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Abstract
The Quantum Many-Body Problem: Methods and Analysis
by
Michael Lindsey
Doctor of Philosophy in Applied Mathematics
University of California, Berkeley

Professor Lin Lin, Chair

This dissertation concerns the quantum many-body problem, which is the problem of
predicting the properties of systems of several quantum particles from the first prin-
ciples of quantum mechanics. Included under this umbrella are various problems of
fundamental importance in quantum chemistry, condensed matter physics, and mate-
rials science. Of particular interest is the electronic structure problem, the problem of
determining the state of the electrons in a system with fixed atomic nuclei. Since di-
rect numerical solution of the many-body Schrodinger equation is intractable even for
systems of moderate size, a diverse array of approximate methods has been developed.
The broad goals of this dissertation are to improve the mathematical understanding
of certain widely-used approximations, as well as to propose new methods. Roughly
speaking, we consider three (overlapping) categories of methods: Green’s function
methods, embedding methods, and variational methods.

One can understand Green’s function methods in terms of many-body perturba-
tion theory, which computes series expansions of physical quantities about a non-
interacting reference system. These expansions can be expressed graphically in terms
of Feynman diagrams, which can in turn be reorganized, in some cases, into an expan-
sion in terms of so-called bold diagrams. Green’s function methods can be specified
by choosing a subset of bold diagrams to approximate the sum. At the same time,
such methods can be understood in terms of an object known as the Luttinger-Ward
(LW) functional, which admits a representation in terms of the bold diagrams. Many
aspects of these constructions are purely formal, and indeed the existence of the
fermionic LW functional as a single-valued functional has recently been called into
question. To contribute to the understanding of these issues, we provide rigorous
proofs of the combinatorial construction and analytic interpretation of the bold di-
agrams in the simplified setting of a classical field theory. In this setting we also
provide a rigorous non-perturbative construction of the LW functional via convex
duality and prove several key properties, including continuity up to the boundary of
its domain and asymptotics in the limit of large interaction.



Quantum embedding methods, meanwhile, view a large system as being composed
of smaller fragments that are treated with high accuracy and embedded in the larger
system in a mutually consistent way. Inspired by a connection between the boundary
analysis of the LW functional and embedding, we perform similar analysis for the
1-RDM theory for fermionic systems, which is also developed via convex duality,
illustrating a relation to fermionic embedding methods such as the density matrix
embedding theory (DMET).

Another embedding method of note is the dynamical mean-field theory (DMFT),
which is at the same time a Green’s function method that can be understood in
terms of the LW functional. DMFT relies on the solution of impurity problems,
which specify the embedding of an interacting system into a non-interacting bath.
Underlying DMF'T is a result about the sparsity pattern of the self-energy matrix for
impurity problems, which to our knowledge has not been proved in the literature. We
provide a rigorous proof of this result in various classical and quantum settings. We
go on to investigate the fermionic DMFT in depth, identifying the key mathematical
structures that appear in the algorithmic loop for solving it and using these to prove
the well-posedness of this loop, in a certain sense.

Finally, we introduce a suite of new approaches to the quantum many-body prob-
lem that provide variational lower bounds to the ground-state energy. These meth-
ods, which combine the themes of convexity and embedding, are based on novel
convex relaxations of the variational principles for the ground-state energies of many-
body systems. To begin, we recover a second-quantized version of the formalism of
strictly correlated electrons (SCE), which yields an exact expression for the exchange-
correlation functional in Kohn-Sham density functional theory in the limit of infinite
Coulomb repulsion in terms of the solution of a multi-marginal optimal transport
problem. We introduce a semidefinite relaxation method for approximately solving
this problem and obtaining a lower bound for the ground-state energy. The ideas
underlying this relaxation are generalized considerably, outside the context of SCE,
to yield much tighter lower bounds, which we validate numerically for both quantum
spin systems and fermionic systems. We also describe how these relaxation methods
can be interpreted as embedding methods via convex duality.
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Figure 1: A map of ideas, to be interpeted somewhat loosely. The yellow and blue
regions correspond to the domains of classical and quantum mechanics, respectively,
and arrows indicate correspondences between settings. The purple text and arrows
indicate the formal correspondence between Euclidean field theory and Grassmann
/ complex field theories. The red box for the Grassmann / complex field theories
indicates that they do not enjoy the same variational structure as their Euclidean
counterpart, i.e., there is no suitable Gibbs variational principle in this setting. By
contrast, the other perspectives all enjoy suitable (classical or quantum) Gibbs vari-
ational principles.

Preface

This work concerns statistical mechanics, broadly construed. Of course, the brevity of
the term ‘statistical mechanics’ conceals the startling diversity of ideas falling under
this heading, the vast majority of which shall make no appearance here. Our focus is
necessarily limited to certain facets of statistical mechanics, classical and quantum, as
well as some of the connections between them. Nonetheless the coherence of the ideas
presented in this work is best appreciated in a broad unifying context, summarized
in Figure 1. Part I below will describe the needed background for interpreting this
context. Perhaps unsurprisingly, variational principles and the Legendre transform
will play key unifying roles.

In fact, our guiding interest is to understand and evaluate computational ap-
proaches to the quantum many-body problem. Of special particular interest is a
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fermionic many-body problem, the electronic structure problem, i.e., the problem of
determining the quantum state of electrons in a system with fixed atomic nuclei, which
plays a fundamental role in in quantum chemistry, condensed matter, and materials
science. Since direct numerical solution of the many-body Schrodinger equation is
intractable even for systems of moderate size, there is a diverse hierarchy of approx-
imate methods, trading off to varying degrees between accuracy and computational
efficiency. A major goal of this work is to improve the mathematical understanding
of widely-used approximations from physics and chemistry, as well as to suggest and
validate new approaches.

Now even a single-minded concern for fermions is enough to motivate significant
detours through the classical realm. A variety of techniques known collectively as
path integrals generate correspondences from quantum-mechanical ensembles (even
at zero temperature) to the Gibbs measures of classical statistical mechanics. For
fermions, such a correspondence is, unfortunately, only formal. However, it gives us a
perspective on some of the most widely-used methods in electronic structure, namely
the Green’s function methods, which arise from a machinery called the Luttinger- Ward
(LW) formalism! |65] (featuring a functional of the same name), or alternatively from
manipulations of the perturbatively defined bold Feynman diagrams [100]. The LW
formalism has been widely used in both physics and chemistry [28, 45, 10, 90]. One
perspective on this formalism is that of many-body perturbation theory (MBPT),
which represents physical quantities of interest via perturbative expansion in the
strength A\ of the inter-particle interaction (i.e., in the case of electronic structure,
the repulsion between electrons). The terms in this expansion correspond to the so-
called bare Feynman diagrams. These can in turn be reorganized into a series of bold
Feynman diagrams via a procedure known as ‘renormalizing the propagator,” which
involves infinite summations that are purely formal without further justification. The
selection of some subset of diagrams from the bold diagrammatic series for a physical
quantity known as the self-energy specifies a Green’s function method, which can
be used to compute Green’s functions. Such Green’s function methods can also be
formally justified via a construction known as the Luttinger-Ward (LW) functional.

In Part II, we provide the first rigorous combinatorial construction of the bold
diagrams with methods applicable to rather general field theories. In Part III, by
transposing to a classical statistical-mechanical setting (which we refer to as the
Euclidean lattice field theory), we are able to non-perturbatively construct the LW
functional in terms of the Legendre transform of a convex function, and moreover we
are able provide the first rigorous interpretation for the bold diagrams as an asymp-
totic series for the LW functional. The construction exploits variational structure
and convexity properties that are not available in the fermionic setting, though the
formal perspective of the Legendre transform is still active there. In fact, the math-
ematical status of the LW formalism in the fermionic setting is still an open matter

!The Luttinger-Ward formalism is also known as the Kadanoff-Baym formalism [7] depending on
the context. In this work we always use the former.
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of considerable contemporary interest; see [54, 32, 103, 42|.

In Part IV, we explore in the Euclidean setting the LW functional in the limit of
large A\. We prove the dominance of the Hartree contribution in this regime and derive
a leading-order correction defined in terms of classical spin systems. The extension
of this analysis to the quantum many-body setting is still an open topic of interest.

Our construction of the Luttinger-Ward functional reveals several interesting struc-
tural properties. Of particular note is the continuity of the LW functional up to the
boundary of its domain, which does not trivially follow from its definition. In fact we
derive a formula that expresses the LW functional on the boundary of its domain in
terms of the LW functional corresponding to a smaller physical system. This observa-
tion relates the LW functional to impurity problems, which will be featured directly in
Part VI, as well as in the context of the dynamical mean-field theory (DMFT)[37, 53|
in Part VII.

The appearance of the impurity problem motivates us to say something now about
embedding, which plays a central role throughout this work. Due to the difficulty of
the quantum many-body problem, it is desirable to reduce computational effort by
dedicating more resources to small ‘difficult’ regions of a system where many-body
effects are significant and fewer resources to ‘easier’ regions where, e.g., a single-
particle picture is appropriate. While this goal seems reasonable from a high level,
the right mathematical framework for accomplishing such an ‘embedding’ of a small
problem into a larger one is a priori unclear. Remarkably, quantum embedding is
useful not only in the scenario of a single small region of special interest, but also
for extended systems in which no such region is privileged. Indeed, one can view an
extended system as being divided into many smaller disjoint fragments. The goal
is then to view each of these fragments as being embedded in a larger system in a
mutually consistent way.

Now DMFT is in particular an embedding method (as well as a Green’s function
method). It relies on the solution of impurity problems, which specify the embedding
of an interacting system into a non-interacting bath. We shall keep the connection
between boundary analysis and embedding in mind.

In Part V, we provide a rigorous development of the 1-RDM theory, which is in
a certain sense an analog of the Euclidean LW formalism in the fermionic setting.
But rather than highlighting the aforementioned field-theoretic and diagrammatic
analogies between the FKuclidean and fermionic LW formalisms, the 1-RDM theory
represents the analogy of the conver analysis that underlies the Euclidean LW theory.
Motivated by our boundary analysis for the LW functional, we carry out a similar
analysis for the 1-RDM theory. This analysis naturally leads us to prove what we
term the ‘embedding lemma,” which underlies the justification of complete active
space methods, as well as the density matrix embedding theory (DMET) [49], in the
quantum chemistry literature.

With that we leave the realm of convex analysis to continue our investigation of
impurity problems. In Part VI, we prove that for various impurity models, in both
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classical and quantum settings, the self-energy matrix is a sparse matrix with a spar-
sity pattern determined by the impurity sites. In the quantum setting, such a sparsity
pattern has been known since Feynman [35]. Indeed, it underlies several numerical
methods for solving impurity problems, as well as many approaches to more general
quantum many-body problems, such as the dynamical mean field theory. The spar-
sity pattern is easily motivated by a formal perturbative expansion using Feynman
diagrams. However, to the extent of our knowledge, a rigorous proof has not appeared
in the literature. In the classical setting, analogous considerations lead to a perhaps
less-known result, i.e., that the precision matrix of a Gibbs measure of a certain kind
differs only by a sparse matrix from the precision matrix of a corresponding Gaussian
measure. Our argument for this result mainly involves elementary algebraic manip-
ulations and is in particular non-perturbative. Nonetheless, the proof is robustly
adapted to various settings of interest in physics, including quantum systems (both
fermionic and bosonic) at zero and finite temperature, non-equilibrium systems, and
superconducting systems.

The sparsity result for impurity problems is at the heart of DMFT, which we in-
vestigate in depth in Part VII. After illustrating the connection to the LW formalism
via the setting of classical field theory, we turn to identifying the key mathematical
structures in the algorithmic loop of DMFT for fermionic systems. In particular, we
provide rigorous proof of the well-posedness of the DMFT loop in a certain sense,
which should be compared with [52]. Moreover, the mathematical framework pre-
sented in this part offers a perspective on hybridization fitting, a preprocessing step
for impurity problems in which the influence of the bath on the fragment is approxi-
mated by a smaller, more computationally tractable bath. This perspective has been
reflected in the recent work [73].

In the final two parts of this dissertation, we discuss a suite of approaches to the
quantum many-body problem that diverge from the previous parts in many formal
respects yet are united to them by the recurring themes of convexity and embedding.
The point of departure is again the convex variational principle for quantum many-
body problems, and here we introduce computationally tractable convex relaxations
of these variational principles which provide lower bounds to the ground state energy.

In Part VIII, the electronic many-body problem is the focus, and the relaxation
under consideration really consists of two successive relaxations. The first of these
relaxations is motivated via its asymptotic tightness in the limit of infinitely strong
Coulomb repulsion, called the limit of strictly correlated electrons (SCE). The idea
of SCE (95, 94, 20, 66, 26| originally arose in first quantization as a limit in which
the exchange-correlation functional in Kohn-Sham density functional theory [44, 50|
admits exact expression in terms of the solution of an (albeit costly) multimarginal
optimal transport (MMOT) [80] problem with pairwise cost. Our relaxation can be
considered as a second-quantized analog of this development and indeed also may
be exactly solved via an MMOT problem with pairwise cost, though this problem is
importantly different from its first-quantized analog. Thinking of second-quantized



SCE as a model, we then propose a means to approximately solve it via a novel
semidefinite relaxation of the MMOT problem.

In Part IX, we broaden and strengthen the approach of Part VIII, bypassing the
SCE step and directly formulating a framework of new convex relaxations of the
variational principle for fermionic systems, as well as quantum spin systems. We also
describe how these relaxations can be interpreted as embedding methods, suggesting
a pathway for fast algorithms, and unifying, for perhaps the first time, variational
and embedding-based approaches to the quantum many-body problem.

Please note that Part II is based on [61] (joint work with Lin Lin), Part III is
based on [62] (joint work with Lin Lin), Part VI is based on [63| (joint work with
Lin Lin), and Part VIII is based on [47] (joint work with Yuehaw Khoo, Lin Lin, and
Lexing Ying). Also, much of section 7 of Part I is based on the appendices of [63].
Finally, Part VII is based on joint work in preparation with Lin Lin and Reinhold
Schneider, and Part IX is based on joint work in preparation with Lin Lin.
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Part 1
Background

This part is dedicated to the presentation of the background material that we will
use to introduce and connect the developments outlined in the Preface. The reader
should beware that the presentation is not necessary standard in all points. Instead it
aims to provide a unified perspective on the themes that tie this work together. More
broadly I hope that it will serve as an invitation to the subjects that are active in
this work and the connections that animate them. Useful resources for further study

include [77, 1, 36].

1 Classical statistical mechanics

1.1 Gibbs measures

We consider statistical-mechanical models with discrete sets of sites, indexed by i =
1,...,N. Each site has a local state space X;, and for simplicity we assume that
X; = X for all . Then the global state space is defined by X' := @, X;. For now let
us further assume that the local state space X is finite. Then given a Hamiltonian
H : X — R and an inverse temperature § € (0, 00), the primary object of interest is
the Gibbs measure defined by the probability mass function

pp() = Z%ﬁ} e W,

where Z[3] = 3, e (@) is the partition function, a normalization constant chosen
to ensure that the right-hand side indeed defines a probability measure. Notice that in
the zero-temperature limit (i.e., as f — 00), the Gibbs measure concentrates around
the minimizer(s) of H, hence statistical mechanics at zero temperature recover the
general problem of optimization.

More generally, we can lump  into our definition of H and think of H = Hj4
itself as being parametrized by some data A. Then our Gibbs measure is likewise
parametrized by A via
e~ Hal@)

MA(J:) = Z[A] )

where Z[A] =Y, e Hal@),

A standard example is the ferromagnetic Ising model with external magnetic field,
specified by a choice of graph structure for the sites (e.g., a d-dimensional lattice),
local state space X = {—1, 1}, parameters A = (3, 1), and Hamiltonian

inj i



where the summation over ¢ ~ j indicates summation over all pairs of indices that our
adjacent in the graph. There are many other related models with local state space
X = {—1,1}, known as classical spin systems.

These considerations carry over naturally to the continuous setting, e.g., X; = R,
which may be called ‘Euclidean (alternatively, classical or statistical) lattice field
theory.” Here the Gibbs measure is defined

dpa(z) = -

where Z[A] =[x e H#4E) da.
The major example of interest in this work is specified by taking the parameter
A to be a real-symmetric N x N matrix and

1
Hy(z) = E:ETAx+U(x), (1.1)
where U(z) is thought of as a fixed ‘interaction,” representing a deviation from Gaus-
sianity, which on its own is trivial to understand. Of particular interest is the inter-

action form
U(z) = Z vy T3,
)
which we call the generalized Coulomb interaction via its formal analogy to the
Coulomb interaction of electronic structure, which is reflected in an analogy at the
level of Feynman diagrams. Note that this class of models includes as a special case
the lattice ¢* model, specified by a diagonal kernel v;; = \J;;.

1.2 Gibbs variational principle

The partition function, or equivalently the free energy Q[A] := — log Z[A], naturally
encodes a great deal of information, as we shall see in our discussion of the Luttinger-
Ward formalism. In the continuous setting, as we shall verify in Part III the free
energy satisfies the Gibbs variational principle

L] = it | [ Fae) due) = 500

where the infimum is taken over a suitable class of probability measures on RY and
is in fact attained by the Gibbs measure p = 4. Here S is the differential entropy,
defined

dp
S(p) = —/logadu

for all 1 absolutely continuous with respect to the Lebesgue measure A (and defined
S(u) = —oo for pu otherwise). Note that fl—’; is the Radon-Nikodym derivative, i.e.,
the probability density function for u.



A suitable analogous variational principle is available in the discrete setting:

QA] =inf | 3 Ha(w) p(x) = ()|

reX

where S is the Shannon entropy, defined

S(u) ==Y u(x)log p(x),

TeEX

with the convention 0log(0 = 0.

2 Quantum statistical mechanics

What does it mean to ‘quantize’ a classical system? There are two aspects of the
procedure: (1) upgrading the classical state space to a corresponding quantum state
space and (2) choosing a Hamiltonian. The first point is straightforward, though the
second point is more subtle. In elementary quantum mechanics, the procedure known
as canonical quantization [36] produces a quantum Hamiltonian from the symplectic
structure of a classical Hamiltonian dynamical system. However, in general classical
statistical mechanics, the Hamiltonian is merely a function on states and there are no
accompanying dynamics. In the setting of quantum spin systems, for example, there
are many Hamiltonians of interest that are thought of as phenomenological models
for interesting physics and are not derived by ‘quantizing’ classical Hamiltonians.

2.1 Quantum state spaces and Hamiltonians

To illustrate the first point, we describe the relation between classical and quantum
spin systems. For each site 7, the local quantum state space is given by @Q; = C*i.
Note that with the standard inner product, as a complex Hilbert space Q; ~ L*(X;).
For example, if X; = {—1,1}, then Q; ~ C?; this is the important case of spin—%.
As we shall see later, bosonic systems in second quantization can be understood as
spin systems in this sense with classical state space given by the nonnegative integers,
e, X; =Ng:={0,1,2,...}. Moreover, there is a correspondence between fermionic
systems in second quantization and quantum spin—% systems via the Jordan-Wigner
transformation, but this correspondence is not canonical.

Now the global quantum state space is defined as @ := @), @; ~ C¥, i.e., in the
spin-3 case, we have Q ~ ), C* ~ C@") ~ L2({—1,1}"). Thus each state [¢)) € Q
can be thought of as a C-valued function ¢(x) = (x4, ..., zN), i.€., a wavefunction.
Here z; € {—1,1}.

In the setting of first quantization, as discussed in section 3 below, we may think
of 7 as an index for our particles, each with local classical state space X; = R, where



d is the physical dimension. With N particles, the global classical state space is
X = @fil R? = (RY)N hence (ignoring the spin degree of freedom quantum particles)
the global quantum state space is @ = L?((R%)"), whose elements are functions of the
form ¢(z) = (x4, ..., 7N), where z; € R? for all 7. This is the ‘original” wavefunction
of elementary quantum mechanics, i.e., the wavefunction appearing in the many-body
Schrodinger equation.

Now a Hamiltonian in the quantum setting is a Hermitian operator H: Q- Q.
For future reference, we let the space of Hermitian operators on a vector space V' be
denoted by H(V), so H € H(Q). Since Q ~ C*, #(Q) may alternatively be thought
of as the set of complex Hermitian matrices (H(z,y)) € C***. Note that restriction
to diagonal H recovers the notion of a classical Hamiltonian H : X — R.

We will discuss Hamiltonians in first quantization in section 3 below; here we
discuss several examples in the quantum spin—% setting. To this end, first recall the
Pauli matrices:

. (01 , (0 —i . (1 0
T=\10) = \i o) 72 \o -1)

which, together with the identity I, form a basis for H(C?). Now let o} iz ¢
H(R®), C?) ~ @, H(C?) be obtained by tensoring a copy of o®/%/# for the i-th site
with the identity I on all the other sites, i.e., in matrix form

O,:):/y/Z(x, y) = O,x/y/z(xi’ yz> H 5951',3/2"
J#i

(Note: the z/y/z notation for the Pauli matrices is unrelated to the notation z,y for
the classical state space elements.)

Given a graph structure on the site indices, we may define two model Hamiltoni-
ans of interest—the transverse-field Ising (TFI) Hamiltonian and anti-ferromagnetic
Heisenberg (AFH) Hamiltonian—as follows:

ﬁTFI = —hZUf — ZO’Z-ZO']Z-
g (i.3)

Hapy = Z [a;-”af +ojo! + afoﬂ )
i~
In the TFI Hamiltonian, h is a scalar parameter. These Hamiltonians may be used
to define quantum statistical-mechanical ensembles as we shall describe presently.

2.2 Quantum Gibbs states

The quantum analog of a probability measure is a density operator, i.e., a positive
semidefinite Hermitian operator p : @ — Q of unit trace. Let the space of density



operators on Q be denoted D(Q), so in fact p € D(Q). Via diagonalization, a den-
sity operator can be thought of as a choice of orthonormal basis, plus a probability
measure over basis elements. Hence quantum ‘probability’ can be thought of in fact
as a generalization of a classical probability on X', which is recovered in the case
of a diagonal density operator. Likewise, Hermitian operators O € H(Q) general-
ize random variables X — R, and the ‘quantum expectation’ is given by the trace
Tr[Op]. Physically, this value is the expected value of a quantum measurement of the
Hermitian operator O ona quantum system in state p.

