem that we solve
with an interior point method! However, the Phase-I problem admits an obvious interior point.

Indeed, the Phase-I problem is written:

minimize t (11.4)
zeR™ teER

subject to g;(z) <t, i=1,...,m.

Note that we can produce an interior point (z,t) € R™*! for the Phase-I problem (11.4) by taking
any x € R” and letting ¢ > max;—1, . m{g:(x)}. Concretely, we could set + = 0 and t = 1 +
max;=1,...m{g:(0)}, though better initial guesses might be available. Then (11.4) can be solved
using an interior point method following Algorithm 7.

Note that if the original problem (11.1) admits an interior point = € int(C'), this means precisely
that ¢ := max;=1,.. m{gi(z)} < 0, so the optimal value of the Phase-I problem must be strictly
negative.

Conversely, if we can find any feasible point (z,t) for the Phase-I problem (11.4) satisfying ¢ < 0,
then z is an interior point for the original problem (11.1).

Therefore, the optimizer of the Phase-I problem furnishes an interior point for the original prob-
lem. However, once our algorithm for solving the Phase-I problem furnishes an iterate (z,t) such
that t < 0, we can terminate Phase I and proceed directly to Phase II, using = as our initial interior
point for the original problem.
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Part IV
Duality and primal-dual methods

In the following we consider the following rather general constrained optimization problem:
inimi 11.5
minimize fx) (11.5)
subject to  g;(z) <0, i=1,...,m,

hj(z)=0, j=1,...,p.

To express this problem more compactly, we may view the g; as coordinate functions for a vector-
valued g : R” — R and h; as the coordinate functions for a vector-valued h : R™ — RP, and then
write:

minimize f(z)
subject to  g(z) <0,
h(z) = 0.

We are often interested in the case where the problem is convex (i.e., f and all the g; are
convex, and all the h; are affine-linear), but some of the following developments are relevant even
for nonconvex problems.

In the context of duality, we will refer to (11.5) as the primal problem, in order to distinguish
it from the associated dual problem which we will define later.

Sometimes it is useful to view a constrained problem as an equivalent unconstrained problem

minimize z),
nimize f(x)
in which we extend the objective function to take the value +o00 outside of the feasible set:

f(a:) _ {f(x), if x is feasible, i.e., g(x) <0, h(z) =0

400, otherwise.

We will always assume that the primal problem is feasible, i.e., that there exists z € R™ such that
f(z) < 400 and let p* < 400 denote the optimal value.

Throughout the following we will carry forward all the aforementioned notation without com-
ment.
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12 Lagrangian duality

12.1 The Lagrangian

Definition 12.1 (Lagrangian). We associate to (11.5) a function called the Lagrangian L :
R™ x R* x R? — R, defined by

L@\v) = @)+ Xigi(@) + > _vih;(x)
i=1 j=1

= f(x)+ X g(z)+v-h(z).

The arguments A, v are called dual variables (or Lagrange multipliers), by contrast with
the primal variables z, and we use a semicolon to emphasize the distinction. Note that
the domain constrains the dual variable A to lie in R, i.e., to satisfy A > 0. If there are no
inequality constraints (respectively, no equality constraints), then the A argument (respectively,
the v argument) is omitted.

Remark 12.2. Note with caution that equivalent formulations of the same problem may induce
different Lagrangians (and downstream, different dual problems).

The key motivation for the Lagrangian is the following fundamental lemma.

Lemma 12.3. The Lagrangian satisfies

f(x), if z is feasible

400, otherwise.

sup  L(w; ) = flx) = {

AERT, vERP

Proof. Fix x € R™. Note that if h;(x) # 0 for some j, then we can make £(z; \,v) arbitrarily large
by taking v; = sign(h;(z)) @ and sending o — 400 (setting all remaining dual variables to zero, for
concreteness).

Meanwhile, if g;(z) > 0 for some 4, then we can make L(x;\,v) arbitrarily large by sending
A; = 400 (setting all remaining dual variables to zero, for concreteness). This completes the proof.
O

12.2 The dual problem

The preceding lemma establishes that we can write the primal optimal value as

p* = inf { sup Lz )\,1/)} = inf {f(x)} (12.1)

zER™ AERT, vERP r€ER™

Motivated by a desired to exchange the infimum and supremum, we make the following defini-
tion.
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Definition 12.4 (Dual problem). Define

d*:=  sup { inf L(x; )\,1/)} = sup {qg\v)}, (12.2)

AeRT, veRe (TER™ AERT, VERP

where in turn

g\ v) = zlen]}{n L(z; A\, v).