A quantum Gibbs state is defined in terms of a Hamiltonian, i.e., an operator
H € H(Q), possibly parametrized as H[A]. Note that restriction to diagonal H
recovers the notion of a classical Hamiltonian H : X — R. Now the quantum Gibbs
operator is defined

plA] = ﬁexm—ﬁw,

where ‘exp’ denotes the operator exponential and Z[A] := Tr [exp(—lfl [A])} . Likewise
we define the free energy Q[A] = —log Z[A], which (as we shall verify in Part V)
satisfies the quantum Gibbs variational principle
Q4] = inf [Tr<[f1A )—S ]
[A] = nf [Alp) = 5(p)
where the infimum is attained by p = p[A], and S here denotes (with meaning clear
from context) the von Neumann entropy

S(p) = —Tr[plog p].

Here ‘log’ is the operator logarithm. Note that the von Neumann entropy recovers
the Shannon entropy in the case of diagonal p.
Let us explicitly focus on an inverse temperature parameter 3, i.e., define

1 A
plB] = mexp(—ﬁH),
for fixed H € H(Q). It can be verified by diagonalization that as § — oo, if H
has a unique (normalized) ground state (i.e., eigenvector with minimal eigenvalue)
|®g) € Q, then p[5] — |Po)(Py|. Hence quantum statistical mechanics at zero tem-
perature recovers the problem of finding the ground state of a quantum many-body
Hamiltonian, which is the quantum analog of optimization. Incidentally, any density
operator of rank 1 is known as a pure state

3 First quantization and electronic structure

As mentioned earlier in section 2, the quantum state space for an N-particle system
in first quantization is L?((R?)V) ~ ®f\il L?*(R%), where d is the physical dimen-
sion in which the particles live and we have ignored the spin degree of freedom for



simplicity. (Note that for, e.g., spin—% particles, the relevant Hilbert space is sim-
ply L2((R%)";C?), and our discussion can be extrapolated to this setting with minor
modifications.) For notational clarity, here we shall use boldface to indicate elements
= (21,...,7y5) € (RY)YN, where the z; € R%
Consider a classical Hamiltonian dynamical system [36] specified by the Hamilto-
nian H = H(x, p) of position-momentum coordinates:

1 N N
:§Z|pi|2+zv(l)(l’z ZV —IJ
=1 i=1

#J

Such a Hamiltonian specifies the classical dynamics of N particles that experience
the same external potential V(1) and interact via the pairwise potential V®), as well
as kinetic energy (for which the mass of the particles is scaled to unity).

Then canonical quantization (see, e.g., [36] for a discussion of deeper principles
underlying this procedure) yields the Hamiltonian H

N N
F[:—%ZAMJFZV(”(@ Zv % — 1), (3.1)
i=1 i=1 Z;ﬁ]
where A,, = Zj 1 8(82)2 is the Laplace operator for the i-th particle slot. (Note
carefully that Y, A,, is of course not an operator on L?((R?)"). Hence it may seem
more appropriate to look for wavefunctions in H'((R%)"). But really the L? inner
product is the inner product we want. This is one motivation for the notion of a
‘rigged Hilbert space’ [27], but we sweep such analytical difficulties under the rug, as
we shall discuss first quantization mostly in passing to second quantization.)
Now a Hamiltonian H of the form (3.1) can model the physics of (relatively light)
particles in the presence of the ionic potential

V(g Z - RI

induced by fixed (relatively heavy) atomic nuclei, indexed by I, of charges Z; and
positions R; € R? as well as a pairwise interaction specified by V?); hence we
have implicitly assumed the Born-Oppenheimer approximation [16]|, in which the
positions of the atomic nuclei are fixed for the computation of the quantum state
of the remaindeer of the system. Identifying our quantum particles as electrons and
specifying a repulsive pairwise Coulomb interaction

1

|1‘1 —xz\

V(2) (.lel, Z'Q)

we arrive at the electronic structure problem, modulo one important caveat, toward
which we now turn.



3.1 Identical particles

The caveat is the notion of identical particles, which is active in the case of electrons.
To motivate this requires some further background.

Here we follow Dirac’s notation, i.e., denoting wavefunctions v (x) and their ad-
joints via [1) and (4|, respctively, we say that a wavefunction [¢) € Q is normalized
if it satisfies

1= (gly) = /() () dx.

Hence p = |1)(¢| defines a density operator in the sense of section 2. For a set S €
(RN, the characteristic function of this set ys(x) also defines a diagonal operator
on Q via pointwise multiplication. Then

Trfys p] = /S ()2 dix.

Hence we interpret |¢)(x)|?> as the probability density function for locating our N
particles at positions zy, ..., xx, respectively.

For the purpose of this work, it can be taken as a fact of nature (though deeper
justification can be made through quantum field theory; see, e.g., [36] that particles
of certain species are identical, or indistinguishable, in the sense that

)" = [v(o %)%,

for all permutations o € Sy, where o acts via [0 - X|; = Z5(;).

Let us examine the consequence of such a condition. For such ¢ and fixed x such
that ¢(x) # 0, it must be the case that (o - x) = wuyx(0)(x) for some unique
uyx(0) € S', where S C C denotes the unit circle as a subset of the complex plane.
This condition defines a map uy : Sy — S, evidently a group homomorphism. It
can be shown that there are only two such homomorphisms: the trivial homomor-
phism uy x(0) = 1 and the signature homomorphism w, x(0) = sgn(o), which returns
+1 for even/odd permutations, respectively.

Under the reasonable assumption that w, (o) should depend continuously on
X, we arrive at two possibilities for ¢: either (o - x) = ¢(x) for all x, i.e., ¥ is
symmetric, or ¥ (o - x) = sgn(o)(x) for all x, i.e., 1 is antisymmetric. The former is
the case of bosons and the latter of fermions. The subspace of symmetric functions is
denoted Sym™ (L2(R?)) ¢ @, L*(R?), and the subspace of antisymmetric functions
by AN(L2(RY)) ¢ @Y, L*(R%). These are the quantum state spaces for N-particle
systems of bosons, and fermions, respectively.

By contrast, certain quantum (composite) particle such as atomic nuclei can be
modeled as ‘boltzmannions’ (note: the terminological usage is not universal), which
are distinguishable and retain the full state space @1, L*(R%).



3.2 Bases for boltzmannionic, fermionic, and bosonic state
spaces

Given an orthonormal basis {¢,},es for L*(R?), one can construct corresponding
orthogonal bases for ®zj\il L2(RY), AN(L?*(R%)), and Sym™ (L?(R%)). Of course, tech-
nically one needs a complete orthonormal sequence to exhaust all of L2(R%), but in
practice one may also consider truncated bases and the relevant Galerkin projections
of operators. Many basis sets adapted for electronic structure have been introduced
in the quantum chemisty literature [102]. We will be somewhat casual about this
point in the discussion and maintain notation that is agnostic with respect to it. In
other words the basis index set B can be either {1,2,3,...} or {1,..., M} for some
finite M. Let H C L*(R?) be the (completion of the) span of {¢,},c5. This is our
single-particle Hilbert space, after possible truncation, and the corresponding boltz-
mannionic, fermionic, and bosonic strate spaces are denoted ®fV:1 H, AN(H), and
Sym™ (H), respectively.
First, observe or recall that

{¢iy @ @iy 1 ix €BVE=1,...,N}

is the standard induced orthonormal basis for ®f\;1 ‘H. To construct the other bases,
we must first introduce some new notation.

For fi,..., fx € L*(RY), define

sz‘izfl@"'@fzviz Zfa(1)®"'®fa(zv)€@7'l

geSN

and
N

N
/\fi =[N A fyi= Z sgn(o) foa) ® - @ fon) € /\H
i=1

ceSN =1
Then it is not hard to see that

{0iy @ Oy i1 <ip <<y, iy€BVE=1,...,N}
and
{Qbil/\"‘/\QbiN g < g < --- < iy, ZkEB\V/kizl,,N}

form bases for SN(H) and AN(H), respectively. (Note that ¢;; A -+ A ¢, = 0 if
iy, = 1; for some k # 1.)

3.3 Feynman path integral for boltzmannions

We will now describe how the Feynman path integral [34] can be used transpose a
boltzmannionic quantum-statistical ensemble to the setting of classical Gibbs mea-
sures. The discussion of bases in the preceding section 3.2 will not feature here.



Counsider a Hamiltonian of the form
A 1

on the boltzmannionic state space @ = L?((R?)Y) |, where A := Zfil A,,. Hence this
form recovers (3.1) as a special case. Note that by identifying (R?)Y ~ RX where
K = Nd, then the boltzmannionic many-particle system appears as nothing but a
single-particle system in higher dimension. We shall accept this simplification going
forward, denoting x = (z1,...,x), where the z; € R.

Consider the position operators X = (Xy,..., Xk ), which are the diagonal mul-
tipliers specified by X (x,x) = xx, and the momentum operators P = (P, ..., Px),
defined by P, := —id,,. Note that —A = Zszl P? and V = V(X) in the con-
tinuous operator calculus. We shall denote by |x) the state of definite position
x = (z1,...,2x) € RE, which is the simultaneous eigenstate of the position op-
erators (X7,..., X) with eigenvalues (x1,...,zx). Meanwhile, let |p) denote the
state of definite momentum p = (pi,...,pk), which is the simultaneous eigenstate
of the position operators (P, ..., Px) with eigenvalues (p1,...,px). As (generalized)
functions we have |x) = d, and |p) = e~P*. Note that |x), |p) ¢ L*(R¥), and the
right technical notion of ‘eigenfunction’ is a subtle matter. Here the theory of rigged
Hilbert spaces [27] can come to the rescue, but our discussion is purely formal, and
we shall elide such difficulties.

Now, as the sets {|x)} and {|p)} of eigenfunctions can each be formally viewed
as an orthonormal basis, and we have the completeness relations

oy = [ el dx, dpaer, = [ Ip)(o] d.
RE RK
and it follows that
iy = [ dxdp WGlp)pl = [ dxdp e PRmL (32
REXRK REXRK
Now we consider the partition function
Z18) =T [e-#4] |

which we shall expand into the path integral via insertion of the completeness rela-
tions. To wit

Z|p) = / dx (o) (x(0)le " 1x(0))
= | dx) dpg) (X0 |P©) Dol x0)
(0) @P(0) (0)IP(0)/\P(0) (0)

= /dX(o) dp(o) e~ PO X() <P(0)|€_5H|X(o)>

9



—i X —L13H _ 1A
= /dX(O) dp(o) € PO (pgle MPH e MBH|X(O)>

M1 M-1
— / H dx(m) dp(m) e~ 2 m=0 P (m) X (m)
m=0

_ 137 1 a7
(Ple ™ xr—n) - (Pyle™ ™ x (o)),
where in the last step we have inserted (3.2) between every pair of e~ rPH operators.
Now for M large, one has formally

1 57 1
efﬁﬁH =eM

N

5 P oarV(X) [Id + O(M*Q)} :
hence in the large M limit, one can replace

_ 1 g7 _B1 _B
Pele™ " Xm1)) (| e T2 ERTE VOO | ))

_B(1 24V (x
e 3 GIPEP Vi) (py s 1)
— 6_%(%‘p(m)|2+V(X(m71))>eip('m)'x(m—l)
where we interpret m modulo M, so
M1 M-1 g -1 ]
7 - ] = > =0 P (m) (X(m) =X (m=1)) = om0 |5IPem) P+ (X(m))
B = Jhm / 1__[0 dX(m) dP(m) €

_ / Dxyur(-) Dp( ) &= 8 [P Pip(r) )+ ()

where the limit is understood (for now) only formally and Dxpe(-) is thought of
as the infinite-dimensional Lebesgue measure er[o,,@) dx(T) on periodic paths, i.e.,
paths satisfying x(0) = x(f). Meanwhile, Dp(-) can be understood as the infinite-
dimensional Lebesgue measure [] ., 5 dp(7), and here via the construction the pe-
riodicity requirement is relaxed. We integrate out the p(7) path via an the formula
for Gaussian integrals (formally ‘extrapolated’ to our infinite-dimensional setting):

/Dp(-) o= JJ Ip(D) 2 dr—i [ p(r)-0rx(r) dr _ [ lim (QW)M/Q] o3 JY 10mx(r)2 dr
M—o0

The ‘infinite preconstant’ limp;_,o(27)™/2 can be ignored as a physically insignificant

contribution to the partition function, or, as one prefers, it can be formally lumped

into the measure Dx( ), yielding

Z[B] = / Dx(+) o= 5 S [19rx(r) P4V (x(7)] dr
x(0)=x(8)

where we introduce the notation [ Dxpe(+) «-- = fx(O):x(,B) Dx(-) ---. Notice from
the expression that this quantity can be viewed as a partition function for a Gibbs
measure on the space of functions [0, 5] — R, i.e., as an infinite-dimensional limit of
the setting discussed above in section 1. In fact, this notion can be made precise via
the Wiener measure; see, e.g., [34].

10



4 Second quantization

4.1 The Fock space

Second quantization considers an enlargement, called the Fock space, of any individual
fermionic/bosonic N-particle state space. Indeed, the fermionic/bosonic Fock space
can be defined as the (completion of the) direct sum of all fermionic/bosonic N-
particle state spaces:

./T"f = A(H), Fb = Sym(?—[),

where A(H) := @Px_, AV (H) and Sym(H) = P5_, Sym” (H) are the exterior and

symmetric algebras, respectively. For simplicity we shall further denote ]-"f(N) =

AN (H) and }"k()N) := Sym” (#). Note that we have conflated the notions of the exterior
and symmetric algebras (technically defined as quotients of the tensor algebra) with
the equivalent notions, respectively, of the antisymmetric and symmetric subspaces
of the tensor algebra.

Even if one is only interested in a definite particle number, a simplified picture
of fermionic/bosonic quantum mechanics emerges from this transformation. More-
over, the Fock space allows one to consider states of indefinite particle number and to
understand the physics of the system in terms of the creation and annihilation of par-
ticles. This perspective is fundamental to quantum field theory and can in fact ought
to be viewed as more fundamental than the first-quantized perspective; however, as
the names suggest, first quantization preceded second quantization historically.

Now bases for F; and JFy, are given, respectively, by

{gbz-l/\---/\gbiN D <dg < - <y, NZO,l,Q,}
and
{0iy © - O iy 111 <ig <--- <y, N=0,1,2,.. .}

By convention, A°(H#) = Sym°(#) = C, and the basis element in the case N = 0

(i.e., the ‘empty’ wedge product) is called the vacuum state, denoted by |—). Note

carefully the distinction between the vacuum state and the zero vector, denoted 0.
For n = (n,),e5 € {0,1,2,...}% = (Ny)?, one defines

) == A (@)™, ), = (D)(6,)°™,

p p

where, e.g., we denote (¢,)°™ = ¢, ®---©® ¢, and if n, = 0 then the factor is
~—————

np times

omitted. Then observe that

{]n)f 'n e {0,1}8}, {]n)b ‘ne (NO)B}

11



are alternative representations of the same bases for F; and JFj,, respectively. We
refer to these bases as the occupation number bases, because for an element |n), n,
indicates the number of particles occupying the p-th state ¢,.

Now any element [¢)) € Fip, can be written 5 9(n)[n), hence can equivalently
be viewed as a function n — ¢ (n), with ¢ € L? ({0,1}%) or ¢ € L* ((Ny)®). Re-
call that in first quantization, |¢)(x)|? indicates the likelihood of finding particles at
positions (z1,...,xy). Second quantization turns this conceit on its head; for second-
quantized wavefunction v, |¢)(n)|? indicates the probability of finding, for each p € B,
n, particles in state ¢,. Hence the the basis functions ¢, are the ‘sites’ of our model,
as viewed through the lens of statistical mechanics.

Hence F; ~ (C*P and F, ~ ((CNU)B via the correspondence(s) |n) < e, ®
€n, ® -+, where the e, € C? are the (zero-indexed) standard unit vectors. Hence
fermionic and bosonic ensembles can be viewed as quantum spin systems in the sense
of section 2. In the case of fermions, as we shall see, this isomorphism is not canonical
in that it depends on the numerical ordering of the basis functions ¢,. We shall
examine further difficulties in section 4.4 below.

4.2 The creation and annihilation operators

All operators on the Fock space can be written in terms of the so-called creation and
annihilation operators, denoted (respsectively) by c;[, and ¢, in the fermionic case and
by b;, and b, in the bosonic case. When the context is clear it is also common to use

a; and a, for either case.

Now we define the fermionic creation operator c; via its action on a basis for F;:

cL[qSil/\.../\(piN]:¢p/\¢i1/\.../\¢m_

For the N = 0 case we understand this to mean cf|—) = ¢,.
Meanwhile, the annihilation operator ¢, can be defined as the formal adjoint of
c;, and it can be shown without difficulty that

¢Z1/\/\¢1N7 p?élk szl,,N
0, otherwise.

Cp[¢pA¢i1/\"'/\¢iN]:{

Moreover ¢,|—) = 0 for all p.
Meanwhile for iy, ...,ix € B and n, := [{k : iy = p}|, we define

b [, © - O iy = \/np+ 1 @y, @+ @ gy

and extend by linearity. The formal adjoint b, satisfies

bp[6p © iy © - O Giy] = V/1p +1 63, O+ O iy,
where still n, = [{k : iy = p}|, and b,|—) = 0 for all p.

12



It is not hard to verify that

{C;acl} = {cp, ¢y} =0, {cpacg} = 0y,
where { -, - } denotes the anticommutator, and

[bT bT] - [bpv bq] =0, [b bT] = 5ij>

P’ 7q P Yq

where [, -] denote the commutator. These are the canonical (anti)commutation
relations, known for short as the CAR/CCR.

More abstractly, the set of operators End(Fg/,) can be viewed as the star-algebra
Ag, generated by the aL, subject to the CAR/CCR. (A star-algebra is just an algebra
with a star (or adjoint) operation satisfying certain predictable axioms; see, e.g., [18])
Meanwhile, roughly speaking, the Fock space can be thought of abstractly as the
orbit of a vacuum state |—) under an action of Ag/,, with equivalences defined via
the CCR/CAR and the relations a,|—) = 0.

Indeed, note that in both the fermionic and bosonic cases, we can write

) = (al)™ ()" |-).
Hence all objects of interest to us (i.e., Hamiltonians and wavefunctions) can be
understood purely in terms of the algebra A, together with the vacuums state,
satisfying certain algebraic relations.
To conclude this section, we define the number operators 7, = ala, and the total

number operator N = >, Mp- Observe that [n) is an eigenstate of 7, with eigenvalue
n,, for all p. Moreover, the N-particle subspaces ff%) are precisely the N-eigenspaces
of N.

4.3 Second-quantized operators

Observe that an operator of the form (3.1) has the essential structure

N N
A= 00+Y 0%,
k=1 k£l

where OA,(Cl) is a one-body operator on Q obtained by tensoring a copy of some operator
OW on H for site i with copies of the identity for all other tensor factors 1,..., N, and
(5,53) is a two-body operator on Q obtained by tensoring a copy of some operator 0®
on H ® H for sites k, [ with copies of the identity for all other tensor factor 1,..., N.

We will show how to write such operators (which preserve the (anti)symmetry of
the wavefunction) in terms of the creation and annihilation operators.
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Lemma 1. After restriction to .Ff/b , we have

ZOAI(:) = Z Opqa;aqa
k=1

p,qEB

where Opg = (¢p|OW]B,).

Proof. Though the fermionic and bosonic cases are very similar, it is less confusing
to treat them separately. Let us consider the case of fermions first.
We check the claimed operator equality by checking on the basis element @i, N

A @iy, and we begin by applymg the first-quantized operator E o1 k ) as follows,
where for simplicity we write O = OW:

(Z “”) [Bi, A+ A iy
Z Z sgn(o (/5%(1) ' ® qbia(N)}

k o€Sn
Z Z sgn(a) [(biga) Q- ® (O(Zﬁicr(k)) Q- ® (bio-(N):|
oceSN k k-th slot
») A
= Z Z SgIl( ) [¢20(1) & (O¢Zk) Q& qbia(m)}
i oeSn [c=1(k)]-th slot
N
= Z¢i1A"'A(O¢ik)/\"'/\¢iN‘
k=1

In the step (x) we changed the inner summation variable k according to k +— o~ 1(k)
and then exchanged the sums.
. . . . 1
Now we will show that we obtain the same expression by applying > O](gq) alag.

First observe that according to the definition of O,,, we have O¢q = Zp Opq®p- Then
compute:

Z O:an;f?aq [qbu ARRA ¢'LN] = Z Z Oplk palk i1 ARRRRA ¢'LN]
pq

p k=1

N
— _ k 1 . )
- Z Z( OPlkap [qb'bl A qsz]

p k=1 factor k omitted

N
= - k_IZOpik[gbp/\gbil/\"'/\gbiN]
—
k:1 p factor k omitted
N
%/—/
k:l

factor k omitted



N
= Y i A A(OGi) A A i

k=1

This completes the proof for fermions. For bosons, the proof of the identity

<Z OA’(:)) [¢z1 ©---0 QSZN Z gb'bl Ogblk) O ¢iN
k

is identical to the proof of the first identity above, up to the removal of sgn(c) from
the computation. For the second identity, fix i1, ..., iy and define n, := [{k : it = ¢}|
for all q. Then compute:

Z Opqa;raaq [¢Z1 ©--0 ¢ZN] = Z Z plk palk ¢21 O ¢2N]

pklzk

= ;Z Opiy ap ¢Zl O iy

factor k omitted

= Z Z Oplk ¢P © ¢Z1 O ¢'LN]

factor k: omitted

N
= D (06,) 061 © - O diy
=1 factor E;mitted
= Z ¢z1 O¢'Lk) "O gbiN'

]

Lemma 2. After restriction to AN (H) or Sym™ (H) according to the whether the case
is fermionic or bosonic, we have

ZO(Q) Z Opg, Tsa al g s,

k#l p,q,r,SEB

where Opg s = (¢p¢q|é(2)|¢r¢s>. (Here, e.g., |pr¢s) denotes ¢, ® ¢s.)

Proof. We shall only give the proof for fermions; the bosonic proof follows by making
similar changes as those made in Lemma 1 above. First note that we can assume with-
out loss of generality that O® = A ® B, 50 Opqrs = AprBys, where A, = (¢,|Al¢,)
and By, = (¢4 B|¢s). (The general case follows from linear combination of such op-
erators.)
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As in the proof of Lemma 1, fix a basis element ¢;, A --- A ¢;, and compute

N
Z Ol(j) [¢11 ARERRA gblN]

k£l
- Z Z Sgn kl ¢Zo(1) - ® gbia(N)}
k o€eSn

= Z Z Sgﬂ(O’) [¢ia(1) Q- ® (A(bio'(k)) Q- (B¢ia(l)) Q& qbia(z\l)]
oceSN k#l k-th slot [-th slot

() A ~

= Z Z sgn(a) |:¢ia'(l) Q- ® <A¢lk> Q- & (B¢%l> ®"'®¢i[,(1\r)}
k#l 0€SN o~ 1(k)-th slot o~1(1)-th slot

= Y bu A (Agu) Ao A (B A Ay
k£l

In the step (x) we changed the inner summation variable k # [ according to (k,[) —
(071 (k),o71(I)) then exchanged the sums.
Finally, we apply the second-quantized operator to the fixed basis element ¢;, A
- A ¢y . For visual clarity, we first introduce some auxiliary notation. For k # [,
let €; be the sign of the permutation that permutes ig,%; to the first two spots of
(i1, ...,in) without changing the rest of the ordering. Hence gy = (—1)%"1(=1)""1 if
k>1land gy = —(—1)*1(=1)""1 if k < I. Then compute

Z Opq Tsa a aSaT [¢11 A ¢1N]

pqrs

- ZZ(_ )" Opaips ababay [¢11 '/\@Nl

— Vv
pgr k=1 factor k omitted

- Z Z €kt Opgiviy p g [‘(’b“ A gbiN/]

rq  k#l

factors k,l omitted

- Z Z €t Opq,iyis [Gp N Pg N Giy A= -+ N ¢1N]

pq k#l factors k,l omitted
- ngl Z Dik qzl ¢p A ¢q A ¢11 A ¢1N]
\—,_/
k#l Pq

factors k,l omitted

= D eul(Abi) A (Bow) A gy Ao A D]
——— —

k£l

factors k,l omitted
= Z¢i1/\"’(A(bik)/\"'/\<B¢il>/\"'/\¢izv
kAl
Note that throughout the computation, the sign factor isn’t really doing anything but

hanging out and waiting to help us anticommute things back to the middle of the
wedge product. O

16



More generally, one may consider m-body operators for m < N with notation
analogous to the above. Then the following general result should be apparent from
the proofs of Lemmas 1 and 2.

Lemma 3. After restriction to AN (H) or Sym™ (H) according to the whether the case
1s fermionic or bosonic, we have

m = ) i -
Z Ok’lkm - OPl"'pm,th'"qm apl ... apma(Im, P aq17

k1,...,km distinct P1s---5Pmsq1;5--,4m

where Op,..p,gqm = (Ppr -+ prm‘é(m) |Pqr *** Py )-

4.4 The Jordan-Wigner transformation

In this section we will first focus on the fermionic case. We have already seen how
F¢ can be put into correspondence with (C?)? via the |n) <+ e,, ® e,, ® - -, which
puts the occupation number basis for F; in correspondence with the standard basis
of (C?)5. (Recall that here the e; € C? are the zero-indezed standard unit vectors.)

One verifies that under this isomorphism C;f) (abusing notation slightly by over-
loading the notation for c;fo) can be written

. - 0 0
CL:O’ ®"'®O' ®(1 O

p—1 factors

)®f2®f2®"'>

from which the corresponding formula for ¢, is apparent. This transformation from
fermionic creation and annihilation operators to quantum spin—% operators (or vice
versa) is known as the Jordan-Wigner transformation.

Observe that, due to the that a reordering of the index p does not commute with
the corresponding reording of the tensor factors in C;f). Hence our representation of
fermionic operators in terms of quantum spin operators depends importantly on the
choice of ordering of the basis. Moreover, a one-body Hermitian operator such as
a;aq + a:gap, as might appear in a second-quantized Hamiltonian, acts nontrivially on
all spins between the indices p and ¢, inclusive. In particular, any physical locality
of the fermionic Hamiltonian may be destroyed by Jordan-Wigner transformation.

By contrast the bosonic creation operator can be written as an operator on (CN0)5
via

0 0 0 O
1 0 0 O
b=lde---@lde | 0 V2 0 0 QAR --- .
p—1factors 0 O \/g o --.-.

It is evidently more natural to view bosonic operators in this way, which is indepen-
dent of the basis ordering and which preserves physical locality.
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4.5 Canonical transformations and noninteracting problems

We now discuss how a change of the orthonormal basis for H in first quantization
may be understood as a transformation (namely, a canonical transformation) of the
creation and annihilation operators in second quantization. Consider a basis {gz;p} for
7, written in terms of the original basis {¢,} via

a)p - Z Upg®qs

where U = (U,,) is unitary. Consider the fermionic case for concreteness (the bosonic
case is almost identical), and recall that for & € F; = A(H), the action of the creation
operator c; is given by

A0 = ¢, N D.

Now let ¢} denote the set of creation operators induced by the basis {¢p}. Then

A=, N® = (Z qugbq) ANO = Upych®
q q

for all ®, hence 6; => " quc;f,. By similar reasoning for bosons and conjugation, we
obtain the general formulas

a} = Z Upgath,  ap = Z Upqtlg
q q

for canonical transformation. The canonical transformation can be thought of in
terms of the CCR/CAR alone, without any reference to a first-quantized setting.
(Indeed, this is a more fundamental point of view, physically.)

The canonical transformation allows us to completely solve so-called noninteract-
ing systems, specified by Hamiltonians of the form

H= Z quaLaq
Pq

because after a suitable canonical transformation, we can assume that A is diagonal,
i.e., we can assume H = Zp upny, so the states decouple (as the n, commute).
Such systems are derived from first-quantized Hamiltonians that lack any many-body
terms. In the context of many-body physics, noninteracting systems may be thought
of as ‘trivial’ and can often be viewed as a building block or point of departure for
methods designed for many-body systems.
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4.6 Second-quantized model Hamiltonians

Second quantization allows us to consider—in addition to Hamiltonians derived from
first quantization via the choice of an orbtial basis—various model problems that may
capture physical phenomenology of interest.

Of particular note is the fermionic Hubbard model, whose states we enumerate
via the orbital-spin index (i,0), where i = 1,..., M, o =1, .

H=—t Z Ayal a;e + UZ it

ijo

where A;; is the adjacency matrix of a graph with vertex set {1,..., M}, e.g., a square
lattice.
More generally, one can consider a ‘generalized Coulomb model” of the form

H = Z hijajaaja + Z Uijﬁiaﬁjﬂ

ijo ijoT

which includes in particular the Hubbard model and variants with longer-range in-
teractions. In fact, via certain choices of orbital bases such as the recently introduced
Gausslets [105], electronic structure problems in the continuum can be mapped to
second-quantized Hamiltonians of this form.

Recall that in electronic structure, the most general Hamiltonian of interest (aris-
ing from an arbitrary choice of orbital basis) can be written

H= ZA Jabag + Z Upgrsabalasa,. (4.1)

pgrs

5 Fermionic and bosonic statistical mechanics

In this section we adopt the notation ( = +1, —1 to indicate the bosonic and fermionic
cases, respectively. Moreover, we consider Fock spaces with finitely many states
d = |B|. We indicate these parameters in the notation via F;,. Moreover, we let

.FC(Z) indicate the N-particle sector of the Fock space, i.e., the N-eigenspace of the

total number operator N.

5.1 The zero-temperature ensemble
At zero temperature, typically one first fixes a g)artlcle number N, and attention is
restricted to the N-particle subspace. Let ‘\I/ > € ‘F(d be the N-particle ground

state of H , 1.e., the minimal normalized eigenvector of H considered as an operator
on the N-particle subspace The role of the density operator is assumed by the
orthogonal projector ‘\If ><\If ‘ onto the ground state |\I/( , i.e., the statistical

19



average of a linear operator A (with respect to the N-particle canonical ensemble) is
given by
= (wg"[Awg").

5.2 The finite-temperature ensemble

At inverse temperature § € (0,00), the partition function is defined by
Z = Trle” B(H~ MN)]

where ‘Tt indicates the Fock space trace. Here p € R is the chemical potential, but
before commenting on its role, some further elaboration on the trace is owed in the
bosonic case, in which the Fock space is infinite-dimensional.

By assumption, H conserves particle number, i.e., it maps ‘FC 4, to itself for all

N. Thus e #H=#N) does as well and can be viewed as a positive-definite operator on
each }"C(Z). The trace can then be constructed as

Trle” B(H- “N Z Try(e BH- "N = Z e TrN[e_ﬁﬁ],

where “Try’ indicates the trace on the N-particle subspace. Since each of the sum-
mands is positive, Tr[e #H=#8)] € (0, +00] is well-defined.

More generally, the trace is defined for all operators in the trace class of F¢ 4, i.e.,
the set of bounded linear operators O : F¢ 4 — Fe 4 for which

> (n](0'0)"?|n) < +oo,

nENg

in which case

Tt[0] = > (n|O|n).

nGNCd

See, e.g., [89] for further details on trace class operators.

Now since the partition function can be viewed as a normalization factor, the
scenario Z = 400 is to be avoided. It is now that we turn to the chemical potential.
We can view Z as defined above as a function of p. Evidently p — Z(u) is non-
decreasing.

First we want to rule out the case that Z = +o00. Unfortunately, this case cannot
be ruled out without further assumptions! To see why, suppose that d = 1 (so write
a = ay), and let H = —d'a — alataa = —a'aata = —N2. Then

& 2 > 2 N + d - 1
—B(H- N eB(N?+uN) B(N?+uN) —
Tre s Ng 0 FY) Try [Idf(m] Ngzoe " < Jo1 ) = +00,
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for all p € R. X
We conclude that such a choice of H is unphysical, and to rule out such pathologies,
we adopt the following:

Assumption 4. We assume, in the case of bosons, that there exist some positive
integer Ny and some p € R such that H— uN > 0 as an operator on all N-particle
subspaces for N > Ny. (It is equivalent to require that there exist Ny, such that
U-— ,uN = 0 on all N-particle subspaces for N > Ny.)

This condition is satisfied in particular if U is a two-body interaction as in (4.1)
such that Uy := Upju, interpreted as a d? x d* matrix, is positive semidefinite.
Indeed, in this case, U is equal to (up to a single-body term)

1 ~ T
5 Z Uik,jl [ajak] [a}al} t 0.
igkl

If the U;ji are derived from a real-space two-body potential v that is a positive
semidefinite function (i.e., has nonnegative Fourier transform), then it follows from
Lemma 2 that the matrix (Ulk]l) is positive definite as desired. Note that it is possible
for v to be positive definite but take negative values at long ranges, i.e., v can act
attractively at long range.

Now that we have argued that Assumption 4 is natural, let us see how it guarantees
that the set dom Z := {u : Z(u) < 400} is non-empty. Indeed, choose ' negative
enough such that H - T4 N = 0 as an operator on all N-particle subspaces, and let
w=p — 6, where § > 0. Then

R - g - N+d-1
Trle BH=-1N)] < T —BONT _ —BSN )
rfe | < Ng_o ry[e ] E e g1

N=0

Now the binomial coefficient in the last expression is O(N91) as N — +o0, so the
sum converges.

We will always assume in the finite-temperature setting that p € intdom Z. It
can be shown that if U = 0, then dom Z = {p : h > plz}. Moreover, if there exist
Ny, > 0 such that U = §N? on all N-particle subspaces for N > Ny (which holds
in particular if U is is a two-body interaction as in (4.1) where the d? x d2 matrix
Uki,ﬂ := Uy 1S positive definite), then dom Z = R.

Notice that if dom Z is open, then since Z is increasing we can write dom Z =
(—00, i) for some g, possibly infinite. If p. < 400, then by Fatou’s lemma we have
that liminf, , - Z(u) > Z(ue) = 400, so Z(u) — +00 as p — . (And in any
case it follows from the definition of Z that Z(u) — 400 as p — +o00, so we can
write more compactly that Z(u) — 400 as g — p, no matter whether p. is finite or
infinite.)

The grand canonical ensemble is defined by the density operator

p = Z—le—ﬁ(ﬁ—uN)7
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and the statistical average of an operator A with respect to the grand canonical
ensemble is denoted

(s, = Tr[Ap]

whenever flp is in the trace class. Note that if A conserves particle number then

Tr[Ap] = Z Trn[Ap) = 27} Z PN TrN[/le_Bﬁ]
N=0

N=0

is defined under the condition that the sum is absolutely convergent, which holds in
particular if the norm of A as an operator on the N-particle subspace grows only
polynomially with N, via the assumption that ¢ € intdom Z. When the context is
clear we simply write (- ).

Of particular interest is the expected particle number

(]\7> YN0 NebPuN TrN[e_ﬁﬁ]
S o €PN Try[e P

A A

Observe that (N)g, — 0 as u — —oo. Also note that if dom Z = R, then (N)g, —
+00. Defining the free energy Q(u) := 5" log Z(), we see that (N)g, = @ (u).

It is not hard to check that Q is (strictly) convex, i.e., (N)g, is increasing in p
for 1 € intdom Z. Recall that if dom Z = (0, i), then Z(p) — 400 as p — pe,
hence Q(u) — 400 as u — pe. If pe < +o00, it follows that '(u) — +oo0 as p — u; .
(Otherwise, since (' is increasing, it approaches a finite limit 4 — p_ . But in this case
it would follow from the fundamental theorem of calculus that €2 approaches a finite
limit as well: contradiction.) In summary we have established that if dom Z is open,
then Z(u) — +o00 as 4 — p., no matter whether p. is finite or infinite. It follows
that in this case u +— (Ng,,) is a bijection from dom Z = (—o0, i) to (0, +00). Thus
one can select the chemical potential p to yield a predetermined expected particle
number.

6 The coherent state path integral

There is a path integral expansion of the partition function in second quantization
that is similar in spirit to the original Feynman path integral of section 3.3. It is
simplest to treat the bosonic case first because the fermionic path integral formalism
requires the introduction of new abstractions.

6.1 The bosonic coherent state path integral

We let b = (b,),es denote the vector of annihilation operators and likewise use bold
notation throughout to denote vectors indexed by the state index set B. (Note: we
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also retain some bold notation from section 3.3.) We say that a Hamiltonian H is
written in normal-ordered form if it is a polynomial H = H (b',b) of the creation
and annihilation operators such that, for each monomial term, all creation operators
appear to the left of all annihilation operators, e.g., zij Aijbjbj. Without loss of

generality we shall assume that our second-quantized Hamiltonian H is of this form.
For an operator O, viewed symbolically as a polynomial of creation and annihilation
operators, we write :O: for the normal-ordered symbolic operator obtained by formally
commuting creation and annihilation operators, e.g., :bb': = bTb # bb.

For inspiration we recapitulate the essential points of the derivation of the Feyn-
man path integral. Recall that we considered a Hamiltonian of the form H =
Hyin(P) + V(X), where P and X were the momentum and position operators, re-
spectively. Then for momentum and position eigenstates |p) and |x) we have

(lH[x) = (Hian(p) + V() (pl).

Using this observation, together with resolutions of the identity in terms of the mo-
mentum and position eigenstates, we derived the path integral.

Loosely following such a recipe, we are inspired to consider eigenstates of the
annihilation operators, which will be known as the coherent states. Let |z) be such
an eigenstate for z = (z,),e5 € CP, satisfying b,|z) = z,|z). Then for normal-ordered
H = H(b',b), we have A

(w|H|z) = H(w, z){w|z).
Then if we can construct coherent states and determine a resolution of the identity
in terms of them, we will be in good shape.

6.1.1 Bosonic coherent states

Consider the case of a bosonic system of a single state, i.e., |[B| = 1. Then we want

to find .
2) =) Aaln)
n=0

such that b|z) = z|z), i.e.,

D zhaln) = Avaln = 1) =" AV + 1jn).
n=0 n=1 n=0
By equating corresponding terms we conclude that we must have
z
Al = ——=A,
TVl

A

and choosing Ay = 1, we obtain \,, = Nk Therefore

=2 i) =3 0
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or, more succinctly,

More generally, we may derive

z) =P |-y = Y ¢_|n>

nG No

where we interpret z" = [, 2" and n! = [], np!. This is the general formula for the

bosonic coherent state, indexed by z € C5.
Now for w,z € C,

H E wPZP Hewpzp — W'

peEB n=0 peEB

(wlz) =

In particular, the coherent states are not orthogonal.
Nonetheless, we can write a resolution of the identity in terms of the coherent
states. To wit, we have in the case |B| = 1 that

Id:/dzd,z e 1 2) (2], (6.1)

271

as we shall confirm below. We write the integration in this particular way to lay some
conceptual groundwork for the fermionic case and to clarify certain analogies. For the
reader unfamiliar with such notation, we shall record presently the relevant details.

6.1.2 Complex coordinates

To interpet the integration we view %di dz = %di/\dz as a differential form. Writing
z=ux+ 1y for x,y € R, we see that

1 1
?di Ndz = 2—(dm —idy) A (dzx + idy) = dx A dy,
i i

i.e., the integration measure is the standard Lebesgue measure on R?, identified with
C via the decomposition into real and imaginary parts. Now for a smooth (not
necessarily analytic) function f : C — C, f, = J,.f = % and fz = 0:f = F are
defined by the formula

df = f.dz+ fzdz

By substituting the formulas dz = dx + idy and dz = dx — idy, one obtains the
concrete identities

1 1
fzzﬁ(fm_ify)v fEZE(fx+ify)7

where f, and f, are the standard partial derivatives. By construction
/fszdz:O, /fzdzdz:o (6.2)
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for any f (with derivatives of sufficient decay, e.g., of the Schwartz class). Indeed, to
see this, note, e.g., that f, dzdz = —df A dz = —d(f dz), hence the claim follows by
Stokes’ theorem.

It is natural to consider f(z) = g(z,%), where g : C* — C is analytic. (In fact it is
not hard to check that any real-analytic function R? — C can be written this way.) For
example, choosing g(z,w) = zw yields f(z) = |z|?. In this case f.(z) = g.(2,%) and
fz(2) = gw(z,Z). Roughly speaking, we can think of z,Z algebraically as independent
variables and compute the derivatives f, and f> via the application of the usual
symbolic rules to any given formula for f. In our example f(z) = |z|?, this means
that f, = Z and f; = z. To confirm this claim, one observes (by writing difference
quotients) that f,(z) = g.(2,Z) + guw(z,Z) and f,(2) = i(9:(2,2) — gw(2, %)), hence
f2(2) = g.(2,%2) and f>(2) = gw(2, %), as desired.

6.1.3 The resolution of identity

Consider f(z) = e 1*I°, which can be written f(z) = g(2,%), where g(z,w) = e .

By inductively applying (6.2) to derivatives 902 f, one can show that
/sz” e dzdz =0, ifm # n.

One also has the elementary identity

[ L gy

271 T

This identity is the motivation for the normalization of the measure <% and shall be

27

directly analogized later on in the fermionic setting. Now by using (6.2) and induction
once again, one derives that in turn

/‘Z|2me|22 d?dz _ m'
21

Hence in summary

1 dz dz
m/zminep2 o = Omn- (6.3)
Via polynomial approximation, (6.3) tells us how to integrate arbitrary functions
against the measure el %; hence (6.3) can be thought of as an algebraic spec-
ification of this measure. It is this sense that can be extrapolated to the fermionic
setting.

Now we have the tools needed to verify the resolution of the identity (6.1), for
which it suffices to apply (—|b™ from the left, as follows:

(- [ G el = [T e

21 27
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/dZdZ 7‘Z|2 m
= — e Pz

21
dz dz 2 >\ Z"
— He e —zf L my Zpn
/ 271 ¢ & ’;n!
> 1 > dzdz
_ . p— m—=n |z|
< |nz:% m!/z - 271
= (b

Note the essential features of the derivation: the eigenfunction property of the coher-
ent state |z), the normalization (—|z) = 1, and the integration identity (6.3). The
reader should keep this features in mind for the fermionic setting.

It is straightforward to likewise verify the more general resolution of identity for
arbitrary |B| > 1:

Id :/ [H d?;ﬂczZp] e*lz\2|z> (Z‘ _ /d(ﬁ,z) €7|Z|2|Z><Z|, (6.4)

pEB

where we introduce the formal notation d(z,z) := [[ ¢ dzg;iz”. The relevant integra-

tion identity is simply the product measure version of (6.3):

H — /(H szE”P> 1 4(z, ) Hémp"p (6.5)

peEB pEB

6.1.4 Path integral

As suggested above, we expand the partition function (temporarily lumping the chem-
ical potential contribution into the Hamiltonian H) as:

7 = Tr [e*[m}
= Tr [e_ﬂﬁ Id}
B /d(z(o)a Z(0)) 67‘2(0”2(Z(o)‘efﬂH‘Z(oﬂ

_ Iz _ 135 _ 137
= /d(Z(O),Z(O))G 201 (g le™3 51 .. 721 |5

= /[Ai_:[:d@mﬂ( )| e

Now for M large, one hopes that e~wPH = o=arBH, 4 O(M~2), allowing us to sub-
stitute

M-—1

e~ Zn0 2m P () [e= 35 |2y - - (2 1y le ™3 [2q)).
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_ 130 _ 1 a7
(Zminle M |zn)) & (Zengny| e 7 |zn)

e_ﬁﬁH(Z(erl)vz(m)) (Z(m+l) |Z(m)>

— e BHE(n11)2(m)) pEmt1)E(m)

Indeed e~#8H = 1 — %5}} + O(M™?), and by assumption ‘H: = H, so indeed our
hope is justified (though a complete justification of the path integral would require
significant further argument). Proceeding, we compute (interpreting the index m
modulo M):

M1
Z = A(Z(m)> Z(m)) o= Xm0 [12m+1) =2 1) 20m) |~ 57 T Z0 H @ m1)2(m))
L m=0 i
. [ - ] =N Z s (2 ~2(m) |~ % S H(Z Z(m))
= A}linoo A(Z (), Z(my) | € &m0 Lmern) Eomt ) =20m)) |77 2em=0 B om 1), 20m)
L m=0 i

= / Dyer [2(- ), (- )] & 9 157" 0-2() +Ha(m) 7))

where Dye, [Z( - ),2( )] is formally the infinite-dimensional Lebesgue measure (prop-
erly normalized) on periodic paths z : [0,5) — C. Here the “ = ” indicates that
the expression in the last line of the display is only formal and ought to be more
rigorously understood as a limit as M — oo. Nonetheless, the formal perspective
offers significant insight!

Then by replacing H + H — N and noting that N(Z,z) = |z|2, we obtain the
path integral formulation of the partition function

2= [ Dyslal).a()) 5.

where the action S is defined by

B
S(z,z) = /0 z(7)"(0; — p)z(r) + H(z(7),2(7))] dr

~ A~

If we write H as a sum of a noninteracting part H, and an interaction U =
U(bl,b), ie.,
H=Hy+ U= hyblb,+U,
p.q
then we can write

S(z,z) = So(Z,2) + Sint(Z, 2),

where
B B
Suz. )= [ ey O +h—p)atr) i, Su@n) = [ UGE).2(0)
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In particular, for a general two-body interaction

U= Z qursa;,agasar, (6.6)

p7q7r7s

we have

B
Sut(Z.2) = Upgrs /0 Zp(T)Z4(7) 25 (T) 20 (7) dT,

pgrs

and for the generalized Coulomb interaction U = > pq Upatpftg (With v, = 0), which
corresponds to the choice Upgrs = UpgOpr04s, We have

B
(@) = Y vy, / 2 (1))
rq

Observe, at this point, the formal similarity of the path integral to the Euclidean
field theory presented in section 1. There is, however, a crucial difference. The
contribution of the term foﬁ z(7)*0,;z(7) d7 to the action includes an imaginary part,
hence the path integral cannot be interpreted as a Gibbs measure, even in an infinite-
dimensional sense. (This scenario should be contrasted with that of the Feynman
path integral of section 3.3.)