The mazximization problem defining d* is called the dual problem associated to (11.5), in
which ¢ is the dual objective.

Remark 12.5. We will see that it is very much possible that ¢(\,v) = —oo for some (A,v) €
R’ x RP. In this sense the dual problem can often be viewed as a constrained problem. The
details must be worked out case by case.

Even if ¢ attains the value —oo, in fact ¢ is always concave on R x RP. The reason is
that —g(X,v) = sup,epn {—L(2; A\, v)} can be viewed as pointwise supremum of linear (hence
convex) functions. It follows that —¢ is convex by a slight generalization of Exercise 2.14.

Before discussing conditions under which the infimum and supremum can be exchanged, we work
out an example illustrating how to derive a dual problem.
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Example 12.6 (Dual linear program). Consider a linear program of the form

minimize c¢-x (12.3)
rE€R”
subject to = >0,
Ax =b.

This is one of several standard forms for a linear program. We will explain in the remark
below how to reduce any linear program to this form. However, note with caution that different
equivalent forms for the primal linear program may yield different dual problems!

Before defining the Lagrangian, we must interpret the constraints carefully by defining
g(z) = —x and h(x) = b — Axz. Note that defining h(z) = Az — b defines an equivalent primal
problem but will yield a slightly different dual problem (in which the associated dual variables
are negated).

Then the Lagrangian is

L(x;\v) = ccxa—A-xz+v-(b— Ax)
= (c=A—ATv)-24+b-v

Note that

inf {(C—/\—ATV) x} =

0, c—A—-ATv =0,
rER™ —0Q,

otherwise,

from which it follows that

a\v) = inf Llw;\v) =

{b~y, c—A—ATv=0,

—00, otherwise.

Hence the dual problem SUD)\cR, yeRr {g(\,v)} can be viewed as a constrained maximiza-
tion problem:
maximize b-v
AER™, vERP
subject to A >0,

ATv=c—\
We can eliminate the A\ variable to obtain the equivalent problem

maximize b-v
vERP

subject to ATv <e.

)

Often it is this simplified version that we refer to as the ‘dual problem.
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Remark 12.7 (Reducing to standard form LP). Consider a more general linear progam

minimize c¢-x (12.4)
zER™
subject to Cx < d,
Az =b.

Note that the letters ¢, A, b here do not correspond to the appropriate ¢, A, b that we derive
after reducing from (12.4) to an equivalent problem of the form (12.3).

To reduce to the standard form, we note that we can always rewrite © = y — z in terms of
auxiliary nonnegative variables y, z > 0. Then we can eliminate x by substituting y — z in place
of . Moreover, we introduce a nonnegative slack variable s > 0 satisfying s = d — Cx =
d — Cy + Cz. Thus we define an equivalent problem:

o —c.0)-
i (¢, —¢,0) - (y,2,5)
subject to  (y,z,s) >0,
s+Cy—Cz=d,
Ay — Az =b.
This can be viewed as a problem of the form (12.3) over the optimization variable (y, z,s) €

R27*+™ since the inequality constraints are simply entrywise nonnegativity constraints, and the
remaining constraints are affine-linear equality constraints.

12.3 Weak and strong duality

We hope that the infimum and supremum can be exchanged in (12.1) and (12.2) so that p* = d*.
Often (arguably, generically for convex problems) this is the case, but we always have p* > d*.
This inequality is called weak duality. We say that the problem satisfies strong duality if
p‘k — d*-

Lemma 12.8 (Weak duality). p* > d*.

Proof. For simplicity, let £* be a primal optimizer, so

pt=f@)=f=")= sup L(z*A\v). (12.5)
AERT, vERP

(More generally, if the primal minimum is not attained, we can consider an infimizing sequence.)
Now for all A € R" and v € R?, we have

* >
L(x* A\ v) > xlen]l{n Lz, A\ v),

and substituting this inequality into (12.5) we deduce

p*> sup > inf L(z,\v)=d",

© AeRT,vere  TER"

as was to be shown. O
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You should think of strong duality as usually holding for convex problems, but it is difficult to
formulate necessary and sufficient conditions. Nonetheless, the following sufficient conditions are
sufficiently powerful to cover many cases of interest.

Theorem 12.9 (Sion’s minimax theorem). Suppose that the primal problem is convex. If the
primal feasible set is compact, then strong duality holds, and moreover the primal minimum is
attained.

Remark 12.10. This is really just a special case of a much more general statement of Sion’s
minimax theorem, which concerns convex-concave minimax problems.

Theorem 12.11 (Slater’s condition). Suppose that the primal problem is convex (so that in
particular all equality constraints are linear) and that there exists a feasible point at which all
the inequality constraints all hold strictly, i.e., a feasible point x such that g;(x) < 0 for all
i =1,...,m. Then strong duality holds, and moreover the dual maximum s attained.

Remark 12.12. This is also a special case of a slightly more general result called Slater’s con-
dition. Roughly speaking, the condition amounts to saying that after eliminating equality
constraints, the feasible set has a nonempty interior.

The proofs of both theorems are quite involved and beyond the scope of this course.

We will now focus on the case where strong duality holds and there exists a primal-dual optimizer,
in the following sense.

Definition 12.13 (Primal-dual optimizer). We say that (x*; \*, v*) is a primal-dual optimizer
if 2* and (A\*,v*) are respective optimizers for the primal and dual problems and moreover
strong duality holds, i.e.,

p* — f(x*) — q()\*’]/*> — d*.

Note that we may also write in this case:

2* = argmin f(z), (N, v*) = argmax q(\v).
zERn XERT, vERP

Lemma 12.14 (Effective unconstrained objective). Suppose that (z*; \*,v*) is a primal-dual
optimizer. Then
f(@*) = Lz*; X, v%) = g(\*,v7),
and moreover
x* =argmin L(z; \*,v%).
zER™

Finally,
Algi(z*) =0

foralli=1,...,m.
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Remark 12.15. This result conveys an important intuition, indicating that given the dual op-
timizer (A*, v*), the function & — L(x; \*,v*) defines an effective unconstrained objective with
the same optimizer as the original constrained objective.

Proof. Since z* is feasible (i.e., g(x) <0, h(z) = 0) and \* > 0, it follows that

Lz N v*) = f(x*)+ A - g(a™)+v* - h(z¥) < f(z¥) =p”. (12.6)
e e Ve
<0 =0
Meanwhile,
L(x*; v > inﬂg Lz X5, v%) =g\, v") =d*.
reR™
Therefore,

p* — f(x*) Z E(x*;)\*7y*) 2 q(A*7V*) — d* :p*,
where the last equality holds by strong duality. It follows that all inequalities hold with equality.
This establishes the first statement.
Then since
Lz 5 v") = q(\*,v*) = inf L(x;\*,v"),
rER™
we have precisely that «* is a minimizer of z — L(z; \*, v*), i.e., the second statement is also proved.

Finally, note that since the inequality in (12.6) holds with equality, in turn it must be the case
that A* - g(2*) = 0. Since A* > 0 and g(z*) < 0, the third statement follows. O
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13 The KKT conditions

The KKT (Karush-Kuhn-Tucker) conditions can be viewed as a generalization of the first-
order optimality conditions to the context of constrained optimization problems. They may seem
overwhelming when presented in a vacuum, but they follow logically from what we have already
shown in the case where strong duality holds, as we expect for most convex optimization problems.

More generally, the KKT conditions can be justified via a geometric intuition, though the inter-
pretation of the Lagrange multipliers as optimal dual variables does not hold up when strong duality
fails.

Theorem 13.1 (KKT conditions under strong duality). Suppose that (x*; \*,v*) is a primal-
dual optimizer and that f, g, h are all differentiable. Then the following conditions hold:

Primal feasibility: g(z*) <0 and h(z*) = 0.

Dual feasibility: A\* > 0.

Complementarity: \fg;(z*) =0foralli=1,...,m.