6.1.5 Path integral in frequency space

Since the action in the path integral is time-translation-invariant and our paths are
periodic, it makes sense to consider our paths in the frequency space. To begin we
define frequency representations z(w,) and z(w,) of the periodic complex paths on
the Matsubara frequencies w,, = 2n7 /3 (where n € Z):

1 g WnT -
w(wy,) = ﬁ/o z(T)e dr,

w L BZTG_M"T T
w<wn>—ﬂ/0 (r)en” dr,

SO

and we have
Z2(7) = —= Y W(wp)e™, z(r) = —= Zw(wn)e_iw”.

Then we convert our action to the frequency representation by computing

B 1 B8
z*(17)0.z(T)dr = — — 1wy, W (W, )W (Wi, / elwn=wm)T g7
| 7@t > nwlem) | ,
:ﬁ\(sr’nm
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= Z(—iwn)w* (wn)W(wn),

n

and

B
/0 2 (r)(h — wa(r) dr = 3w (wn) (h — ) w(wn).

Finally, for the two-body interaction (6.6) we compute

B
St (7,2) = / S Uiz (7% (1)& (1) (r) dr

ijkl

1 B
— @ Z Uijki Z Wi (W )W, (wn)wl(wq)wk(wp)/o el Wmtwn—wp=we)7 g r

ijkl mnpq
1
= 3 SN Uit Omtnpra Wi win )0 (wn )y (wg) wi (wy)
17kl mnpq

=: gint (W, w).

Since the transformations z — z is a unitary change of variables, we have that
Z= [ DIw()w(o)) e

where D [W(-), w(-)] is understood as the infinite-dimensional Grassmann Lebesgue
measure ][, ., d(W,w), and

A~ N A

S(W,w) = Sy(W, w) + Sint (W, W)

with A
So(W,w) := ZW*(wn)(—iwn +h— p)w(wy).

6.2 The fermionic coherent state path integral

When we try to mimic the derivation of the bosonic coherent states we immediately
run into a difficulty. Indeed, consider the case of a single-state fermionic system, i.e.,
|B| = 1, and suppose that |z) is an eigenstate of the annihilation operators ¢, with
corresponding eigenvalues z,. Then c,c,|z) = 2,2,|2), but also ¢,¢4|z) = —c,cp|z) =
—2p24|2Z), SO zZpzg = —242p. In particular, it follows that z, = 0 for all p, hence
apparently any coherent state is in the null space of all of the annihilation operators.
But the only state satisfying this property is the vacuum state! Clearly this won’t
do.
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6.2.1 Grassmann numbers

To find our coherent states, we have to expand the space of numbers in which we
look for eigenvalues. In particular, following the above reasoning, we want our eigen-
values &; to satisfy ;& = —¢;&;, i.e., we want them to anticommute. This motivates
the introduction of the algebra G = G(B) of Grassmann numbers (also known as
supernumbers [30]), which can be identified with the exterior algebra A(CP) via the
isomorphism

py N Nep,, = & Eps

with the additional stipulation that A°(CP) ~ C corresponds to the complex part
of a Grassmann number, sometimes referred to as the ‘body.” More concretely, a
Grassmann number z can be written uniquely as

z=Zzptzis= Z Z CprepmSp1 " Epm>

m p1<--<pm

where zp is the complex part or body, and zg is the rest, i.e., the ‘soul.’

6.2.2 Fermionic coherent states

In fact, we will always consider an extension G* of this algebra that allows us to
take adjoints, and the extended algebra (itself a Grassmann algebra) will in fact be
a star-algebra. Concretely, the extension is achieved by considering the Grassmann
algebra generated by an enlarged set {§p7gp}p€[5 of anticommuting symbols; hence
our algebra will be isomorphic to A(CB“8). Moreover, the adjoint ‘*’ is defined via
(c&y - &) =CE,, &, (Note that the notation for G and G, is nonstandard.)

Moreover, we can consider Grassmann numbers as multipliers on Fock space op-
erators as in the expression fic;-r. Mathematically we are considering ficj as an ele-
ment of the extended star-algebra Endg«(F) = G* ®¢ Endc(F), where multiplication
is defined, for z € G* and by (z; ® Ol)(ZQ ® OQ) = 2120 @ 0,04, or, for short,
(21@1)(2202) = 2,290,0,. Moreover, the adjoint is defined by (ZOA)T = 2*Ot. Like-
wise we can extend the Fock space via the Grassmann algebra as G* ®¢ F to consider
elements such as §,|n), and we can extend the dual space to consider elements such
as (nl¢,.

For the most part, such technicalities need not be emphasized. Nonetheless, we
have given some indication of the mathematical structures in order to reassure the
readers that the Grassmann numbers and all accompanying manipulations can in fact
be backed by honest mathematical definition.

Finally, by analogy with the bosonic case, we define the fermionic coherent state

€) = &' |-).

It is important to note that unlike complex numbers, the Grassmann generators &;
should not be thought of as variables with indeterminate numerical value; rather they
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are mere symbols constrained to satisfy certain algebraic relations. In the development
of the theory of bosonic coherent states, we attempted to emphasize the role of z;, Z; as
mere symbols and of integration as a recipe for assigning numerical values to algebraic
expressions in these symbols. To transfer our developments to the fermionic setting,
we will likewise only need a recipe for ‘integrating’ (or assigning numerical value to)
elements of the Grassmann algebra.

Now observe that the via the anticommutation of both the Grassmann genera-
tors and the fermionic creation operators we have that that &cl all commute within
Endg-(F), much like the analogous bosonic operators zb!, where z; € C. Hence

bt — o2, Gneh H &rch.
p
where the order in the product of the latter expression can be arbitrary. Now ebrch —
1+ fpc;; note that the Taylor series series terminates abruptly because f’g = 0.

Now let us verify that |£) € G* ®c¢ F are eigenfunctions for the annihilation
operators ¢, with eigenvalues &, € G*:

l€) = Cpl‘i‘fp Hegch‘

q#p
= (¢ + épcp H eéch’
q#Dp
— (Cp _|_ gp Cp H egqcll |
q#p
= &[T + @ —de, [T
q#p q#p

Now notice that [, 65‘163\—> is in the zero-eigenspace of 7, hence ¢, [],, egch‘_> =
0, and the second term in the last display is zero. Moreover £, = &,(1 + fpcl,), SO we
have derived

l&) = &l8),
as desired. Note that the adjoint coherent state is given by

(€] = |&)* = (—|eSer.

6.2.3 Grassmann integration

Now in order to formulate a resolution of identity, we need an integration formula.?
First let us focus on the case of |B| = 1, i.e., the case of G* = (£, £), where we use angle

2We will only consider integration on algebras with adjoint symbols in order to emphasize the
analogy with the bosonic case, but in fact Grassmann integration can also be defined without
difficulty on any Grassmann algebra. However, the evenness that accompanies the adjoint structure
makes some aspects of the theory more elegant because even elements of the Grassmann algebra are
commute with all elements of the algebra.
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brackets to indicate the Grassmann algebra generated by the anticommuting symbols
therein contained. The motivation here will be to analogize (6.5) from the bosonic
setting. Since &™ = € = 0 for m,n > 2, it is sufficient to define an integration
functional Z : G* — C via

o =T [ %] = [ € e FaE o)
for m,n € {0,1}. Note that
¥ =1-E=1+¢
g =g(1-¢0) =¢
fe=E1-€)=¢
e =18 = ¢,

£)
so 1t follows that one could otherwise define 7 via

To define an integration on a more general algebra G*(B) = <{Ep, & bpen), We seek
to analogize the bosonic integration formula via

/ (Hgmp?”’) et dE€) =T <H5mp€””) e—“] = omm, (67

pEB peEB peEB

for m,, n, € {0,1}. Sometimes we will alternatively write d(&, &) = [Les (&, &) to
denote the multivariate Grassmann integration ‘measure.” We will sometimes write
d(€, ¢) immediately after the integration sign [, asin [d(&,&)-- -, but the meaning is
unchanged. Note carefullly that the definition makes sense regardless of the ordering
of p € B in the product because whenever m,, + n, is odd for some p, the result of
the integration is defined to be zero; meanwhile, whenever m,, + n, is even, fmpfnp
commutes with all elements of G*. One verifies that our definition of Z : G*(B) — C
is equivalent to the definition

7

H 5,,5,,] =1, Z[any other monomial] = 0.

pEB

We may also consider partial integration Zs : G*(B) — G*(B\S), defined by

IS [f ((Epufp)pGS) g ((zpu fp)péS)] =1 [f (<zp7§p>p68)] g ((Ep?fp)p§§8>
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for polynomials f,g. The left-hand side may alternatively be denoted by

/f ((Ep:fp)pes)g ((Ep?fp)p¢s) [H d@p?fp)] .

PES

There is in fact another perspective on the definition of the Grassmann integration;
we may view it as an attempt to analogize (6.2). To pursue such an analogy, we
need to define a suitable notion of Grassmann differentiation, i.e., linear operators
O, 3%}) : G* — G*. These operators are determined entirely by the formulas

afp [gpf (E {gp}piq)} =f (Ea {fp}WéQ) ) 85;) [f (a {ép}piqn =0

aZp [Epf ({Ep}p;ﬁqaé)} = f ({Ep}p#qvé)ﬂ aép [f ({gp}méq’é)} =0.
Note carefully, e.g., that 0¢, (§261) = —0, (§1&2) = —&o.
Then we can think of the stipulation that 7 [(HPEB §p§p> 6_£*§i| = 1, or equiva-

lently that Z [Hpe B Q,Ep] = 1, as a kind of arbitrary ‘normalization’ of the Grassmann

measure, just as in the bosonic case. Meanwhile, integration of arbitrary polynomials
can then by defined via the stipulation, analogous to (6.2), that

[0t a&e)= [ o1 i€ e =0

for all polynomials f. Since every monomial in G*(B) besides [ 5 @Ep can be written
as a derivative, the integration rule introduced above follows.

6.2.4 The resolution of identity

Due to the eigenfunction property of the coherent state |€), the normalization (—|&) =
1, and the integration identity (6.7) (analogous to (6.5)), the proof of our resolution of
identity will be analogous to the proof in the bosonic case. The resolution of identity
is written

Idy — / d(E €) € ElE) (€], (6.8)

and we prove by applying an arbitrary occupation number basis element (—|c,, - - ¢p,
from the left, as

(1 Cm / AE.€) e €CE) e = / AE.€) e, 6, (—[E) €]
- / AE €) e €6, & (- T +Ec)

peB

= (-] / 6 b [T +E,00) €€ dE €),

peEB
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where we have used the fact that e=¢"¢ commutes with all of G*. Then note that upon
expanding the product, by (6.7) the only term that survives is , ---§, ¢, =" Cp,
hence

(=lepm -+ cm /d(Za g e st
= <_|Cpm ©Cpy {/ §P1 U gpmzpm o ’gp1 e ¢ d(gv 5)

= <_|Cpm © Cpys

£) (&

as was to be shown. In the last step we used (6.7), together with the fact that

€p1 o 'gpmgpm o 'Epl = (§p1€p1) T (gpmgpm)’

which follows from grouping the factor §pmzpm, which commutes with the entire alge-

bra, and moving it all the way to the right, then repeating for §pm71§pm_ ,» ete.
In order to use the resolution of identity to compute traces, it is useful to derive
the following identity:

(ml€)(€[n) = (~€n)(m[¢), when » (m,—n,) =0 mod 2. (6.9)

Here we interpret | — &) = eC9<'| =) and (—¢| = | — &)* = (—]e(-9°. Note that

el — &) = —¢&,| — &) for all p.
Now to prove the claim, write jm) = ¢} ---cl |=) and [n) =¢f ---cf [—), where
M — N is even, and compute

<m|€> = <_|CPM"'CP1|€> - gpl..'§PM<_|£> = 5}71"'5101\4
(€ln) = (Elef, el =) = & &y
(—&n) = (=€lch, -l 1=) = (=€) (=€) = (DY, €,

Then
<m|£> <£|1’l> - §p1 U gngqN e qu
= (_1)MNEQN .. 'qufpl s
= (=1)"V(=1)"(—¢[n)(m[§).
But

(_1)MN _ (_1)(N+M—N)N _ (_1)N2(_1)(M—N)N o (_1)N7

where we have used the facts that (—1)V° = (=1) and that M — N is even (so
(M — N)N is even as well). The claim (6.9) follows.
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From the identity (6.9), together with our resolution of identity (6.7), we may
derive a formula for Tr(O) for operators O = O(c', ¢), where O is an even polynomial
(as is required of physical fermionic operators):

(0) = [ d€.6) €<(-€l0le). (6.10)
To derive the identity, we expand as
Tr(0) = Tr(Oldg)
= [ae) e e (Ole)iel)

_ / d(E.£) €€ (n]Of€) (€ln).

Now write O = 3., Opym|m’)(m|, where O = 0 whenever >_p(my, —my) is
odd. Then inserting this expression we obtain

T(O) = [d€8 Y Onmlmle) i)
— [ €8 €Y Onn ) mle

- / A(E.€) e €E(—€O]e),

as was to be shown. (In the second equality of the last display, we used (6.9), together
with the fact that Onm = 0 whenever  (n, —my,,) is odd.)

6.2.5 Path integral

Expand the partition function (again temporarily lumping the chemical potential
contribution into the Hamiltonian H) via the trace identity (6.10):

Z = Tr [e‘ﬁﬁ}
= /d(g(o)aﬁ(o))e€?°’£<°><—€(o)’€ﬁH|€(o)>
= /d(g(op £0) 6_£6£0<—5(0) fe_ﬁBH o €_ﬁﬁH’5(0)>

M—1 g%
67 Zm:o E(m)g(m)

_ 137 _ 1 a7
(— (o)|€ MﬂH|€(M71)>"'<€(1)|€ MBH|E(0)>-
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Observe that in the last line, the integration takes place in the enlarged Grassmann

algebra B
g}kw = <{£(m),p7 é(m),p}pGB,mZO,...,M*1> '

Evidently, in this enlarged Grassmann algebra we shall have to compute the overlaps

More generally, we compute the overlap (6|&) within <{E,p, €,,0,,

(0l€) = ¢,

analogously to the bosonic case. To verifty this identity, first rewrite

&) =TT+ &)= =[] &)

P SCBpeS

Qp}p63>3

(6.11)

Note that the ordering of p within the product does not matter. Similarly,

01 => (~I]1[Oc),

ScB peES

from which it follows that

0&) = ZH(gpfp)

SCBpeS

= H(l + gpfp)

peB

— H eépgp
pEB
3

as was to be shown.

Now for M large, we again make use of e~ mBH = omarBH, 4 O(
to substitute

_ 13K _ 13K
<€(m+1)’e MﬂH‘S(m)> ~ <€(m+l)’ € MBH: ‘5(m)>
HH o )

Proceeding, we compute, adopting the convention &,y = —&oy:
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= / Daper [E(), £()] & o [ ore+HE ) )] ar

where Dy per [€(+),€(+)] is formally the infinite-dimensional Lebesgue measure (prop-
erly normalized) on antiperiodic ‘Grassmann paths’ £(7). Again “ =" indicates that
the expression in the last line of the display is only formal and ought to be more
rigorously understood as a limit as M — oco. The notion even of a Grassmann path
is shakily interpreted at best; by contrast to a complex path, it cannot be interpreted
as an (anti)periodic function on [0, 3). Rather, it’s meaning is only symbolic.

Then by replacing H < H — uN and noting that N(E,ﬁ) = £*¢, we obtain the
path integral formulation of the partition function

Z = /Da—per [E( ) )7 é( ’ ):| 6_5(275)7
where the action S is defined by

B8
SE.€) = / () (0, — wE(r) + HE(r),&(r))] dr

If we write H as a sum of a noninteracting part H, and an interaction U = U (c',c),
ie.,
H=H,+U= thqc;ﬂcq—i-(j,
psq
then we can write

S(Eu 6) = SO(E: E) + Sint(g7 E)a

where

_ B _ g
So(E.€) = / E(r) (0, +h— &) dr. Su(E.€) = / UE(r).£(r)).

Again one can observe the formal similarity of the path integral to the Euclidean
field theory presented in section 1. However, the analogy is even more restricted here
for obvious reasons.

This concludes our discussion of the coherent-state path integral. The use of
this construction in this dissertation is limited to section 7.1 below, where we use it
to motivate the connection between Green’s functions in the Euclidean lattice field
theory (which will be key in Parts II, III, IV, and VI) and Green’s functions in
fermionic and bosonic statistical mechanics (which will be key in Parts VI and VII).

7 Green’s functions

7.1 Motivation via functional derivatives

Before we proceed with standard definitions to many-body Green’s functions, we first
offer some motivating discussion from a more general perspective. In this section we
will consider d = |B| < oc.
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In the setting of Euclidean field theory, our notion of the ‘Green’s function’ asso-
ciated to a Gibbs meausure du(z) = e @ dx is simply the two-point correlator

G = / vx ' du(z).
RN
Note that for the choice H4(x) of (1.1), by defining the free energy
Q[A] = — log Z[A] = / e F AU gy,
RN

we can write G = G[A] as a gradient via G[A] = —V4Q[A], where we define V4 :=

(6%”' + a%ﬁ). We comment that the self-energy is defined as the difference ¥ =
A — G 1sothat ¥ = 0if U = 0 (i.e., in the noninteracting case). Further detail
is provided in Part III, which views this relation as the foundation of the so-called
Luttinger-Ward formalism.

For now, let us analogize this construction to the setting of the coherent state path
integral. Note that the discussion will be only informal, with rigorous definitions
to follow later. For concreteness, we will stick to the fermionic case. There, the

‘quadratic part’ of the action (i.e., the analogy of %a:TAx in the Euclidean setting) is

_ B
So0(€,€) :/0 (1) (0r + h — p)&(7) dr.

We can extend this particular action to the broadest possible parametric class of
quadratic actions as

_ P B rB
SIAEE) = [ &eroemar [ [ ewrarnemrar

so that the action map (€,&) — So[A](€, €) is itself a functional of the Hermitian-
operator-valued kernel (7, 7) — A(7/, 7).

Then by considering the partition function Z = Z[A] as a functional of the kernel
A and defining Q[A] = log Z[A], we may in turn define a Green’s function via

052
s

_ - Z0) E0 ] E(PE o-SAEE—Sim €S
77 [ D [EC)€C ] 6006 |

G(r,T)[4]: =

By evaluating at a kernel of the form A(7/,7) = (h — p)é(7" — 7) and reversing the
steps of the derivation of the path integral, we find that
—1

Gij(r,7') = 7Tr [T{ai(T)a;r-(T’)} e_ﬁ(ﬁ_“m} ,
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where T{ai(T)aT- (1 )} indicates the imaginary-time-ordering operator, formally de-

fined by ’
T{(I,Z’(T)(I}L.(T/)} — {ai(:)a;[(T/)a < T

—aj(T’)ai(T), >

In fact this matches the definition of the Matsubara Green’s function to be given
below.

7.2 Green’s functions and the self-energy at zero temperature

For t € R, we denote the annihilation and creation operators in the Heisenberg
representation by

eiﬁt _—iHt T(t) — eiﬁta];{e—iflt'
Then for a zero-temperature ensemble with N particles, the time-ordered, single-body,

real-time Green’s function (which we call the Green’s function for short) is a function
G : R x R — C%? defined by

Gij(t ) = =i (U | T{as(t)al(#)} | W5™),

where T is the time-ordering operator, formally defined by

a; aT. / /
T{a(tal(t)) :{ al(e), v <t

Cal(t)ai(t), ¢ >t.

Note that 7T is not really an operator and it is interpreted merely via the symbolic
content of its argument.
We can write

G(t,t") = GH(t,t')+ G (¢, 1),

where - -
iGT (1) = (U5 |ai(t)al ()| w5Vt — t'),
G (1) == (U ]al ()i ()| T§V) (1 — 0t — ),
with

0(s) = {1, s>0

0, s<0.

It is easy to show that G(t,t'), Gt (t,t'), and G (¢,¢') depend only on ¢t — t', so
we can define G(t) := G(t,0), Gt (¢) := G*(¢,0), and G~ (t) := G~ (¢,0) and consider
these objects without any loss of information. It is then equivalent to consider the
Fourier transforms

G(w) ::/RG(t)ew_"tl dt
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and likewise G (w) and G~ (w) defined similarly, so
Gw) =G w) + G (w).

Here 7 is interpreted as a positive, infinitesimally small quantity needed to ensure
the convergence of the relevant integrals, and G(w), Gt (w), and G~ (w) are not really
functions, but rather distributions on R defined via the limit n — 0.

One can show that

1
63 = (47 o)

w— (H—EM) 4

and

1 (N)
~ a; \IJO >7
w+(H—E(()N))—i77 ’
where E((]N) is the energy of the N-particle ground state, i.e., ]:[‘\I/(()N)> = E0|\I/E)N)>.
Now we can think of G* as the restriction to the real axis of the rational function

G* : C — C¥9 defined by

G (w) = —C<\I’(()N) ’a}

1
Gi(e) = (U for—— oyl
— ._ (V)] 1 1 (N)
Gii(2) = — (¥ ‘ajz—i-(H—EéN))ai‘\po ),

and we can define G(z) := G*(z) + G~ (z) accordingly to be rational on C.

Note that here we have left out the 4in in the denominators, which specified
whether poles should be viewed as being infinitesimally above or below the real axis.
This erases the distinction between the time-ordered Green’s function and the ad-
vanced and retarded Green’s functions, which we do not define here, though see |77]
for details. In fact the distinction does not matter for our sparsity results, which
applies equally well in all of these cases.

The self-energy is the rational function ¥ : C — C%*¢ defined by

Y(z2)=z—h—G(2)""

7.3 Green’s functions and the self-energy at finite temperature

As above, for t € R, we denote the annihilation and creation operators in the Heisen-
berg representation by

a;(t) := eimaie_im, aT(t) — eiﬁtaje—im'

Then at finite inverse temperature § € (0, 00) and chemical potential p € int dom Z,
the time-ordered, single-body, real-time Green’s function (which we call the Green’s
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function for short when the context is clear) is a function G : R x R — C%*? defined

by
Giy(t, 1) = =i (T{a(t)al(t)} ), .