Stationarity: V,L(z*;\*,v*) =0, i.e,

m

p
0 = VI@)+> NV )+ viVh;*) (13.1)
i=1 j=1

Vf(z*) + Dg(z*) " A\* + Dh(z*) Tv*.

Proof. Primal and dual feasibility are automatic. Complementarity follows from Lemma 12.14.
Stationarity also follows from Lemma 12.14, via the first-order optimality condition for minimization
of x — L(x; A%, v*). O

13.1 Geometric perspective

The KKT conditions admit a geometric interpretation that is more robust than strong duality itself.

Consider first the case of a single scalar equality constraint A(x) = 0 and no inequality constraints.
Here stationarity says that
Vf(z*) = —v* Vh(z"),
which means precisely that the objective gradient points normal to the constraint hypersurface
{z € R" : h(x) = 0} at =*, provided that Vhi(z*) # 0. Indeed, if there were any tangent component,
we could decrease the objective by moving in a tangent direction on the hypersurface.

More generally, consider the case of several equality constraints, where stationarity says that
p
Vi) =- Z vy Vhj(x*).
j=1

Provided that Vh;(z*), j = 1,...,p, are linearly independent, they span the subspace normal to the
feasible set at x*, hence again stationarity is equivalent to saying that the objective gradient points
normal to the feasible set at x*.

When we involve inequality constraints, if the inequality constraints are inactive at x*, then com-
plementarity says that the corresponding Lagrange multipliers are zero. But the active constraints
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induce additional directions in the ‘normal cone’ to the feasible set—corresponding to nonnegative
linear combinations of the gradients Vg;(2*)—in which it is permissible for the objective gradient
to point without inducing a descent direction pointing toward the relative interior of the feasible
set.

Theorem 13.2 (KKT conditions in general). Suppose that x* is a primal optimizer and that
the collection of all Vg;(x*) fori such that g;(x*) = 0, together with all Vh;(x*) forj=1,...,p,
form a linearly independent set. Then there exist \* € R™ and v* € RP such that the same
KKT conditions as in Theorem 13.1 hold.

Remark 13.3. Note with caution that when strong duality fails, the A* and v* appearing in the
statement of this theorem may not be interpretable as dual optimizers. Moreover, £* may not
be interpretable as an optimizer of x — L(x; \*, v*).

13.2 Applications

Next we consider several constrained optimization problems that can be solved exactly using the
KKT conditions.

Example 13.4 (Eigenvalue problem as optimization problem). Consider optimizing a quadratic
form defined by a symmetric matrix A € R”*"™ over the unit sphere:

minimize z' Az
TER™
subject to ||z|]s = 1.
We can rewrite the constraint as h(z) = 0 where h(z) = 1—||z||3 and then form the Lagrangian
L(x;v) =" Az +v(1 — ||z|]?).
The KKT conditions says that for an optimizer z, there exists v € R such that

Az =vz, |z|2=1,

i.e., x is a normalized eigenvector.

For any such z, the objective takes the value 2" Az = va'z = v, i.e., the coresponding

eigenvalue. Therefore an optimal x* is given by a normalized eigenvector corresponding to the
lowest eigenvalue.

Remark 13.5. The preceding example establishes the simplest case of the Courant-Fischer
minimaz principle. This principle can be understood more generally via duality, but further
discussion is outside of our scope.
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Exercise 13.6 (Constrained least squares). Consider the constrained least squares problem:

. 1 2
minimize §||Ax—b|\2

subject to Cz =d.

Show that a primal-dual optimizer (z*,v*) can be recovered by solving the linear system:

(%t %) () =(%")

Exercise 13.7 (Projection onto an affine subspace). Consider a general affine subspace S :=
{x € R™ : Ax = b} where A,b are arbitrary of compatible shapes. Find an explicit formula for
the projection Ilg(y) by considering the constrained least squares problem

inimize =1z — yl2
mlaflelﬂrgllze 2 a5 y 2
subject to Ax = b.

In the special case A = a’ € R b € R, so that S = {x € R" : a-x = b} is a hyperplane,

conclude that -
—_— a . y
Os(y) =y + WG-

Exercise 13.8 (Projection onto a half-space). Consider a half-space S := {z € R" : a-x < b}.
Use the KKT conditions to show that

b—a- . .
Me(y) = ¢ ¢+ T @ i a-y>0,
Y, if a-y<bo.