We can write
G(t,t) =Gt t')+ G (1),

where
iGH(t, ) = %Tr [ai(t)a;(t’)e_ﬁ(ﬁ_“m] ot — 1),
G (t, 1) = %Tr [a}(t’)ai(t)e_ﬁ(ﬁ_“m] (1 -8t 1)),
with
R
as above.

Once again it is easy to show that G(t,t'), G (t,t'), and G~ (¢,t') depend only
on t —t', so we can define G(t) := G(t,0), Gt (t) := G (t,0), and G~ (¢) := G~ (¢,0)
and consider these objects without any loss of information. It is then equivalent to
consider the Fourier transforms

Gw) = / G(t)e™t=nt gt
R
and likewise G (w) and G~ (w) defined similarly, so
G(z) =G (w) + G (w).

Now since H preserves particle number, we can safely diagonalize H as an operator
on each of the N-particle subspaces separately. Then the spectrum of H consists of
the union of its spectra on the N-particle subspaces. It follows from Assumption 4
that H — ,uN has a ground state, i.e., that its spectrum is bounded from below, for
p € intdom Z. Let m = 0,1,..., (terminating at m = 2% in the case of fermions)
index the spectrum of H, and let |W,,) denote the m-th eigenstate. Let IV, be the
particle number of |W,,) (which is an eigenstate of N), and let E,, be defined by
H|U,)) = E,|U,,).

One can show that

1 1

+ - —B(Em—pNm) . T
Gw(w) de <\I]m‘alw—(H—Em)+inaj‘\I]m>
and ¢ .
G- — -5 —B(Em—pNm) \I;m T - i \Ilm .
z](w) Z ;6 < |a]w+(H—Em)—Z77a ‘ >
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Recall that

Z — Z e—ﬁ(Em_NNm)

Now we can think of G* as the restriction to the real axis of the rational function
G* : C — C%4 defined by

1 B B 1
G;;(Z) — E Ze B(Em MNm)<@m|ai_A—wa;‘@m>

and we can define G(z) := G*(z) + G~ (2) accordingly to be rational on C. Once
again we have ignored the infinitesimal 7 in this definition; the same comments made
in Appendix 5.1 apply here.

The self-energy is the rational function 3 : C — C%*¢ defined by

G..(z) = _§Zefﬁ (Bm—pNom) <\Ifm| T—(H )

Y(2)i=2—h—-G(z)!

7.4 Matsubara Green’s functions and self-energy
For 7 € R, we define (abusing notation)

(ﬁ—uN)Taie—(ﬁ—uN)T’ CLT(T) — p(H—puN)T

—(H- ;,LN)’T

a;(1) :=e ale

Although we have overloaded the notation, the distinction between, e.g., a;(7) and
a;(t) should be clear from context. Note carefully that a!(7) is not the adjoint of
a;(t). This is merely a notation. The operators a;(7) and a!(7) can be thought
of as the imaginary-time Heisenberg representation of the annihilation and creation
operators. Although the analogy with the real-time Heisenberg representation is
broken by considering H - [LN in place of H our convention is indeed the more
widely used due to its naturality in the context of the imaginary-time path integral.
Then at finite inverse temperature 5 € (0, 00) and chemical potential ;1 € int dom Z,
the time-ordered, single-body, imaginary-time Green’s function (which we call the
Matsubara Green’s function for clarity) is a function GM : [0, 3> — C%*¢ defined by

GM(T ) —<T{a, (T/>}>,B7u’

where T here indicates the imaginary-time-ordering operator, formally defined by

ai(t)al(r"), T <7
T} = {ca(*«)f;ii(i), .

We can write

GM(r, 7y = GMT (1, 7)) + GM (7, 7),
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where

Tr [ai(r)al()e @0 o(r — 7,

Tr [a.e—(ﬁ—uN)(T—T’)aTe(T—T/—ﬁ)(ﬁ—uN)] o(r — ')
(2 ] Y

and

—GM(7,7) = %Tr | (P)ai(r)e AN] (1 o(r — 7)),

- %Tr [a;e*(H*“N)(TLT)aie(TLT*’B)(ﬁ*“N)} (1—0(r—1)).

Once again it is easy to show that GM(7,7"), GM*(7,7'), and GM~(7,7') depend

only on 7 — 7/. Then the full information of GM(7,7') can be recovered from

GM(r) GM*(7,0), 7>0
i GM’_<O7 _7-)7 T S 07

defined for 7 € (=4, 8). Now for 7 € (0, ), we can compute via the above formulas:
GM(r —B) =G (0,8 — 1) = CGMT(0,7) = CGM(7).
Therefore, by considering GM(7) = GMT(7,0) only on (0, 3), i.e.,

1 N N
GM(7) = T [we IRl D] s e (0, p)

and extending by [-(anti)periodicity, we can recover the full information of the Mat-
subara Green’s function.

It is then equivalent to consider the frequency-space representation of at the Mat-
subara frequencies

2n /B, (=+1
w =
@n+1)rm/B, (=-1
for n € Z, defined via
B .
M) = / GM(r)ei dr,
0
SO )
GM(r) = 5 > GM(iwy)e T
One can show that
GM(iw,) = G(iw, + p),

where G is the rational function C — C%*? defined in the preceding subsection.
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The Matsubara self-energy is defined by
YM(iw,) = iw, — (h — p) — GM(iw,) ™! = B(iw, + 1),

where ¥ is the rational function C — C9*¢ defined in the preceding subsection.
Thus to study the Matsubara Green’s function and self-energy it suffices to study the
rational functions G and ¥ defined earlier.

Finally, we comment that in the imaginary-time representation, we can write

B
—0.GM(1,7") — (h — )GM(7,7) — / SM(r, 7YGM(r", 7Y dr" = 1;5(1 — 7).

0
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Part 11
Bold Feynman diagrams

1 Introduction

In quantum many-body physics, the computational complexity of obtaining the nu-
merically exact solution to the many-body Schrodinger equation generally scales ex-
ponentially with respect to the number of particles in the system. Hence a direct
approach to the quantum many-body problem is intractable for all but very small
systems. Many-body perturbation theory (MBPT) formally treats the Coulomb in-
teraction between electrons as a small quantity and provides useful approximations
to many quantities of physical interest with significantly reduced computational cost.
MBPT has been demonstrated to be quantitatively useful, and sometimes indispens-
able, in a wide range of scientific applications. These range from the early description
of helium atoms and the uniform electron gas [33] to modern theories of photovoltaics
and the optical excitation of electrons [5, 79, 11]. Even for ‘strongly correlated’ sys-
tems [37, 19] where a perturbation theory is known to be unsuitable, MBPT still
provides the basic building blocks used in many successful approaches [53].

MBPT is usually formulated in the language of second quantization. For many
problems of interest, the Hamiltonian can be split into a single-particle term and
a two-particle term, which are respectively quadratic and quartic in the creation
and annihilation operators [33]. These operators are defined on a Fock space whose
dimension scales exponentially with respect to the system size. Nonetheless, in the
special case of ‘non-interacting’ systems, in which the Hamiltonian contains only
the quadratic term, quantities of interest can be obtained exactly. Hence the non-
interacting system is naturally taken as a reference system. The remaining quartic
interaction, which arises from the Coulomb interaction between electrons and makes
the system ‘interacting,” is responsible for almost all of the difficulties in quantum
many-body physics. MBPT treats the quartic term as a perturbation to the non-
interacting system.

Feynman diagrams arise naturally in MBPT as a bookkeeping device for the co-
efficients of perturbative series, though they can be further endowed with physical
interpretation [33]. Initially these diagrams involve contributions from the so-called
non-interacting Green’s function (alternatively known as the bare propagator) that
specifies the non-interacting reference problem, as well the quartic interaction. Virtu-
ally all physical quantities of interest can be represented perturbatively via such a bare
Feynman diagrammatic expansion. Remarkably, the bare Feynman diagrammatic
expansions of certain quantities can be simplified into bold Feynman diagrammatic
expansions [100]. Such an expansion is obtained from a bare expansion via a ‘partial
resummation’ procedure, which selects certain pieces of bare diagrams and sums their
contribution to infinite order. In the bold diagrams, the role of the bare propagator
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is assumed by the interacting Green’s function, alternatively known as the bold prop-
agator. This procedure, referred to as ‘dressing’ or ‘renormalizing’ the propagator,
is a priori valid only in a formal sense. Although it may be initially motivated as
an attempt to simplify the diagrammatic expansion, the passage from bare to bold
diagrams has significant implications. In particular, most Green’s function methods
for the theoretical and numerical investigation of quantum many-body physics, such
as the self-consistent Hartree-Fock approximation, the second-order Green’s function
approximation (GF2), the GW approximation [43], the dynamical mean-field theory
(DMFT) [37, 85|, the GW+DMFT method [12]|, the dynamical cluster approxima-
tion [99], and bold diagrammatic Monte Carlo methods |86, 57|, can be derived via
summation over some (possibly infinite) subset of the bold diagrams.

All of these methods, as well as the bold diagrammatic expansion itself, can be
viewed as resting on a foundation known as the Luttinger-Ward (LW)? formalism [65]
that originated in 1960. This formalism has found widespread usage in physics and
chemistry [28, 45, 10, 90]. However, the LW formalism, which is based on a functional
of the same name, is defined only formally. This is a serious issue both in theory and
in practice. Indeed, even the very existence of the LW functional in the context of
fermionic systems is under debate, with numerical evidence to the contrary appearing
in the past few years |54, 32, 103, 42] in the physics community.

1.1 Contributions

Please note that this Part is based on [61] (joint work with Lin Lin). In this Part,
we provide a self-contained explanation of MBPT in the setting of a Gibbs model
(alternatively, following the physics literature, ‘Euclidean lattice field theory’). The
perturbation theory of this model, with a specific form of quartic interaction that
we refer to as the generalized Coulomb interaction, enjoys a correspondence with
the Feynman diagrammatic expansion for the quantum many-body problem with
two-body interaction [77, 2, 1|. The model is also of interest in its own right and
includes, e.g., the (lattice) ¢* theory [2, 108], as a special case. In the setting of
the Gibbs model, one is interested in the computation of expectation values with
respect to possibly high-dimensional Gibbs measures. While the exact computation of
such high-dimensional integrals is generally intractable, important exceptions are the
Gaussian integrals, i.e., integrals for the moments of a Gaussian measure, which can be
evaluated exactly. Hence the Gaussian measure plays the role of the reference system.
One can construct perturbation series using Feynman diagrams, which correspond to
moments of Gaussian measures, to evaluate quantities of interest.

The main contribution of this Part is the rigorous justification of the bold dia-
grammatic expansion in the Gibbs measure setting. Although the basic idea of the
passage from bare to bold diagrams can be intuitively perceived, the validity of this

3The Luttinger-Ward formalism is also known as the Kadanoff-Baym formalism [7] depending on
the context. In this work we always use the former.
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procedure actually relies on subtle combinatorial arguments, which to the extent of
our knowledge, have not appeared in the literature. We remark that the arguments
appearing in this Part regarding these manipulations are just as applicable to the
quantum many-body problem as they are to the Gibbs model. Furthermore, these
arguments clarify why certain quantities such as the self-energy admit a bold dia-
grammatic expansion, while other quantities, such as the free energy, do not.

In fact, bosonic and fermionic field theories (which can in particular be derived
from the non-relativistic quantum many-body problem via the coherent state path
integral formalism [1, 77]) can be viewed formally as infinite-dimensional Gibbs mea-
sures over complex and Grassmann fields, respectively, in contrast to the real ‘fields’
considered in this work. The diagrammatic expansions for such theories yield propa-
gator lines with a direction (indicated by an arrow), due to the distinction between
creation and annihilation operators. In the setting of the two-body interaction, this
additional structure significantly reduces the symmetry of the Feynman diagrams,
and in fact the self-energy and single-particle Green’s function diagrams all have a
symmetry factor of one. This greatly simplifies the proof of the bold diagrammatic
expansion in these settings (although a proof of the unique skeleton decomposition as
in Proposition 24 is still necessary). However, we view this simplification as largely ac-
cidental because it does not extend to interactions beyond the two-body interaction,
where more sophisticated arguments are necessary (and indeed, to our knowledge,
bold diagrams have not yet been considered). By contrast the tools introduced here
can be applied with minimal modification to more complicated interaction forms.

As an auxiliary tool for carefully establishing diagrammatic expansions (both bare
and bold), we have also found it necessary to introduce definitions of the various
flavors of Feynman diagrams (as well as associated notions of isomorphism, auto-
morphism, etc.) in a way that is new, as far as we know. Most of this perspective
(which views Feynman diagrams as data structures with half-edges as the funda-
mental building block) is conveyed in section 3.2. We have also aimed to make this
framework durable enough not just for the developments of this Part, but also to al-
low us to pursue further (and more sophisticated) diagrammatic manipulations, such
as the development of the bold screened diagrams, Hedin’s equations [43], and the
Bethe-Salpeter equation [79], in future work.

1.2 Related work

The construction of Feynman diagrams in the setting of the Gibbs measure is well
known, particularly in quantum field theory [83, 1]. To our knowledge, this setting
is mostly discussed as a prelude to the setting of quantum field theory (in particular,
via the coherent state path integral, the quantum many-body setting) [1, 77], or to
more general mathematical settings arising in geometry and topology [29, 84].
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1.3 Perspectives

MBPT is known to be difficult to work with, both analytically and numerically. In
fact, even learning MBPT can be difficult without a considerable amount of back-
ground knowledge in physics. Hence, more broadly, we hope that this Part will serve
as an introduction to bare and bold Feynman diagrams that is self-contained, rigor-
ous, and accessible to a mathematical audience without a background in quantum
physics. The prerequisites for understanding this part of the two-part series are just
multivariable calculus and some elementary combinatorics.

In fact, our perspective is that the Gibbs model can be used as a point of departure
(especially for mathematicians) for the study of the many-body problem in three
senses: (1) theoretically, (2) numerically, and (3) pedagogically. We shall elaborate
on these three points presently.

(1) Virtually all of the important concepts of MBPT for the quantum many-body
problem—such as Green’s functions, the self-energy, the bare and bold diagrams,
and the Luttinger-Ward formalism, to name a few—have analogs in the setting of
the Gibbs model. The same can be said of virtually all Green’s function methods,
including all of the methods cited above. Furthermore, there is an analog of the
impurity problem, which is fundamental in quantum embedding theory [101].

When rigorous theoretical understanding of the quantum many-body problem be-
comes difficult, a lateral move to the more tractable Gibbs model may yield interesting
results. Headway in this direction is reported Part III, in which the Luttinger-Ward
formalism is established rigorously for the first time, and further progress will be
reported in future work. Moreover, studying the extent to which results fail to trans-
late between settings, given the formal correspondence between the two, may yield
interesting insights.

(2) Numerical methods in MBPT are known to be difficult to implement, and
the calculations are often found to be difficult to converge, time-consuming, or both.
Given that virtually all Green’s function methods of interest translate to the Gibbs
model, this setting can serve as a sandbox for the evaluation and comparison of
methods in various regimes. Indeed, one can benchmark these methods by obtaining
essentially exact approximations of the relevant integrals via Monte Carlo techniques.
We hope that the Gibbs model can provide new insights into a number of difficult
issues in MBPT, such as the role of self-consistency in the GW method, the appropri-
ate choice of vertex correction beyond the GW method, and the study of embedding
methods.

(3) For a mathematical reader, the literature of MBPT can be difficult to digest. In
our view the consideration of the Gibbs model offers perhaps the simplest introduction
to the major concepts of MBPT. This Part, together with a familiarity with second
quantization and the basics of many-body Green’s functions, should equip the reader
to follow the development of the various approximations and methods found in the
literature, by distilling these concepts via the Gibbs model. We have attempted to
respect this goal by maintaining a pedagogical style of exposition, with many examples

48



provided throughout for concreteness.

1.4 Outline

In section 2 (‘Preliminaries’) we formally introduce the Gibbs model as well as its
associated physical quantities such as the partition function, the free energy, and the
Green’s function. Here we prove the classic formula (Theorem 2) attributed to Isserlis
and Wick for computing the moments of a Gaussian measure, which is the basis for
all Feynman diagrammatic expansions. We also quickly recover the Galitskii-Migdal
formula (Theorem 1) from quantum many-body physics in this setting using a scaling
argument.

In section 3, we introduce various flavors of Feynman diagrams and use them to
compute diagrammatic expansions for the partition function (Theorem 14), the free
energy (Theorem 17), and the Green’s function (Theorem 18). Then, motivated by
the prospect of simplifying the perturbative computation of the Green’s function, we
introduce the self-energy and the Dyson equation, which can be used to recover the
Green’s function once the self-energy is known, and then compute the diagrammatic
expansion of the self-energy (Theorem 20).

In section 4, the main goal is to formulate and prove the bold diagrammatic ex-
pansion of the self-energy (Theorem 32). This result is only a fact about formal power
series, but in Part III, we will show that the bold diagrammatic expansion admits
an analytical interpretation as an asymptotic series, in a sense that we preview in
Remark 33. Theorem 32, which is a combinatorial result, is in fact used in establish-
ing the analytical fact in Part III. In section 4.7 we provide an overview of Green’s
function methods, including a diagrammatic derivation of the GW method and a dis-
cussion of a property known as ®-derivability. In section 4.8, we provide a preview of
the Luttinger-Ward formalism from the diagrammatic perspective and explain how
the LW functional relates to the free energy.

Finally, in section 5 we consider a few basic numerical experiments with Green’s
function methods for the Gibbs model.

2 Preliminaries

Before discussing Feynman diagrams in proper, we discuss various preliminaries, in-
cluding the basics of Gaussian integration. For simplicity we restrict our attention
to real matrices, though analogous results can be obtained in the complex Hermitian
case.
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2.1 Notation

First we recall some basic facts from calculus. For a real symmetric positive definite
matrix A € RVY we define

Zo = /RN e 274 dy = (27) % (det(A)) 2. (2.1)

The two-point correlation function G° is an N x N matrix with entries

1
Gy = — :L’ixje’%xTAI dz = (A7)

= 2.2
7o Jox (2:2)

7R
ie., G° = A7l (We place the ‘0’ in the superscript merely to accommodate the
use of indices more easily in the notation.) Note that G° is the covariance matrix
E(XXT) = A~! of the N-dimensional Gaussian random variable X ~ N (0, A™1).

Now consider a more general N-dimensional integral, called the partition function,
given by

Z:/ e~ 3% Ar—U(a) dux, (2.3)
RN

where U(z) is called the interaction term. Throughout this Part, we take U to be the
following quartic polynomial:

U(z) = 3 Z v,w?wi (2.4)

Without loss of generality we assume that v;; = vj;, since otherwise we can always
replace v;; by (vi; + v;;)/2 without changing the value of U(z). The factor of 8 comes
from the fact that we do not distinguish between the i and j indices (due to the
symmetry of the v matrix), nor do between the two terms x;z; and z;z;. Each will
contribute a symmetry factor of 2 in the developments that follow, and this convention
simplifies the bookkeeping of the constants in the diagrammatic series. Quartics of
the form (1.6) arise from the discretization of the * theory [2] and moreover as a
classical analog of the interaction arising in quantum many-body settings, such as
the Coulomb interaction of electronic structure theory and the interaction term in
simplified condensed matter models such as the Hubbard model [68]. With some
abuse of notation, we will refer to the interaction (1.6) as the generalized Coulomb
nteraction.

Our results generalize quite straightforwardly to other interactions. We will com-
ment in section 3.4 on diagrammatic developments for other interactions . But for
concreteness of the example expressions and diagrams throughout, it is simpler to
stick to the generalized Coulomb interaction as a reference.

Let SV, Siv , and Siv + denote respectively the sets of symmetric, symmetric pos-
itive semidefinite, and symmetric positive definite N x N real matrices. We also
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require that

1
§xTA:1: +U(x) = 400, |z]| = +o0 (2.5)

for any A € SV and moreover that the growth in Eq. (2.6) that the integral (1.4) is
well-defined. Here ||| is the vector 2-norm. Note that Eq. (2.6) does not require A
to be positive definite. For instance, if N = 1, then Eq. (1.4) becomes

1

Z:/e_z"“”z_éwl dz, (2.6)
R

and the expression in (2.6) is well-defined as long as v > 0, regardless of the sign of a.
Nonetheless, we assume that A € Sfrv +, as this assumption is necessary for the con-
struction of a perturbative series in the interaction strength. In PartIll, Eq. (2.6) will
help us understand the behavior of bold diagrammatic methods when A is indefinite.
For general N > 1, there is a natural condition on the matrix v that ensures
that integrals like (2.6) are convergent, namely that the matrix v is positive definite.
Indeed, this assumption ensures in particular that U is a nonnegative polynomial,
strictly positive away from z = 0. Since U is homogeneous quartic, it follows that
U > C7!a|* for some constant C sufficiently large, so for any A, the expression
12T Az + U(z) goes to +oo quartically as ||z| — oo. Another sufficient assumption
is that the entries of v are nonnegative and moreover that the diagonal entries are
strictly positive. We will explore the implication of such conditions in future work.
To simplify the notation, for any function f(z), we define
)= [ f@e 0 an (=2 [ e e @)
, 0 . .
Z RN Z() RN
Throughout this Part we are mostly interested in computing two quantities. The first
is the free energy, defined as the negative logarithm of the partition function:

Q=—logZ. (2.8)

The second is the two-point correlation function (also called the Green’s function by
analogy with the quantum many-body literature), which is the N x N matrix

1
Gij == xixje_%rTAw_U(”) de =: (z;z;) . (2.9)
Z RN

It is important to recognize that
GeSY,. (2.10)

In fact, as we shall see in Part III, this constraint defines the domain of ‘physical’
Green’s functions, in a certain sense. In the discussion below, G is also called the
interacting Green’s function, in contrast to the non-interacting Green’s function G° =
A~!. The non-interacting and interacting Green’s functions are also often called the
bare and bold propagators, respectively, especially in the context of diagrams.
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2.2 Scaling relation

The homogeneity of the quartic term U(z) allows for the derivation of a scaling
relation for the partition function. Define the A\-dependent partition function as

7y = / e3¢ Ar @) gy (2.11)
RN

Then by an change of variable y = )\ix, we have
Zy=A"4 / e~ aval AU gy (2.12)
RN

The scaling relation allows us to represent other averaged quantities using the two-
point correlation function. One example is given in Theorem 1, which is analogous to
the computation of a quantity called the (internal) energy using the Galitskii-Migdal
formula in quantum physics [68].