13.3 Revisiting the trust region subproblem

Recall the ‘trust region subproblem,” whose solution we asserted in Theorem 9.2:

1+
inimi f(s)==b-s+ -5 A
minimize (s) s+58 As

1
subject to 5 [IIsl3 — A%] <o.

Note that we have rewritten the constraint in a particular way to make the dual problem look nicer.

The KKT conditions suggest that the optimizer must take the form z* = —(A + A\*I)~1b for

some \*. However, it is difficult to understand from the KKT conditions alone why A* should be
chosen in the way prescribed by the theorem (in particular, always such that A + A*I is positive

semidefinite).

Thus while the KKT conditions offer a key intuition, we need a different approach for a rigorous
proof. Our approach will solve the dual problem, yielding \* matching the prescription from the
theorem statement. This will allow us to define s* = —(A + A*I)~!b which we can verify is indeed

primal-optimal via weak duality.
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Proof of Theorem 9.2. We will ignore Case 3 for brevity. First focus on Case 2, where Apin < 0 and
b ¢ col(A — Aminl). The discussion after Theorem 9.2 established that in this case, the function
P(N) = ||[(A+ X)~1b||? is decreasing with ¥(\) — +00 as A — —Apin from above. It is likewise not
difficult to see via diagonalization that b (A + AI)~!'b — 400 as A = —Apin from above.

Since the problem is nonconvex, we cannot guarantee strong duality by any abstract condition.
We will verify strong duality directly in the process of the proof, in which we solve the dual problem
for \*, establishing that the dual optimizer A\* does in fact match the choice of A* indicated in
the theorem statement. Then we will use A* to construct the primal-feasible point s = —(A +
A*I)~1b, which we verify to be optimal by checking that f(s) = d*. This is sufficient because then
automatically p* < f(s) = d* < p*, where the last inequality follows from weak duality, and in turn
we know that f(s) = p*, i.e., s is primal-optimal.

To begin, consider the Lagrangian (in which we denote the primal variable by s for consistency
with the previous presentation):

1 A
L(ssA) = bes+gs' As+ 2 [lls]5 - A7]

A? 1
—SA+bs+ 5sT(A+ M)s.

We can compute

1 —o0 i A< —Ami
. f b +Z T A—|— AI _ B >~ mins
slen]R"{ s+gs )8} {—;bT(A+AI)1b, i A > —Amin.

The case A < —Apin is clear because A + A\l has a negative eigenvalue in this case. Meanwhile
the case A > Apin follows by solving the resulting convex quadratic optimization problem for s =
—(A + AI)~1b and plugging in. The boundary case A = A, follows via ‘continuity’ from the fact
that o' (A4 AI)~'h — 400 as A — — Ay, from above.

Thus the dual problem can be written

s A? LT —1
maximize ¢g(\) := )\fib (A+ D)7

NeR 2
subject to A > —Anin.

Note that the ordinary dual feasibility constraint A > 0 is redundant because —Api, > 0.
We can solve the dual problem for A\* by solving for a critical point of the dual objective g(\):

A% 1

q\) = -5+ 5bT(A + )%
A% 1

= —— + Z[(A+ D)7 tp)?

5 T l(A+ AL,

where we have used matrix calculus to differentiate the inverse of a matrix. (Note that we can
simplify to scalar calculus by assuming a diagonal matrix A via diagonalization.) Setting ¢’()\) =0
indicates that \* is indeed the unique \* > —Au;, satisfying [[(A + X\*I)7!b|| = A, which we
constructed in the discussion after the statement of Theorem 2.72.

Therefore s := —(A+ X\*I)~1b is primal-feasible, and it only remains to show that f(s) = d*. To
get started, first plug in to compute d* = g(\*):

* AQ * 1 T *7\—1
d' = =T = b (A )T, (13.2)
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Then plug in to compute f(s):
L T
f(s) :b~s+§s As
1
= b (A+XNT)" b+ 5bT(A + XD TAA + X))

Now within the last term, we can substitute A = (A + A\*I) — A*I and simplify to deduce

*

1
f(s) = —ng(A + M) — %bT(A + XD HA+ MDY

1 A
= —ng(A + M) — A+ M)~
= Cl*7

by comparison to (13.2), using the fact that ||(A+ A*I)~'b|]| = A. This completes the proof in Case
2.
In Case 1, the derivation of the dual problem is largely the same, except that now —Ap;, < 0,
so the dual is
imi (\) AQ)\ le(A+A1)—1b
maximiz =——A—=
aAeR © 9 2 2
subject to A > 0.