Theorem 1 (Galitskii-Migdal). The internal energy

1 1 1 1T
E = <—xTAx + U(x)> = —/ <—xTAx + U(m)) em2® Ar=U@) gy (2.13)
2 Z RN 2

can be computed using the two point correlation function G as
1
E = ZTr[AG + 1], (2.14)

where I 1s the N x N identity matriz.
Proof. By the definition of GG, we have

<%ITAx> = JTr[A(e2")] = TAC) (2.15)

In order to evaluate (U(x)), we consider the A-dependent partition function in Eq. (2.11),
and we have

dZ)\ _ 1 TA U
——=| =/ U w AU g, 2.16
I\ et /RN (z)e™ v (2.16)
Using the scaling relation in Eq. (2.12), we have
dZ)\ N 1 T 1 TA U
——2 ==z =y'A v AU 4y, 2.17
I\ e 2 /RN gy Y (2.17)

Combining Eq. (2.15) to (2.17) we have

E = <%xTAx+ U(:r;)> = ;l<:€TA33+N> = %lTT[AG"‘I]-
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2.3 Wick theorem

We first introduce the following notation. For an even number m, we denote by Z,, a
set of integers {1,...,m}. Fori # j € Z,,, we call (¢, 7) a pair. A pairing o on Z,, is
defined to be a partition of Z,, into k disjoint pairs. For example, the set of all possible
pairings of the set 7y, = {1,2,3,4} is {(1,2)(3,4), (1,3)(2,4),(1,4)(2,3)}. Note that
a pairing o can be viewed as an element of the permutation group Sym(Z,,), such
that 02 = 1 and whose action on Z,, has no fixed points. Under this interpretation o
maps any element ¢ € Z,, to the element o(7) of the pairing containing i. For a given
pairing o, we define the set

Injo:={ieL,|i<o(i)}

to be the collection of indices corresponding to the ‘first element’ of each pair. Denote
by II(Z,,) the set of all possible pairings. Observe that there are

m)!

pairings in total.

Now Wick’s theorem (Theorem 2), also known as Isserlis” theorem [46] in prob-
ability theory, is the basic tool for deriving the Feynman rules for diagrammatic
expansion. For completeness we give a proof, but since this is a classic result, it is
provided in Appendix A.

Theorem 2 (Isserlis-Wick). For integers 1 < aq,...,a, < N,

0, m s odd,
<xa1 Ce. xam>0 = { 0 (2.18)

EUGH(Im) HieIm/a Gai,ag(i)’ m s even.

In Theorem 2, the indices «; do not need to be distinct from one another. For
example, for N = 4,

<$1$2553$4>o = G?QGSA + G(1)3G84 + G?4G83,

and
<x%x3x4>0 = G?1G24 + G(I)SG(l)4 + G(1)4G(1]3 = G(l)ng4 + 2G(1)4G(1)3‘

Similarly
<5C£11>0 = G(l]lG(l]l + G?chl)l + G(l)thl)l = 3G(1)1G(1]1-

3 Feynman diagrams

Let us now consider the expansion of quantities such as 7, €2, and GG with respect to
a (small) interaction term. For the case currently under consideration, in which U
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is of the form (1.6), the size of the interaction term is measured by the magnitude
of the coefficients v;;. Equivalently, we can consider a A-dependent interaction as
in the definition of the A-dependent partition function Z, and expand in the small
parameter A. This motivates us to expand e~Y® using a Taylor series, i.e.

3 L ne—3e Az N 1 n_—izT Ax
:/I%NZOE<—U<$>> e 2 A deZDE/RN(_U(x)) e 2 A dzr. (31>

The ‘~’ indicates that interchanging the order of integration of summation leads only
to an asymptotic series expansion with respect to the interaction strength, also called

the coupling constant [68]. This can be readily seen for the example with n = 1 of
Eq. (2.6), where

- 1 Loa\" g o~ (=) —n+i 1
ZAN/ZE(_g)‘x> ez dx:ZTQ 2T 2”‘1‘5 : (3.2)
n=0

n=0

Here I'(-) is the Gamma-function. It is clear that the series has zero convergence
radius, and the series is only an asymptotic series in the sense that the error of the
truncation to n-th order is O(A"™') as A — 0.

One might have guessed that the radius of convergence must be zero by the fol-
lowing heuristic argument: evidently Z), = +oo for any A < 0, which suggests that
the radius of convergence cannot be positive at A = 0.

In general since U is a quartic polynomial in z, the n-th term in Eq. (1.5) can be
expressed as the linear combination of a number of 4n-point correlation functions for
a Gaussian measure. These can be readily evaluated using the Wick theorem.

To motivate the need for Feynman diagrams, we first compute the first few terms
of the expansion for the partition function ‘by hand’.

The 0-th order term in (1.5) is clearly Z,. Using the Wick theorem, the first-order
contribution to Z, contains two terms as

1 2,2 L o0 1 00
.3 i,9

The second-order contribution, however, can be seen with some effort to contain
8 distinct terms as

1 1
Zoa Z ?viljlvilj? <x21x]1x12x]2>0

11,J1,12,J2

_ o 0 0 0 0
- ZO § : U1131U12J2|:( GllllGjllewlzGth

11,71,12,J2
0 0 0 0 0 0 0 0
+ 9. G21J1G21J1G1232 Glz]z GllllG]UlG’LZ]Z Glz]z)
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1 0 0 0 0 1 0 0 0 0 ]‘ 0 0 0 0
* (2' . 8Gi1i1 Gi?iQGjlj?Gjlﬁ + 2. 2Gi1j1Gi2j2Gi1i2Gj1j2 + ZGilleiliszliszsz
—1 0 0 0 0 1 0 0 0 0
" <2' . 8Gi1i2Gi1i2Gj1j2Gj1j2 + mGhiQGjlizGilszjljz : (34)

The form in which this expression has been written (in particular, the form of the
denominators of the pre-factors) will become clear later on.

Following the same principle, one can derive higher-order contributions to Z.
However, the number of distinct terms in each order grows combinatorially with
respect to n. The number of distinct terms, as well as the associated pre-constants,
are already non-trivial in the second-order expansion. Feynman diagrams provide a
graphical way to systematically organize such terms.

3.1 Motivation

In fact it is helpful to view —v;;z723 as the contraction of the fourth-order tensor

— Ui T T2y, Where wij = v;0;505. (Notice that w;; is invariant under the ex-
change of the first two indices with one another, of the last two indices with one
another, and of the first two indices with the last two indices. This yields an eightfold
redundancy that will become relevant later on.) Using this insight we can expand the
n-th term in the series of Eq. (1.5) as

N n n
857(;! Z (H _'Uimjmfsimkmfsjmlm> <H ximxjmmkmxlm> . (3.5)
0

11,J1,K1,01,5--58n,Jn kn ln=1 m=1 m=1

One can then use the Wick theorem to express this quantity as a sum over pairings
of Z,,,. However, it is easier to represent the pairings graphically in the following way.
For each m = 1,...,n, we draw one copy of Fig. 2 (b), i.e., a wiggled line known as
the interaction line, with four dangling half-edges labeled 1, j, k, L.

. . i j
1 ] kw ,
(a) (b)

Figure 2: (a) the bare propagator, GY;. (b) the interaction, —v;d0j; .

We can then number each interaction line as 1,...,n and indicate this by adding
an appropriate subscript to thel labels i, j, k, [ associated to this vertex. (For the
first-order terms, since there is only one interaction line, we may skip this step.)
The 4n half-edges, each with a unique label, represent the set on which we consider
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pairings. We depict a pairing by linking the paired half-edges with a straight line,
which represents the bare propagator G°. The resulting figure is a (labeled, closed)
Feynman diagram of order n. An example of order 2 is depicted in Fig. 3.

Figure 3: A labeled closed Feynman diagram of order 2.

The quantity associated via Wick’s theorem with the pairing represented by such
a diagram can then be computed by taking a product over all propagators and inter-
action lines of the associated quantities indicated in Fig. 2 (a) and (b), respectively.
For instance, a line between half-edges 4, and k, would yield the factor G? . Mean-
while, the contribution of the interaction lines altogether is []7 _; i, i 0i ko Ot -

The resulting product is then summed over the indices i1, j1, k1,01, ..., %0, Jn, kn, ln-
For the example depicted Fig. 3, this procedure yields the sum

0 0 0 0
E Viy j1 Oy ky O 1y Vi 2 Oinka O oty G 1y Gy 1, G, G

Jila M lije M igks
11,51,k1,01,i2,52,k2,l2

- Z Uiljlvi?jQG?ﬂlG?2i2G?1j2G.?1j2' (3’6>
11,J1,%2,J2

In summary, we can graphically represented the sum over pairings furnished by
Wick’s theorem as a sum over such diagrams. It is debatable whether we have re-
ally made any progress at this point; keeping in mind that the diagrams we have
constructed distinguish labels, there are as many diagrams to sum over as there are
pairings of Z4,. Nonetheless, we can use our new perspective to group similar dia-
grams and mitigate the proliferation of terms at high order.

Indeed, many diagrams yield the same contribution. In Fig. 4, the labeled first-
order diagrams are depicted. Fig. 4 (b) and (b’) differ only by a relabeling that swaps
7 and [ and so yield the same contribution after indices are summed over. From
another point of view, after removing labels these diagrams become ‘topologically
equivalent’, or isomorphic in some sense.

Our goal is to remove this redundancy in our summation by summing only over
unlabeled diagrams. One expects that the ‘amount’ of redundancy of each unlabeled
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i ] i j i j
k / k l k /
(a) (b) (b)

Figure 4: First order expansion for Z with labeled diagrams. (a) (b) correspond to
the first and second term in Eq. (3.3). (b’) gives an equivalent term to (b) and should
not be counted twice.

diagram is measured by its symmetry in a certain sense. Before making these no-
tions precise, we provide careful definitions of labeled and unlabeled closed Feynman
diagrams.

3.2 Labeled and unlabeled diagrams

We begin with a definition of unlabeled closed Feynman diagrams, and then define
labeled diagrams as unlabeled diagrams equipped with extra structure. Given n
unlabeled interaction lines, each with four dangling half-edges, intuitively speaking
we produce an unlabeled closed Feynman diagram by linking half-edges according to
a pairing on all 4n of them. By linking together the half-edges dangling from a single
interaction line, one can produce only the two ‘topologically distinct’ diagrams shown
in Fig. 5. By applying the linking procedure to two interaction lines, one obtains the

diagrams in Fig. 6.

Figure 5: Unlabeled closed Feynman diagrams of order 1. In many-body perturbation
theory, the left-hand diagram corresponds to the ‘Hartree’ term and is often referred
to as the ‘dumbbell’ diagram. The right-hand diagram corresponds to the ‘Fock
exchange’ term and is often referred to as the ‘oyster’ diagram.

Observe that via this linking procedure, each interaction line can be viewed as a
vertex of degree 4 in an undirected graph with some additional structure, in particular
a partition of the four half-edges that meet at the vertex into two pairs of half-edges
(separated by the wiggled line). Half-edges from the same interaction line may be
linked, so in fact the resulting graph may have self-edges (or loops). (In an undirected
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“ll"
PN

(c1) (c2)
Figure 6: Unlabeled closed Feynman diagrams of order 2.

graph with self-edges, each self-edge contributes 2 to the degree of the vertex, so that
the degree indicates the number of half-edges emanating from a vertex.)

In fact it is more natural to view closed Feynman diagrams as being specified via
the linking of half-edges than it is to view them as undirected graphs specified by
vertex and edge sets (V, F'). We now provide careful definitions.

Definition 3. An unlabeled closed Feynman diagram I' of order n consists of a
vertex set V' with |V| = n and the following extra structure. To the vertices v € V
there are associated disjoint sets H;(v) and Hs(v) each of cardinality 2. The union
H(v) := Hy(v) U Ha(v) is the ‘half-edge set’ of the vertex (or ‘interaction’) v, and
the partition {H;(v), Hy(v)} reflects the separation of the half-edges into two pairs
separated by a wiggled line. The (disjoint) union {J,., H(v) is equipped with a
partition IT into 2n pairs of half-edges.* In total we can view the unlabeled diagram
I' as the tuple I' = (V, Hy, Hy,II). For any half-edge h € |,y H(v), let the unique
vertex v associated with this half-edge be denoted by v = v(h).

4Intuitively speaking, these data specify a recipe for linking up half-edges to form a connected
undirected graph of degree 4, but the previously specified data are a more natural representation of
the diagram, especially once labels are introduced.
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Notation 4. As a matter of notation going forward, we stress that we maintain a
careful distinction in the notation between sets or pairs {-, -}, e.g., of half-edges,
in which the order of the terms does not matter, and ordered pairs (-, -), e.g., of
half-edges, in which the order matters.

We will often refer to different flavors of Feynman diagrams simply as diagrams
when the context is clear. However, if not otherwise specified, diagrams should be
understood to be unlabeled.

The reader may notice that our depictions of unlabeled diagrams do not distinguish
the sides of each interaction line from one another by the labels ‘1’ and ‘2,” while
the definition seems to do so. This labeling should indeed not be important when
we decide whether or not two unlabeled diagrams are ‘the same.” One could have
instead defined an unlabeled diagram to have each vertex equipped merely with a
partition of its four half-edges into two disjoint pairs, but such a definition would be
a bit cumbersome to accommodate notationally without making use of the labels ‘1’
and ‘2" anyway later on. What is really more important is to define an equivalence
relation (a notion of isomorphism) between unlabeled diagrams that only cares about
the partition of the half-edge set at each vertex, not the labeling of the pairs in the
partition. Of course such a notion must be introduced regardless of our choice of
definition:

Definition 5. Two unlabeled closed Feynman diagrams I' = (V, Hy, Hy, II) and I =
(V', Hy, H),I") are isomorphic if there exists a bijection ¢ : V' — V' and bijections
U, : H(v) — H'(p(v)) for all v € V, such that

1. ¢, (Hy(v)) = H{(p(v)) or ¥,(Hi(v)) = Hj(p(v)) for all v € V.

2. for every vy,vy € V., hy € H(vy), hy € H(vg), we have {hy, ho} C II if and only
it {0, (1), G ()} C T

We will often denote by 1) a bijection between the entire half-edge sets of two
diagrams. Note that the v, can be obtained directly from the map .

Now we defined the labeled closed Feynman diagrams that were introduced infor-
mally earlier, as well as an appropriate notion of isomorphism for such diagrams.

Definition 6. A labeled closed Feynman diagram I' is specified by an unlabeled
closed Feynman diagram (V, Hy, Hy, IT), together with a bijection V : V' — {1,...,n},
viewed as a ‘labeling’ of the vertices, as well as a bijection H,, : H(v) — {i,7,k, 1} for
every v € V which sends H;(v) to either {7, k} or {j,1}, where i, j, k, [ are understood
as symbols or distinct letters, not numbers. We will denote the collection of these
bijections, viewed as labelings of the half-edges associated to each vertex, by H, so in
total we can view the labeled diagram I' as the tuple I' = (V| Hy, Ho, 11, V,’H). The
data (V,H) will be called a labeling of the unlabeled diagram (V, Hy, Ho, IT).
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Definition 7. Two closed labeled Feynman diagrams I' = (V, Hy, Hy, I, V,’H) and
"= (V' Hy, H, II') V', H') are isomorphic if they are isomorphic as unlabeled Feyn-
man diagrams via maps ¢ and 1, as in Definition 5, which additionally satisfy

1. V(v) =V'(¢(v)) for all v € V, and
2. Ho(h) =Hi,,)(¥o(h)) for allv € V, h € H(v).

Remark 8. We can think of two labeled closed Feynman diagrams are isomorphic when
they represent the same pairing on the set {i1, j1, k1,01, - -, in, Jn, kn, ln} of labels. In
other words, the new perspective on labeled diagrams as unlabeled diagrams with
extra structure is compatible with the old perspective on labeled diagrams as pairings,
represented graphically by drawing n interaction lines as in Fig. 3 (b) on the page and
then linking their dangling half-edges. The definition ensures that the labels {i, k}
and {j,[} appear on opposite sides of the p-th interaction line in order to ensure this
correspondence.

Remark 9. Note that there is only one possible way for two labeled diagrams to be
isomorphic, since an isomorphism must send each vertex in the one to its equivalently
labeled vertex in the other, and it must send all half-edges associated to a given vertex
in one to the equivalently labeled half-edges associated to the corresponding vertex
in the other. This completely determines maps ¢ and 1, so one need only to check
whether or not these maps define an isomorphism of unlabeled diagrams.

Refer again to Fig. 4 for a depiction of labeled closed diagrams. Recall that one
can assign a numerical value to a labeled diagram by taking a formal product of the
factors for each edge and each vertex indicated by Fig. 2 and then summing over
all half-edge labels. In fact, the value so obtained is independent of the choice of
labeling, hence can be associated with the underlying unlabeled diagram as well.

Definition 10. The numerical value associated with a labeled or unlabeled diagram
I' as in the preceding discussion is called the Feynman amplitude of I', denoted Fr.

For instance, Fig. 4 (a) should be interpreted as

Z <_U1])§zk:§]lG?kG?l = — Z Uz]G?@G?j (37)

i,9,k,l i,J

Comparing with the first term in Eq. (3.3), we see that we are missing only the
pre-constant %. In fact the factor 8 in this denominator has a significance that can
be understood in terms of the structure of Feynman diagrams. It is known as the
symmetry factor for the Feynman diagram of Fig. 4 (a).

More generally the symmetry factor of any Feynman diagram, which we shall
define shortly, allows us to likewise compute the pre-constants of the associated term
in our series expansion for the partition function. Roughly speaking, the symmetry
factor counts the number of different labelings of a given labeled Feynman diagram
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that maintain its structure. In particular, after relabeling, two connected half-edges
should remain connected.

To define the symmetry factor more precisely, we first describe more carefully
what is meant by a ‘relabeling.” Consider the permutation group S; on the four
letters {i,7,k,l}. Denote by R the subgroup of order 8 generated by (i, k), (j,(),
and (7,7)(k,1). (In fact R is isomorphic to the dihedral group of order 8.) Observe
that the group R, := 5, x R™ acts in a natural way on the set of labelings of any
fixed unlabeled diagram. Here S,, acts on the permutation of n vertices, while R"
permutes the associated half-edges. In other words, g = (o, 7,...,7,) € S, x R" acts
on labelings by permuting the vertex labelings according to ¢ and by permuting the
half-edge labelings at the p-th vertex according to 7,. We may think of each such g
as a ‘relabeling.’

Definition 11. An automorphism of a labeled closed Feynman diagram I' of degree
n is a relabeling g € R,, such that g - I' is isomorphic to I' (as a labeled Feynman
diagram). The set of all automorphisms of I' forms a subgroup Aut(I') of R,,, called
the automorphism group of I". The size |Aut(I")| of the automorphism group is called
the symmetry factor of I and denoted Sr. (Note that Sr is independent of the labeling
of T, i.e., depends only on the structure of I" as an unlabeled diagram.)

Remark 12. Any relabeling g € R,, of [ determines maps ¢ and v from the vertex and
half-edge sets of I', respectively, to themselves. The map ¢ is obtained by mapping
the vertices of I' to the equivalently labeled vertices of ¢g-I', and the map 1) is obtained
by mapping the half-edges associated to each vertex in I' to the equivalently labeled
half-edges of the equivalently labeled vertex of I'. Conversely, any such maps ¢ and
1) determine a relabeling ¢ € R,, of I'. For any ¢ € R,,, we denote the associated
maps by ¢, and 1),

Recalling Remark 9, it follows that ¢g-I" and I' are isomorphic as labeled diagrams
(i.e., g € Aut(I")) if and only if the associated maps ¢, and 1), define an isomorphism
from I to itself as an unlabeled diagram. In other words, automorphisms, which have
been defined via actions on labelings, are really just equivalent to self-isomorphisms
of unlabeled diagrams. However, the perspective of labeled diagrams is valuable to
retain for the application of Wick’s theorem.

For example, Fig. 7 depicts all of the automorphisms of the diagram in Fig. 4 (b),
so the symmetry factor of this diagram is 4. One may readily verify that Sp = 8 for
the diagram in Fig. 4 (a).

These symmetry factors recover the pre-factors from our first-order expansion of
the partition function. This correspondence will be established in general in Theorem
14.

Before moving on, we comment that two non-isomorphic labeled diagrams can be
isomorphic as unlabeled diagrams. In this case, the numerical values associated with
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(c) (d)
Figure 7: All automorphisms for Fig. 4 (b).

both are nonetheless the same. For instance, Fig. 4 (b) represents
0 0 0 0
Z (—vij) 00 Gy Gy = — Z (A EHICHD
1,9,k b,J
while (b’) represents
0 0 0 0
Z <_Uij)6ik6leilej == Z ;GG
i7j7k‘7l 27.]

i.e., the same term. When we ultimately sum over (isomorphism classes of) unlabeled
diagrams in our series expansion for the partition function, (b) and (b’) will not be
counted as distinct diagrams. Therefore we record the following definition:

Definition 13. The set of (isomorphism classes of) unlabeled closed Feynman dia-
grams is denoted §.

In our new terminology, Fig. 5 and Fig. 6 depict all isomorphism classes of un-
labeled closed diagrams of first and second order, respectively. Summation over the
unlabeled diagrams, as opposed to the labeled diagrams, significantly simplifies the
effort of bookkeeping, at the cost of computing symmetry factors for each diagram.

3.3 Feynman rules for Z

We are now ready to state and prove the so-called ‘Feynman rules’ for the diagram-
matic expansion of the partition function, i.e., the recipe for producing the Taylor
expansion via the enumeration of unlabeled diagrams.
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Theorem 14. The asymptotic series expansion for Z is given by

Fr
Z=170> < (3.8)
I'edo SF

i.e., the n-th term in the series of Eq. (1.5) is given by the sum of Zog—g over isomor-
phism classes of unlabeled Feynman diagrams I' of order n.