If ¢'(0) > 0, i.e., if |A7'b|| < A, then there can be no interior dual critical point, hence \* = 0 is
the dual optimizer. Otherwise, |A~'b|| > A, and the dual optimizer satisfies ¢'(A\*) = 0 as in Case
2. The remaining arguments follows similarly. O

127



14 Exact and inexact augmented Lagrangian methods

Next we introduce a framework that can flexibly reduce an equality-constrained optimization prob-
lem to a sequence of unconstrained optimization problems. Extensions to explicit inequality con-
straints can also been considered, though they are beyond the scope of this course.

Indeed, consider the problem:

minimize f(z) (14.1)

subject to h(xz) = 0.

In spite of the fact that this formulation does not permit explicit inequality constraints, in fact
we may include inequality constraints implicitly within the objective by allowing it to take the value
400. In terms of duality, this point is equivalent to noticing that we do not need to dualize all the
constraints that we can write down (some constraints can remain effectively as constraints on the
primal domain within the Lagrangian).

14.1 The augmented Lagrangian

A naive approach for attempting to reduce (14.1) to an unconstrained optimization problem is to
simply solve
minimize  f(z) + 2||h(z)|? (14.2)
rER™ 2

for a large value of p > 0. This is called a penalty method, and while it is not a completely useless
idea, it is unsatisfying in that it requires us to take a limit as p — 400 to recover an exact solution
to the original problem. Meanwhile, the conditioning of the problem (14.2) (via the increasing L-
smoothness parameter) becomes infinitely bad in this limit, and we face a vexing tradeoff between
accuracy and computational tractability.

The augmented Lagrangian method is based on the following equivalent reformulation of (14.1):

minimize f(x) + g||h(x)||2 (14.3)

z€R

subject to  h(z) =0,

which keeps the equality constraint intact. While this maneuver may seem useless, it actually induces
a different Lagrangian:

Lo(xv) = f(@) + Slh@)* +v - hia),

called the augmented Lagrangian, which is defined in terms of a parameter p > 0. A key point
is that p does not have to be infinitely large to ensure consistency. In practice it will control a
computational balance between the rates at which we decrease the objective and the feasibility
error, respectively.

14.2 The augmented Lagrangian method (ALM)

The augmented Lagrangian method (ALM) is a meta-algorithm defined by the following update
rule

Ty = argmin {L,(z;14)},
z€ER™

Vi1 = v + ph(zy).
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Typically we initialize vy = 0 and x( is chosen via some a prior:i intuition, or else xy = 0.

Note that the first part of the ALM update is an exact minimization of the augmented Lagrangian
over the primal variables, with the dual variables frozen. The second part can be viewed as a gradient
ascent step on the augmented Lagrangian over the dual variables v, with the primal variables
frozen. Intriguingly, the step size is always fixed to be p, the augmented Lagrangian parameter. The
justification for this choice will be explained below.

For now, we make the following basic observation:

Exercise 14.1. Any primal-dual optimizer (2*;v*) is a fixed point of the ALM iteration.

We say that ALM is a meta-algorithm because we have not specified how to perform the primal
minimization step defining ;11 in terms of v;. This step requires us only to solve an unconstrained
optimization problem, and we could for instance apply gradient descent or a Newton-type method.

In practice, we cannot solve each such problem exactly. A sensible convergence criterion is to
insist that |V,L,(x;14)|| < e for some tolerance € > 0. More advanced strategies can be devised to
avoid working too hard in the early iterations where it is not yet important to converge the solver
to high accuracy.

Since ALM is a primal-dual method, our convergence metrics need not only to keep track
of both feasibility and stationarity errors. In other words, we should measure the failure to sat-
isfy all relevant KKT conditions. In this case, the KKT conditions simply require h(z) = 0 and
V. L(x;v) = 0. Therefore a reasonable convergence metric for a primal-dual pair (x,v) is given by
VIIR@) 2 + [V L(z;v)[|2. Alternatively, we may wish to track ||h(z)|| and ||V,L(z;v)]|, respec-
tively called the primal and dual residuals, separately.