Remark 15. We remind the reader that for a diagram I' of order n, the Feynman
amplitude Fr can be computed as follows:

1. Assign a dummy index to each of the 4n half-edges.
2. Each edge with half-edge indices a, b yields a factor GY,.
3. Each interaction line with half-edge indices a, b, ¢, d yields a factor —v,040p4-

4. Multiply all factors obtained via steps 2 and 3, and sum over all dummy indices
from 1 to N.

Proof. Recall Eq. (3.5), i.e., that we can write the n-th term in the series of Eq. (1.5)
as

7 N n n
0 2 :
8nn! H _UiTVLj’IIL 5i7nkm5 A’IILZ’!TL H :EiTVL ijka77LxlTlL °
m=1 0

’il,jl,k1,ll,...,in,jn,kn,ln:1 m=1
By our preceding discussions (see Remark 8) this quantity can be written as

Z
8”2' >,

" T labeled, order n

We wish to replace the sum over (isomorphism classes of ) labeled diagrams with a sum
over unlabeled diagrams. The question is then: to any unlabeled diagram I' of order
n, how many distinct labeled diagrams can be obtained by labeling I'? To answer this
question first assign an arbitrary labeling to obtain a labeled diagram which we shall
also call I'. Then the set of all labelings is the orbit of I' under the group R,,. By the
orbit-stabilizer theorem, the size of this orbit is equal to |R,|/|(R,)r|, where (R,,)r
is the stabilizer subgroup of R,, with respect to I'. But this subgroup is precisely
Aut(I') and |R,| = 8"n!, so the number of distinct labeled diagrams associated with
the underlying unlabeled diagram is %:!. Therefore the n-th term in the series of
Eq. (1.5) is in fact
Fr
ZO Z g )

I" unlabeled, order n r

as was to be shown. O
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We now apply Theorem 14 to compute the second-order part of the expansion for
Z. We can represent the 8 terms in the second-order part via the 8 (isomorphism
classes of) unlabeled closed Feynman diagrams depicted in Fig. 6, applying Theo-
rem 14 to compute the pre-factor of each term. The terms are organized into three
groups according to the three groups of terms in Eq. (3.4). The diagrammatic ap-
proach facilitates the enumeration of these terms and allows us to classify the terms
more intuitively. The first group of diagrams (al)—(a3) in Fig. 6 are simply the dia-
grams obtained as ‘concatenations’ of two disconnected first-order diagrams. When
computing the symmetry factor, we need to take into account the possible exchange of
the two interaction lines as well as the symmetry factor of each disconnected piece as
a first-order diagram. Unlike diagrams (al) and (a2), diagram (a3) is not symmetric
with respect to the exchange of the two interaction lines, so the former contribution is
not included. One can readily verify the correspondence between the rest of diagrams
and terms in Eq. (3.4). The distinction between the (b) and (c) diagrams will be
made clear later on in our discussion of the so-called bold diagrams.

3.4 Comments on other interactions

We pause to make some brief comments on the development of Feynman diagrams
for other interactions besides the generalized Coulomb interaction of Eq. (1.6).
First, consider an interaction of the form

1
Ulx) = 1l Z Wikjl TiT T, (3.9)
N NN

where w;j; is a symmetric fourth-order tensor (i.e., invariant under any permutation
of the indices). The inclusion of the factor of 4! owes to the fact that the symmetry
group of the interaction (i.e., the analog of R) is now all of Sy, which is of order 4!.
Then the developments will be much the same, but with the role of the interaction
line of Fig. 2 (b) assumed by the device shown in Fig. 8.

Figure 8: The interaction w;j; .

Since any fourth-order tensor can be symmetrized without changing the asso-
ciated quartic form, why not just consider symmetric interactions? The reason is
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that symmetrizing, e.g., the generalized Coulomb interaction throws away its lower-
dimensional structure. While there are somewhat fewer diagram topologies to contend
with, each vertex now involves a sum over four indices, not two. Moreover, the two-
body interaction of quantum many-body physics has a natural asymmetry between
creation and annihilation operators that is reflected in the structure of the Feynman
diagrams for the generalized Coulomb interaction.

There is nonetheless a way to generalize the generalized Coulomb interaction with-
out destroying its structure. Indeed, simply consider

1
Ur) = 3 Z Wikl TiTjTRT1, (3.10)

i7j7k“7l

where w;;j; is invariant under (1) the exchange ¢ with k, (2) the exchange of k with
[, and (3) the simultaneous exchange of ¢ with j and k& with [. In other words, the
symmetry group of the interaction is R as for the generalized Coulomb interaction.
The developments for interactions of the form (3.10)—with the interaction line of
Fig. 2 (b) now contributing the factor u;; in the computation of Feynman amplitudes—
are no different than for interactions of the form (1.6), with the exception of the GW
approximation to be discussed in section 4.7.1. For the sake of writing down concrete
expressions that correspond to various diagrams, we simply assume an interaction of

the form (1.6).

3.5 Feynman rules for ()

The free energy €) is given by the negative logarithm of Z as in Eq. (2.8), which
appears to be difficult to evaluate in terms of Feynman diagrams. It turns out that the
logarithm in fact simplifies the diagrammatic expansion by removing the disconnected
diagrams as in Fig. 6 (a). This is the content of Theorem 17 below, which is called
the linked cluster expansion in physics literature.

Before stating the theorem, we establish some notation. Recall that a closed
diagram induces an undirected graph of degree four. We say that a closed diagram
is connected if the induced graph is connected.

Definition 16. The set of all connected closed diagrams is denoted § C §o.

Similarly we can talk about connected components of a Feynman diagram in the
obvious way. We can also consider the ‘union’ I'y U T’y of diagrams, i.e., the diagram
constructed by viewing I'y and I'y as disconnected pieces of the same diagram. We
leave more careful definitions of these notions to the reader. We establish a special
notation for the union of several copies of the same diagram:



A general diagram I' € §y can be decomposed as

K
r=Jre (3.11)
=1

where I'y, ..., I'x € § are distinct.
For any diagram I" expressed in the form of (3.11), the Feynman amplitude is

Fr = Fy - LK, (3.12)
and since I'y, ..., 'k are distinct diagrams, the symmetry factor is
Sr = (ni!---ng!)Spt - SpE. (3.13)

It is convenient to define F, = 1 and St, = 1 for the ‘empty’ Feynman diagram
Iy of order zero and moreover to let I'Y = I'y for any diagram I' € §p.

Using this notation, we can then think of every diagram I' € §y as being uniquely
specified by a function n : §; — N mapping I' — np, where N indicates the set
of natural numbers including zero. We denote the set of such functions by NS0,
Indeed, any such function specifies a diagram I'(n) := Uregg I'"r. Moreover, Fy(,) =
Hresg I, and Spen) = Hregg nrl Syt

Now we are ready to state and prove the diagrammatic expansion for the free
energy.

Theorem 17 (Linked cluster expansion for Q). The asymptotic series expansion for
Q is
Q—0,- S I (3.14)
regs

where Qo = —log Z.

Proof. Exponentiating both sides of Eq. (3.14) motivates the consideration of the
following expression:

K
Fr =1 Fr
regs K=0 regs

We aim to relate this expansion to our expansion for the partition function from
Theorem 14.

We will apply the multinomial theorem to compute the K-th power of the sum
over I' € §{ appearing on the right-hand side of Eq. (3.15). This yields a sum over
%’C . . . . . K|
n € NY such that Zregg nr = K weighted by the multinomial coefficients TTrass (0

as in

Fr . - L L E "
exp Z S0l KZ:O K! Z Hresg("F!) F];Cs[g (SF)

ress neNss ; Srnr=K
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where in the penultimate step we have used our formulas for the Feynman amplitude
and symmetry factor of the diagram I'(n) associated to n € N%o. But since N% is in
bijection with §y via n — I'(n), we have proved:

exp Z Z 5 = Zo

Fe&c r'ego

with the last equality following from Theorem 14. Taking logarithms yields the the-
orem. 0

For example, the second-order contribution to €2 is
0 A0 A0 A0

E Vi1 Vigga [(_GuquthszJuz

11,J1,92,J2

11j1 7 t2f2 T i1t T J1j2 t1J1 412 T g1t T j2g2

+—G0 G GY . GO +G0 G, GY GO)

+ (—GO G, G0 GY +—G0 GY,. G GY )], (3.16)

91 i d1i2 T jij2 T Jij2 2.4 i1t 7 j1t2 T t1j2 T j1j2

and the terms are yielded by Fig. 6 (b), (c).

3.6 Feynman rules for ¢

Our next goal is to obtain a diagrammatic expansion for the Green’s function G.
First observe that the asymptotic series expansion for ZG can be written, similarly
to that of Z, as

. 1 n —izT Az
26, NZH/RN vy (=U(z))"e 347 da. (3.17)
n=0

Again the interchange between the summation and integration is only formal. The
right hand side of Eq. (3.17) can be evaluated using the Wick theorem and a new
class of Feynman diagrams.

Similarly to Eq. (3.5), we see that the n-th term in the expansion of Eq. (3.17) is
given by

7 N n n

0

3l E H _Uimjméimkm(sjmlm Tyl H Ly L Gy Loy, Loy .
0

) ilajl7k1’l17“'7in7jn)kn7ln:1 m=1 m=1
(3.18)
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One can then use the Wick theorem to express this quantity as a sum over pairings
of Zy, 12, but once again it is easier to represent the pairings graphically. As before,
for each m = 1,...,n, we draw one copy of Fig. 2 (b), i.e., an interaction line with
four dangling half-edges labeled 7, j, k,l. We can then number each interaction line
as 1,...,n and indicate this by adding an appropriate subscript to the labels 4, 5, k,
associated to this vertex. Now we also draw two additional freely floating half-edges
with labels ¢ and j. We can view the half-edges as terminating in a vertex indicated by
a dot (which will distinguish these diagrams from the so-called ‘truncated’ diagrams
that appear later on), while the other end of the half-edge is available for linking.
The 4n + 2 half-edges {3, j, 1, ...,0,}, each with a unique label, represent the set on
which we consider pairings. We depict a pairing by linking the paired half-edges with
a bare propagator. The resulting figure is a labeled Feynman diagram of order n. An
example of order 2 is depicted in Fig. 9.

Figure 9: A labeled closed Feynman diagram of order 2.

The quantity associated via Wick’s theorem with the pairing represented by such
a diagram can then be computed by taking a formal product over all propagators and
interaction lines of the associated quantities indicated in Fig. 2 (a) and (b), respec-
tively and then summing over the indices i1, j1, k1,01, -, 0, Jn, kn, ln. Importantly
we do not sum over the indices i, j, as these specify the fixed entry of the Green’s
function G;; that we are computing via expansion. For the example depicted in Fig.
9, this procedure yields the sum

0 0 0 0 0
E Viy 10y kg Oy 1y Vi o Otk Oty G 1y G111, G, Gy, G

Jila M lige T iig ™~ jko
i1,1,k1,01,i2,52,k2,l2

= > 0 0pG,GYL G GG

tig 7 Jio T 4141 T Jij2 T Jij2”

(3.19)

11,J1,12,J2

In summary, we can graphically represented the sum over pairings furnished by
Wick’s theorem as a sum over such diagrams, which we call labeled Feynman diagrams
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of order n with 2 external vertices. (Perhaps calling them diagrams with ‘external
half-edges’ would be more appropriate, but ‘external vertices’ is the conventional
terminology.)

One can similarly imagine the natural appearance of Feynman diagrams with 2m
external vertices in the expansion of the 2m-point propagator (x,, - - xp,,.)-

We can define the (partially labeled) Feynman diagrams of order n with 2m ex-
ternal vertices to be the I' = (V, Hy, Hy, E, 11, E), where V, Hy, Hy are as in the defi-
nition of closed diagrams, F is the set of 2m external half-edges, II is a partition of
E U, ey H(v) into 2n 4+ m pairs of half-edges, and £ is a labeling of the external
half-edges only. More precisely, £ is a bijection from the external half-edge set F
to the set of symbols {p1,...,pam}. In the case m = 1 we will instead adopt the
convention &€ : £ — {i,j}.

Two partially labeled diagrams of order 2 with 2 external vertices are depicted
in Fig. 10. Notice that these diagrams are not isomorphic due to the distinction
of the external half-edges 7, j, though they would be isomorphic as ‘fully unlabeled’

diagrams.
N |
'

i

Gy
M

Figure 10: Non-isomorphic partially labeled diagrams of order 2 with 2 external
vertices.

These diagrams can be additionally equipped with internal labelings (V,H) to
produce (fully) labeled Feynman diagrams of order n with 2m external vertices. Here
V,H are defined as before. More careful definitions of these classes of diagrams, as
well as definitions of the notions of isomorphism for each, follow in the spirit of the
analogous definitions for closed diagrams and are left to the reader.

Diagrams with external vertices will be understood to be partially labeled unless
otherwise stated. The set of partially labeled diagrams (of any order) with 2m external
vertices is denoted Fy,,. In the case m = 1 we often refer to these diagrams as Green’s
function diagrams. Note that an unlabeled closed Feynman diagram can be viewed
equivalently as a Feynman diagram with 0 external vertices.

The group R, acts naturally as before on internal labelings (V, ) and induces a
notion of automorphism for fully labeled diagrams with external vertices, as well as
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a symmetry factor Sr defined to be the size of the automorphism group Aut(I') of a
fully labeled diagram with external vertices (or, if I is only partially labeled, the size
of the automorphism group of any full labeling of I').

Moreover, each diagram with 2m external vertices yields a Feynman amplitude
which is no longer a scalar, but in fact a (2m)-tensor, Fr(p1, ..., p2m) which can be
computed as follows

1. Assign a dummy index to each of the 4n internal half-edges as well as indices
D1, - .., Pam to each of the external half-edges according to the labeling £

2. Each edge with half-edge indices a, b yields a factor G2,
3. Each interaction line with half-edge indices a, b, ¢, d yields a factor —v,040p4-

4. Multiply all factors obtained via steps 2 and 3, and sum over all dummy indices
from 1 to N to obtain a tensor in the indices p1, ..., pop.

For I' € F5, i.e., in the case m = 1, we usually indicate the tensor arguments by i, j
as in Fp(i, ).
Following the same discussion in section 3.3, we have

Fro(py, ... . pom
2ty ) = 2o 3 P abm), (3.20)

IEFom r

so in particular

Fr(
2Gy =2y 2 F” .
regs

Denote by §5,, C am the set of all diagrams with 2m external vertices for which
each connected component of the diagram contains at least one external half-edge.
It is easy to see that I' € §5,, may have more than one connected component when
m > 1. However, when m = 1, any diagram I' € §§ has only two external half-edges.
Each internal vertex has 4 half-edges, and each connected component must contain
an even number of half-edges. This implies that I' must contain only one connected
component, so §5 is in fact the subset of diagrams in §» that are connected.

Theorem 18 below shows, perhaps surprisingly, that the expansion for the correla-
tor (x,, - - - T, ) removes many diagrams, and is therefore simpler than the expansion
of Z (x,, - - xp,, ). The combinatorial argument is similar in flavor to that of the proof
of Theorem 17.

Theorem 18 (Linked cluster expansion for correlators). The asymptotic series ex-
pansion for (Tp, -« Tp,, ), where 1 < py, ... paym < N, is

(1) = 3 FE o) 21

r
ress,,
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In particular, the series for G is

Giy=>_ i j) (3.22)

regs Sr

Proof. Any diagram I' € §s,, can be decomposed uniquely as I' = IV UT”, where
I € 3§, and I'" € §o, and we allow I'” to be the empty diagram. Hence according
to Eq. (3.20),

FF’ T pla"'7p2m)
Z (T, -+ Tpy,) = Zo Z Z - :

F/e%c 1_‘// 630 SF,UFII
Now for I € §5,, and I € Fo,

FF’UF”(pla s >p2m) = FF’(pb <. 7p2m)FF”'

Also I'" and I'” have different numbers of external vertices, so Aut(I"UI'") = Aut(I") x
Aut(I'), and consequently
Sr = St Spr.

Hence

Fri(pas - -, pam) Fro
Z<xp1"'xp2m> = Zo Z Z

Ticgs.. e, S/ Srr
Fr(p1, ..., pom) Fron
= 7
" F;; Srv F% S
V2m 0

Fr .y Dom
_ ZZ F(ph 7p2)

St ’
Iess,, r

where the last equality follows from Theorem 14. Dividing by Z completes the proof.
O

We now discuss the first few terms of the expansion for the Green’s function G.
The zeroth order expansion for G;; is G?j. Fig. 11 depicts the Feynman diagrams for
the first-order contribution to G;;, which amounts to the expression

_% S (GGG = 3 (0 GoLGIGY,) . (3.23)
k,l k,l
Note how the symmetry factor of these diagrams is affected by the labeling of the
external half-edges.

Fig. 12 depicts the Feynman diagrams for the second-order contribution to Gj;.
These diagrams can be systematically obtained from the free energy diagrams of Fig. 6
(b) and (c) by cutting a propagator line to yield two external half-edges and then
listing the non-isomorphic ways of labeling of these external half-edges. Note that all
terms contain only one connected component due to Theorem 18. For simplicity we
omit the resulting formula for the second-order contribution to Gj;.
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(a) (b)

Figure 11: First-order expansion for Gj;.

3.7 Why we do not use fully unlabeled Green’s function dia-
grams

Why not reduce the redundancy of diagrams by considering a notion of fully unla-
beled Green’s function diagrams? One reason is that the notion of symmetry factor
would be different, yielding an unpleasant extra factor in Theorem 18. Moreover, in
the development of the bold diagrammatic expansion of section 4, we will consider
an operation in which propagator lines are replaced by Green’s function diagrams.
Since different orientations of such an ‘insertion’ might yield different topologies of
the resulting diagram, it is good to keep track of non-isomorphic external labelings
separately.

Finally, by retaining an external labeling, there is a clearer interpretation of each
diagram as a matrix yielded by contracting out internal indices. Note carefully, how-
ever, that the Feynman amplitude of a non-symmetric diagram, i.e., a diagram whose
isomorphism class is changed by a relabeling of the external vertices, is in general
a non-symmetric matrix. By contrast, G is symmetric. Therefore any reasonable
truncation of the expansion of Theorem 18 should not include any non-symmetric
diagram without also including all diagrams obtained by different external labelings.

3.8 Feynman rules for X

The computation of G' by diagrammatic methods can be further simplified via the
introduction of the notion of the self-energy. This notion can be motivated diagram-
matically as follows. Observe that diagrams such as (b1’), (b2’), and (b3”) in Fig. 12
are ‘redundant’ in that they can be constructed by ‘stitching’ first-order diagrams
together at external vertices. Such diagrams will be removed in the diagrammatic
expansion for the self-energy matrix 3, defined as the difference between the inverse

of G and that of G° as
Y= (G -G (3.24)

Observe that once 3 is known, G can be computed simply via Eq. (3.24).
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(b1) (b1")
i j
i
B
j i j . .
] 1
(b3) (b3) (b3”) (b3™)

i i
i’ j

(c1) (c2)

Figure 12: Second-order expansion for G;;. The lettering is obtained from that of the
free energy diagrams in Fig. 6 (b),(c), from which the Green’s function diagrams may
be obtained by cutting lines.

However, Eq. (3.24) does not clarify the diagrammatic motivation for the self-
energy. Note that the definition of the self-energy matrix in Eq. (3.24) is equivalent
to

G =G+ G°2G, (3.25)

which is called the Dyson equation. By plugging the formula for G specified by the
Dyson equation back into the right-hand side of Eq. (3.25) and then repeating this
procedure ad infinitum, one obtains the formal equation

G =G+ GG’ 4 GGG + - - -, (3.26)

which suggests a diagrammatic interpretation for 3. To wit, in order to avoid counting
the same Green’s function diagram twice in the right-hand side of Eq. (3.26), X
should only include those diagrams that cannot be separated into two disconnected
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components when removing one bare propagator line. In physics terminology, these
are called the one-particle irreducible (1PI) diagrams.

j "MANL )| (d)

(e)

Figure 13: Decomposing a Green’s function diagram into truncated 1PI diagrams and
bare propagators.

We must be careful about what exactly is meant by such a diagram. We want
to be able to produce Green’s function diagrams by stitching together 1PI diagrams
via a bare propagator line G°, as depicted in Fig. 13. In order to avoid double-
counting the propagators at each ‘stitch,” our self-energy diagrams should not include
a contribution from the propagator where the stitch is made. In the example shown
in Fig. 13, we write the matrix represented by the diagram on the left-hand side as
a product (a)(b)(c)(d)(e) of matrices represented by the diagrams on the right-hand
side. Here (a), (c), and (e) simply represent the propagator G°. Diagrams (b) and
(d) are the self-energy diagrams representing the matrices with (ki, ky) entry given
by Uk, G, and (ks, ky) entry given by Op,u,Vksks Gy, Tespectively. Since these
diagrams are like Green’s function diagrams, except missing the external propagator
contributions, we refer to them as truncated Green’s function diagrams.

Definition 19. A truncated Green’s function diagram I' is obtained from a Green’s
function diagram I'". The internal half-edges of [ paired with the external half-edges
of I labeled i and j are referred to as the external half-edges of I' and are labeled i
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and j, respectively. The 1PI diagrams are the truncated Green’s function diagrams
that cannot be disconnected by the removal of a single bare propagator line. The set
of all truncated Green’s function diagrams is denoted by §5', and the set of all 1PI
diagrams is denoted by FiF'. The diagrams in FiF' are alternatively referred to as
self-energy diagrams.

Analogously one can define §5' and Fi! for m > 1, but we will not make use of
such notions.

As a data structure, a truncated Green’s function diagram is really equivalent
to its ‘parent’ Green’s function diagram, but the interpretation is different, and we
visually distinguish the truncated diagrams from their counterparts by removing the
dot at the external vertex. In addition, a truncated Green’s function diagram has a

different notion of (matrix-valued) Feynman amplitude Fr(i, 7), computed as follows:

1. Assign a dummy index to each of the 4n — 2 internal half-edges as well as
indices 7, j to each of the external half-edges according to the labeling furnished
by Definition 19.

2. Each internal edge with half-edge indices a, b yields a factor GY,.
3. Each interaction line with half-edge indices a, b, ¢, d yields a factor —v.,04.0pq.

4. Multiply all factors obtained via steps 2 and 3, and sum over all dummy indices
from 1 to N to obtain a matrix in the indices i, j.

However, the symmetry factor Sr of a truncated Green’s function diagram is un-
changed from that of the underlying Green’s function diagram.

We may further introduce the concept of two-particle irreducible (2PI) Green’s
function diagrams as the subset of diagrams in FiFT that cannot be disconnected by
the removal of any two edges. The set of all such diagrams is denoted by F3L. The
2PI diagrams will be used to define the bold diagrams in section 4.

The first-order self-energy diagrams are depicted in Fig. 14. The only difference
from Fig. 11 is that the external vertices are removed to produce truncated dia-
grams. The second-order self-energy diagrams are shown in Fig. 14. Note that the
Green’s function diagrams (b1’), (b2'), (b3"), and (b3") in Fig. 12——after removing
the external vertices to yield self-energy diagrams—are not 1PI, hence not self-energy
diagrams.