14.3 ALM as dual proximal point method

Theorem 14.2 (ALM as PPM). If f is strongly convex and h(x) = Ax — b, i.e., the equality
constraints are affine-linear, the ALM iterates satisfy

1
Vgr1 = argmax {q(u) - %HV - l/t||§} .

vERP

Remark 14.3. This is equivalent ot saying that ALM is a proximal point method (PPM)
for the dual maximization problem. Note however that implementing the ALM does not ac-
tually require us to form the dual problem, which may in general be intractable to formulate
analytically! Moreover, this result clarifies that ALM converges faster in terms of the number
of iterations when p is larger, but note that the cost of each iteration may be greater when p
is large due to the worsening of the conditioning.

Proof sketch. We will only give the intution of the result. Consider a modified Lagrangian
1
Loi(ziv) = flx) +v- (Az—b) - ;pllv — v|f3-

We will claim that (x4q1;0441) is ‘primal-dual optimal’ for this Lagrangian. Let (Z;7) denote the
primal-dual optimal pair, assuming that it exists and a suitable minimax principle holds, such that
in particular
v = argmax L, +(Z;v). (14.4)
vERP
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Then observe that

. 1 2
Jnf Loe(av) =q(v) - ;pllv -3

by the definition of ¢, hence also

_ 1
U = argmax {q(u) — 2—||V - l/t||§} . (14.5)
veERP 4

Meanwhile, for any x, we can compute analytically that

argmax L, (z;v) = v, + p(Az — b), (14.6)
veERP

hence by plugging in we deduce that

suﬂg Lyt(x;v) = f(x)+ v - (Ax —b) + gHAac — b||2 = L,(z;v)
vERP

and in turn

Z = argmin { sup L, ¢(x; V)} = argmin {£,(x;14)} = 441,
xER™ veRP rER™

by the definition of the ALM.
From (14.4) and (14.6) it then follows that

v=uvi+ p(Azi41 —b) = iy,

hence by (14.5) we conclude. O

14.4 The alternating direction method of multipliers (ADMM)

Some approaches based on the augmented Lagrangian do not attempt to perform primal mini-
mization exactly or even approximately within each iteration. Such approaches are called inexact
ALMs, and the most famous example is called the alternating direction method of multi-
pliers (ADMM). In spite of its apparent specificity, ADMM actually offers a surprisingly flexible
framework for easily implementable algorithms in a number of contexts, as we shall illustrate below.

We consider a structured case of (14.3) in which the primal variables split into two pieces x and
y which are coupled via an affine-linear constraint and in terms of which the objective is separable:

S 14.7
minimize  f(z) + g(y) (14.7)
subject to Az + By =c.

We can write down a suitable augmented Lagrangian as above
p
Lo(w,yiv) = f(2)+9(y) +v-(Az + By — ) + 5| Av + By — c|”

but in stead of performing exact primal minimization over (x,y) in each iteration, we perform
alternating exact updates of x and y before each dual variable update.

To wit, the ADMM algorithm is defined by the update rule:
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xyq1 i= argmin {L, (2, ¥ 1)},
zeR™

Y¢+1 1= argmin {ﬁp($t+1, yive)}
yeR™

Vig1 ==V +p (Al’t+1 + BytJrl — C).

The key point is that for many problems of interest (depending on the structure of f and g), the x
and y updates can be performed analytically.

To measure convergence, we track the primal residual ||Az;y1 4+ Byiy1 — || as well as the dual
residual p||A" B(y;+1 — y:)||, which again corresponds to a notion of error in the KKT stationarity
condition, though the derivation of this formula is a bit tricky, cf. the famous paper of Boyd et al
(2010).

14.5 Applications of ADMM

Next we explain how solvers for several important problems can be implemented simply in the
ADMM framework.

14.5.1 LASSO via ADMM

Consider the problem

1
inimize = || Az — b[|3 + Aljz||.
minimize 5|z — bll3 + M|z
We can transform this into the format (14.7) by introducing an auxiliary variable y = :

1
Coe . = A_'—b 2 A
Ininimize 2|| z — b5+ Allyll:

subject to = =y.

Then write out the augmented Lagrangian
1 P
Lo(@,yiv) = Az = blI3 + Myl + v - (@ —y) + Sllz =y,

observe that the z-update in ADMM can be computed exactly as it requires solving a convex
quadratic optimization problem:

argminl, (z,y;v) = (AT A+ pI)"H(ATb + py — v).
zeR™

Meanwhile, by completing the square we can show that the y-update reduces to solving
argminl,(z, y; v) = argmin {Allylh + 2o —y+ p‘1V||2}
yeRn yeRn 2
_ -1
= proxay g, (2 +677)
=S5,-1) (ac + p_lu) ,
where S, denotes the shrinkage-thresholding operator (cf. Exercise 6.16).
In summary, ADMM in this setting yields the update rule:
o1 = (ATA+ pI) " (A0 + pyr — 1),
Yey1 = Sp-1a ($t+1 + Pill/t) )
Vigr =V + p(Teg1 — Yeg1)
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14.5.2 Projection onto an intersection

Let Cy,Cy C R™ be two convex sets, and suppose that we can compute the projections IIo, and
IIc, efficiently. We can use these operations to compute the projection Ilg, ~¢, using an iterative
algorithm derived via ADMM.

Indeed, note that to compute I, n¢,(2), we want to solve the minimization problem:

e 1 9
minimize ||z — z||

xER™ 2
subject to z € C1, x € Cs.

By introducing an auxiliary variable y = x and incorporating the constraints x € C7 and y € Cy
into the objective via indicator functions, we obtain the equivalent problem which fits the format
(14.7):

o 1 2
miginize Sl =l + @ +ie®)

subject to = =y.

Then write out the augmented Lagrangian
L . — 1 2 B 2
p(,yiv) = Sl — 2|7 + ey (@) + i (y) +v- (@ —y) + S lle —yll”.

We consider p = 1 for simplicity, observe that the ADMM updates can be computed exactly by
completing squares to deduce that

1
argminly (z,y; v) = argmin ||z — (z +y — v)/2||> = Tl¢g, <[Z +y— l/]>
rER™ zeCq 2
and
argminl; (z,y; v) = argmin ||(z +v) — y||* =T, (z + ).

yER™ yels

In summary, ADMM in this setting yields the update rule:

1
Ty = g, (2[2 + Yy — Vt]) )

yrr1 = o, (wre1 + 1),
Vir1 3=V + p (Teg1 — Yet1).

15 Optimal transport and Sinkhorn scaling

Finally we return to the optimal transport linear program and its entropy-regularized modification
introduced in Example 2.82. Here we will discuss the dual perspective, which yields a famous fast
algorithm for the regularized problem. Note that in this discussion, v does not denote a dual variable.
Instead we will instroduce ¢ and 1 as dual variables for the two vector equality constraints.
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Exercise 15.1 (Kantorovich duality). Show that the linear program dual to (2.20) is given by

maximize o+ v-
¢€R7)§,¢€%R" weo ¥
subject to qﬁlz +1,,0" <C.

The inequality constraint can be written entrywise as ¢; +v¢; < Cy; for all i = 1,...,m,
j=1...,n.

Exercise 15.2 (Entropy-regularized Kantorovich duality). Show that the problem dual to
(2.21) is given by

maximize qa(6, %) == - p+v-gp— 1YY A Oumbi),

PER™ , hER™

i=1 j=1

The dual of the entropy-regularized optimal transport problem admits a simple fast algorithm
based on block coordinate ascent, which repeats the following updates:

¢ < argmax qg(¢, ),
pER™

¥ < argmax qg(¢, ).
PpER™

These updates can be exactly computed according to the following exercise:

Exercise 15.3 (Sinkhorn scaling). Show that the preceding block coordinate ascent algorithm
can be implemented explicitly via:

n
¢i < BT 10g#¢—10g26_ﬂ(c”_%) , i=1,...,m,
j=1

;= B |logy; —logy e P9l j—1,.. . .
i=1

Hint: Solve the first-order optimality conditions V4qg(¢, %) = 0 and Vyqz(¢, ) = 0.
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