Theorem 20. The asymptotic series expansion for ¥;;, where 1 <1i,5 < N, is

=) Foli ) (3.27)

S
regirt T

Proof. One can think of the Dyson equation (3.25) as an equation of formal power
series, where G and ¥ indicate the asymptotic series expansions of G and X. (Recall
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(a) (b)
Figure 14: First-order diagrams for ;.

that we may think of our diagrammatic expansions as power series in a parameter A
that scales the interaction strength. It is not hard to see directly from the definition
of ¥, as for all other quantities we consider, that an asymptotic series in A exists
in the first place.) Now the series for G is known from Theorem 18, and we claim
that the series for ¥ is the unique formal power series satisfying Eq. (3.25) as an
equation of formal power series. Indeed, if some power series ¥ satisfies Eq. (3.25),
then X satisfies Eq. (3.24) as well (as an equation of formal power series), but inverses
are unique in the ring of formal power series, so ¥ satisfying Eq. (3.24) is uniquely
determined.

Thus all we need to show is that Eq. (3.25) holds when we plug in the series for
¥ from Eq. (3.27). To this end, write, via Theorem 18,

Fr
G=>_ 5 (3.28)

regs

where [T appearing in the summand is a matrix. Now every I' € §5 that is of order
greater than 1 can be decomposed uniquely into a bare propagator line at the external
half-edge labeled i, a self-energy diagram I connected to this propagator line at one
external half-edge, and another Green’s function diagram I’ connected to I' at its
other external half-edge. (This fact should be clear graphically, though a more careful
proof is left to the reader.) For example, in Fig. 13, I corresponds to (b) and I'”
corresponds to (c)(d)(e).
Moreover, we have the equality (of matrices)

Fr = G°Fp Fro.

Also, due to the fact that I' distinguishes the labels 7, j, we have that Spr = S .Sp~.
Indeed, any automorphism of (a fully labeled version of) I' must fix the label i and
j of the external half-edges, as well as the labels of the internal half-edges connected
directly to them. Then such an automorphism can only permute labels within the
component IV; otherwise, the automorphism would induce a graph automorphism of
IV with another subgraph of I' containing the external half-edge labeled by i as well
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Figure 15: Second-order diagrams for ¥;;. The labels correspond to those of the
‘parent’ Green’s function diagrams in Fig. 12.

as some half-edge in I'”, which would consequently fail to be one-particle irreducible,
contradicting the one-particle irreducibility of I".
Thus from Eq. (3.28) we obtain the equality of power series

F/F// F/
G=G"+G" ) ZS;S;”:GO+GO > s; G,

F’GS%PI F”ES% F/ES%PI

as was to be shown. O

4 Bold diagrams

It turns out further redundancy can be removed from the diagrammatic series for the
self-energy by consideration of the so-called bold diagrams. Note that so far all dia-
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grammatic series are defined using the non-interacting Green’s function G° (alterna-
tively the bare propagator), which can be viewed as the non-interacting counterpart
to the interacting Green’s function G (alternatively the ‘dressed’ or ‘renormalized’
propagator). What if we replace all of the G° in our self-energy expansion by G?
Accordingly let us introduce the convention of a doubled line (also called a bold line)
to denote G. After replacing all thin lines by bold lines in a diagram, the resulting
diagram is called a bold diagram. (Topologically the diagram is not altered by this
procedure, but the interpretation and Feynman amplitude, as well as our visual rep-
resentation of the diagram, are changed.) A bold diagram can be understood as a
shorthand for an infinite sum of bare diagrams by swapping each bold line out for the
bare diagrammatic expansion of G. An example of a bold diagram and its represen-
tation as a sum of bare diagrams is provided in Fig. 16. Note that this representation
is considered as an equality only at the level of formal power series.

Figure 16: A bold self-energy diagram (the dumbbell, or Hartree, diagram), together
with its expansion as a series of bare diagrams. Here we omit the labels ¢, j in the
self-energy diagram, leaving a dangling half-edge (without a dot) to indicate their
existence.

If one were to replace all self-energy diagrams by their bold counterparts, the
resulting bold diagram expansion would overcount many of the original bare self-
energy diagrams. Indeed, notice that the second and third terms on the right-hand
side of Fig. 16 account for the bare self-energy diagrams (b1l) and (b3) of Fig. 15.
The bold versions of (bl) and (b3) would also count these terms, so as a result these
contributions would be double-counted. Therefore if we can concoct a successful bold
diagrammatic expansion for the self-energy, it should involve ‘fewer’ diagrams than
the bare expansion. From a certain perspective, passage to the bold diagrams can
then be thought of as a means to further economize on diagrammatic bookkeeping.

Which self-energy diagrams should be left out of the bold expansion? Notice that
the disqualifying feature of diagrams (b1l) and (b3) of Fig. 15 is that they contain
Green’s function diagram insertions—for short, simply Green’s function insertions or
even insertions when the context is clear. In other words, we can disconnect each
of these diagrams into two separate diagrams by cutting two propagator lines. The
resulting component not containing the external half-edges of the original diagram
is itself a Green’s function diagram with external half-edges at the cut locations.
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(For now we are being a bit casual about the distinction between truncated and
non-truncated diagrams because there is essentially no topological difference.) In the
component that does contain the external half-edges of the original diagram, the two
half-edges that have been left dangling due to the cuts can be sewn together with a
bold line to yield the ‘parent’” bold diagram. The insertion procedure yielding diagram
(b3) Fig. 15 is depicted in Fig. 17.

In general a bare self-energy diagram may contain many such Green’s function
insertions, possibly viewed as being nested within one another. However, it will
soon pay to introduce a notion of a maximal Green’s function insertion, or maximal
insertion for short. This is a Green’s function insertion that is not contained within
any other insertion. Then we will find that any bare self-energy diagram can be
represented uniquely via its set of maximal insertions.

Figure 17: Green’s function insertion yielding diagram (b3) of Fig. 15.

Note that a diagram admits a Green’s function insertion if and only if it can be
disconnected by removing two propagator lines. Then the candidates for the bold
self-energy diagrams are the self-energy diagrams with Green’s function insertions;
namely, the 2P1 self-energy diagrams introduced earlier, though now considered with
bold lines. This set will be denoted F3'! as before. We distinguish diagrams a bold via
the notation for the Feynman amplitude as Fr, as opposed to F. We call diagrams in
S skeleton diagrams and diagrams in FiPN\FET non-skeleton self-energy diagrams,
or simply non-skeleton diagrams for short.

The idea of the bold diagrammatic expansion is to write

= Y. Fr.(.) (4.1)

Sr
DeF3ft °

This equation must be interpreted rather carefully to yield a rigorous statement.
However, formally speaking for now, note that in order for the bold diagram expan-
sion (4.1) to match the bare diagram expansion (3.27) for the self-energy, S should
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be the right guess of the pre-factor for the diagram I'y in (4.1). Indeed, if we formally
substitute the bare expansion for the Green’s function in for each bold propagator
line of a bold diagram Iy, then the first term in the resulting expansion for the bold
Feynman amplitude of I'y will be the Feynman amplitude of I'; interpreted as a bare
diagram, which should indeed be counted with the pre-factor SI?: as in the bare ex-
pansion for the self-energy. But then we have to establish that the rest of the bare
self-energy diagrams (i.e., those with non-skeleton topology) are counted with the
appropriate pre-factors. This turns out to be non-trivial and constitutes the major
task of this section. Our efforts culminate in Theorem 32 of section 4.6 below, in
which we give precise meaning to and prove Eq. (4.1). We recommend readers to skip
to section 4.6 for the applications of the bold diagrammatic expansion first and then
to return to the intervening details later.

4.1 Skeleton decomposition

Our first goal is to show that every self-energy diagram can be decomposed (uniquely,
in some sense) as a skeleton diagram with Green’s function insertions. We now turn
to defining the notion of insertion more carefully.

Definition 21. Given a truncated Green’s function diagram I', together with a half-
edge pair {hy,ho} in ' and another truncated Green’s function diagram I”, the
insertion of I into I' at (hy, he), denoted I' @, 4,y I is defined to be the truncated
Green’s function diagram constructed by taking the collection of all vertices and
half-edges (along with their pairings) from I' and I”, then defining a new half-edge
pairing by removing {hq, hs} and adding {hi,e;} and {ho,es}, where e; and ey are
the external half-edges of I labeled ¢ and 7, respectively.

Notice that the ordering of (hy, hs) in T @, 4,y IV matters in this definition be-
cause it determines the orientation of the inserted diagram. Here the definition has
also made use of the fact that truncated Green’s function diagrams distinguish their
external half-edges via the labels ¢ and j.

We can define a simultaneous insertion of truncated Green’s function diagrams
I, . T along several edges of a diagram, as follows:

Definition 22. Let I' be a truncated Green’s function diagram, and consider a col-
lection of distinct half-edge pairs {hgk),hgk)} for k =1,...,K. Let I'y = I' and

pOFD) D) ¢+ for k = 0,..., K — 1. Then the
1 2102

(
resulting ' is the insertion of '™ ... T8 into I" along (hgl), hél), ce th), th)),

denoted

recursively define I'yy; = 'y &

r @(hgl),h(Ql),...,th),th)) [F(l), e ,F(K)] .

®So {hi,ha} is contained in the pairing IIr of half-edges associated with T,
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Notice that the simultaneous insertion does not depend on the ordering of the k
half-edge pairs, though it does depend in general on the ordering of the half-edges
within each pair.

Definition 23. We say that a truncated Green’s function diagram I' admits an
insertion I' at (hq, he) if it can be written as IV @, p,) I, where {hy, ho} is a pair in
[V and I'” is a nonempty truncated Green’s function diagram. (Note that I admits
such an insertion if and only if I' can be disconnected by removing the half-edges
hy and hs.) We say that this insertion is maximal if I does not in turn admit an
insertion containing either of the half-edges hq, ho.

For example, consider in self-energy diagram of Fig. 18, which admits two maximal
insertions, shown in blue and red, respectively. (Note that each of the maximal
insertions admits insertions itself, i.e., the overall diagram admits several insertions
that are not maximal.) The remaining half-edges and interaction lines in the diagram
(shown in black) form the ‘skeleton’ of the diagram.

i

Figure 18: A self-energy diagram with two maximal insertions, depicted in blue and
red, respectively.

The following result characterizes every self-energy diagram uniquely in terms of
its maximal insertions and an underlying skeleton diagram (hence the name ‘skeleton’)
obtained by collapsing each of these insertions into a single propagator line. The proof
is given in Appendix B. It somewhat technical and may be skipped on first reading
to avoid interrupting the flow of the developments that follow.

Proposition 24 (Skeleton decomposition). Any diagram T' € Fi'' can be written as

r=r.® [r®, ..., 1], (4.2)

e K) (K
(hg )7hé >7"'7h§ )7hé ))

where Ty € FX1 and RO sg’t fork=1,..., K. Moreover such a decomposition is
unique up to the external labeling of the T'®) and the ordering of the pair (hgk), hék)) for
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each fized k, and the T®) are precisely the maximal insertions admitted by T' (ignoring
distinction of insertions based on external labelings).

Remark 25. Here we record some comments on the meaning of the uniqueness result
of Proposition 24. It is purely an artifact of our ‘@’ notation for insertions, which
privileges an ordering of each pair {hgk), hék)} of half-edges as in (4.2), that one could
just as well write I in the form of (4.2) by exchanging the roles of hgk) and hék) and
permuting the external labels of the insertion I'®). The statement is then that the
decomposition in Proposition 24 is unique up to this redundancy, which is resolved
by fixing an external labeling for each of the maximal insertions admitted by I'.
This sort of non-uniqueness (which is really just a notational artifact and reflects
no interesting topological properties of a diagram), should be contrasted with a notion
appearing later on, which is to be motivated in section 4.2 and fully sharpened in
section 4.3. Indeed, we will be interested in the number of ‘ways’ (in a sense to
be clarified) of producing a diagram isomorphic to T' € FiF! from its skeleton I'y €
2P1 via Green’s function insertions. By contrast, Proposition 24 above concerns the
number of ways of producing the actual diagram I' from its skeleton Iy, stating that
that there is in fact only one (up to the notational ambiguity we have discussed).

Now we return to the task of developing a bold diagrammatic expansion for the
self-energy. Proposition 24 tells us that each bare self-energy diagram can be con-
structed from a unique skeleton diagram via Green’s function insertions. It is not
hard to see that, conversely, the result of making insertions into a skeleton diagram
is a 1PI diagram, i.e., a self-energy diagram. If we view skeleton diagrams as bold
diagrams, this implies that by summing over all (bold) skeleton diagrams (and then
formally replacing each bold line with a sum over Green’s function diagrams), we
recover all of the bare self-energy diagrams. However, there remains the question of
whether these diagrams are counted appropriately. To answer this question we need
to understand three items: (1) how many ways a given (isomorphism class of) self-
energy diagram can be obtained via insertions from its underlying skeleton, (2) how
to represent the automorphism groups (hence also symmetry factors) of self-energy
diagrams in terms of the decomposition of Proposition 24, and (3) the relation be-
tween items (1) and (2). These items will be addressed in Sections 4.3, 4.4, and 4.5,
respectively. First, however, to gain familiarity with what we are trying to prove, we
discuss some motivating examples in section 4.2.

4.2 Motivating examples

Consider the non-skeleton diagram I' in Fig. 19 (a), for which we have Sp = 2. It
can be uniquely decomposed into a skeleton diagram T in Fig. 19 (b) and the single
maximal insertion in Sp, shown in (c). Evidently Sr, = 2 and Sr, = 1. Roughly
speaking (for now), there is only one ‘way’ in which (c) can be inserted into (b) to
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produce a diagram isomorphic to (a), so we say that the redundancy factor of T' is
1 and write rr = 1. This notion will be defined more carefully below. For now we
mention that we do not count separately the oppositely ‘oriented’ insertions of Sr,
into St, because I'y is symmetric, i.e., its isomorphism class is unchanged by the
exchange of its two external labels. Note, e.g., that all all diagrams in Fig. 12 are
symmetric except (b3") and (b3").

(@) (b) (©)

Figure 19: Decomposition of a non-skeleton diagram I' in (a) into a skeleton diagram
I's in (b) and a truncated Green’s function diagram I'y in (c).

In our proposed bold diagram expansion Eq. (4.1) for the self-energy, when we
substitute the bare diagrammatic expansion for the Green’s function in for each bold
line, every bare self-energy diagram will be accounted for once for each of the rp ‘ways’
that it can be produced from its skeleton via insertions, each time with a pre-factor
equal to the reciprocal of the product of the symmetry factors of its skeleton and of
all of its insertions. In other words, if I' € FiF! is decomposed as in Eq. (4.2), then I'

will be accounted for with a pre-factor of

rr
- .
Sr. - [Ley St

Then our hope is that

K
Sr. - [eei St

T

Sp = (4.3)

This is a key reason for justifying bold diagrams, and is the content of Corollary 31
below. We can see from the above discussion that it holds in the case of Fig. 19.

For now we check Eq. (4.3) in a few more cases as we further develop the notion
of the redundancy factor.

Consider Fig. 20. Here the insertion I'y is not symmetric, so we count rp = 2
different ways of inserting it into the skeleton I's to make a diagram isomorphic to I'.
Moreover, Sr, = 2, Sr, = 2, and Sp = 2, so Eq. (4.3) holds.

Next consider Fig. 21. The diagram I'; in (c) can be inserted into the skeleton I's
in (d) into two different locations, yielding the isomorphic diagrams in (a) and (b).
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(a) (b) (©

Figure 20: Decomposition of a non-skeleton diagram I' in (a) into a skeleton diagram
I's in (b) and a truncated Green’s function diagram I'y in (c).

Hence rp = 2. Moreover, observe that Sp, = 1, Sr, = 4, and Sp = 2, so Eq. (4.3)
holds.

By contrast the diagram I' in Fig. 22, which has the same skeleton I's but admits
two maximal insertions, has a redundancy factor of only rr = 1. The left-right
symmetry of the diamond does not yield additional redundancy because the maximal
insertions exchanged by this symmetry are isomorphic to each other—and in fact to
the insertion of Fig. 21 (¢). Thus in the bold diagram expansion Eq. (4.1), I is only
accounted for once. Meanwhile, St = 4, Sy, = 4, and the symmetry factors of the
insertions are both one, so Eq. (4.3) holds.

In Fig. 23 (a), we show a non-skeleton diagram I'" which has the same skeleton
['s as in the last two examples. I' admits two (non-symmetric) maximal insertions,
each isomorphic to the diagram of Fig. 20 (c¢). There are two nonequivalent ways
of inserting these diagrams into I'y to yield a diagram isomorphic to I', depicted
separately in Fig. 23 (a), (b). We have Spr = 8 (with a factor of 4 coming from the
two half-dumbbells) and Sr, = 4, and the symmetry factor of each insertion is 2 (due
to the half-dumbbell), so Eq. (4.3) holds.

Finally, in Fig. 23, we show a diagram I' which once again has the same skeleton
['s as in the last several examples. T' admits one (non-symmetric) maximal insertion
isomorphic to the diagram of Fig. 20 (¢). This can be inserted into either propagator
line of the ‘bubble’ in the center of I'y and with either orientation to yield I' up to
isomorphism, so rr = 4. We have Sr = 2 (due to the half-dumbbell) and Sy, = 4,
and the symmetry factor of the insertion is 2 (due to the half-dumbbell), so Eq. (4.3)
holds.

We will refer back to these examples for concreteness in the developments that
follow.
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(a) (b)

() (d)

Figure 21: Decomposition of a more complex non-skeleton diagram I" in (a) into a
skeleton diagram I’y in (d) and a truncated Green’s function diagram I'y in (c). The
non-skeleton diagram in (b) is isomorphic to (a), but is obtained by the insertion of
I's into I'y at a different location.

4.3 Ways of producing a self-energy diagram from its skeleton

As promised we provide a rigorous definition of the redundancy factor, as well as
the set of ways of producing a self-energy diagram from its skeleton. Consider a
self-energy diagram I', and write

r=r.® [r®, ..., 1] (4.4)

K K
(hgl)»h(Ql>77h§ )7h(2 ))

via Proposition 24.

Remark 26. We assume that the ordering within each pair (hgk), hgk)) is chosen so
that if T'W), T'® are non-isomorphic for some j, k, then in fact ') and I'®) are
non-isomorphic after any external relabeling. In other words, the insertions I'®) are
externally labeled such that if any two of them are isomorphic up to external labeling,
then they are actually isomorphic (with external labeling taken into account). We
follow this convention for all decompositions of the form of Eq. (4.4) in the sequel.

Implicitly Iy is a ‘subdiagram’ of I" in that its vertex and half-edge sets are subsets
of those of I". Roughly speaking, there is only one way to construct I' from I'y via
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Figure 22: A non-skeleton diagram I'" with redundancy factor rp = 1 and the same
skeleton Iy as in Fig. 21 (d).

Green’s function insertions (namely, via the procedure represented in Eq. (4.4)), but
there may be many ways to construct diagrams isomorphic to I' from I'y via Green’s
function insertions. The uniqueness result of Proposition 24 guarantees that any such
way must involve (up to isomorphism) the insertion of the same set {I'"), ... T}
of truncated Green’s function diagrams. Then let I(I',I's) be the set of ways of
replacing K propagator lines in I'y with '™ ... T such that the resulting diagram
is isomorphic to I as a truncated Green’s function diagram. (There is some abuse of
notation here because I(I", I'y) additionally depends on the decomposition of Eq. (4.4),
but the meaning will be clear from context.)

More precisely, each such ‘way’ consists of the following data: a set of ordered
pairs of half-edges (h'l(l), h;(l)), e (hll(K), th)) in Iy such that

=T, [T, )]

(RO R0 | ) 1)
is isomorphic to I', subject to an equivalence relation. Specifically, ways are not dis-
tinguished if they differ only by reordering the K half-edge pairs by a permutation
7 € Sk such that I'"*)) is isomorphic to I'®) for all k. Moreover, ways are not distin-
guished if they differ only by the ordering within the k-th half-edge pair for £ such that
I'®) is symmetric. We refer to the equivalence class of (hll(l), hg(l)), e (h’l(K), hIQ(K))
as the element of I(I',['y) specified by these half-edge pairs.

Observe that if we sum over the skeleton diagrams and then formally replace each
bold line with a sum over Green’s function diagrams, then in the resulting formal
sum over self-energy diagrams, each self-energy diagram I' will be counted precisely
|I(T',T)| times, where Ty is the skeleton of I'. This number rp := |I(T',Ts)| depends
only on I' € FiF!, and as suggested earlier we call it the redundancy factor of T

It is worthwhile to treat the distinction between symmetric and non-symmetric
insertions a bit more elegantly (and, moreover, in a way that does not so clearly
privilege the fact that our insertions have two external half-edges). For a truncated
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(a) (b)

Figure 23: A non-skeleton diagram T" in (a) with redundancy factor rr = 2 and the
same skeleton I'y as in Fig. 21 (d). The diagram in (b) is a diagram isomorphic to I’
obtained from I'y by a nonequivalent set of insertions.

Green’s function diagram, the external half-edges have labels %" and ‘j.” Let the
external symmetry group, denoted S(I'y), of a truncated Green’s function diagram I',
be the subgroup of Sym{i, j} ~ Sy consisting of permutations of the labels %’ and
‘77 that fix the isomorphism class of the diagram. Therefore for symmetric diagrams
the external symmetry group is 5o, and for non-symmetric diagrams it is the trivial
group. For future convenience, let the action of ¢ € S5 on a truncated Green’s
function diagram I'y defined via permutation of the external labels be denoted o *I',.
(The ‘%’ notation is meant to distinguish from the group action ‘-’ defined earlier.)

Then using this language we can say that ways that for any ¢ € S(I'®)) the

modification of (h'l(k), hg(k)) to (h;(fl)), h:f(g))) does not yield a distinct element of I(T", T).

4.4 Understanding automorphisms in terms of the skeleton

Now we turn to item (2), i.e., characterizing the structure of automorphisms of I' in
terms of its decomposition furnished by Proposition 24.

With notation as in the section 4.3, let n be the order of I'; and let p be the order
of I's. Then ¢ =n — p is the order of I'y := UkK:1 NN

We can view the skeleton diagram Ty as well as the insertions I'®) as labeled
truncated Green’s function diagrams via the labeling of interaction lines and half-
edges inherited from I'. Let Aut(I',T5) be the set of automorphisms of I'y that can be
extended to automorphisms of I' by relabeling the rest of the diagram, i.e., permuting
the vertex and half-edge labels of I'y.

For example, the automorphism of 'y of Fig. 21 (d) corresponding to the left-right
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Figure 24: A non-skeleton diagram I'" with redundancy factor rr = 4 and the same
skeleton Iy as in Fig. 21 (d).

reflection of the ‘diamond’ can be extended to an automorphism of the diagram in
Fig. 22, but it cannot be extended to an automorphism of any of the diagrams of
Fig. 21 (a), (b), nor of any of the diagrams of Figs. 23 and 24. Next, consider the
automorphism of I'y obtained by composing a left-right reflection of the diamond with
a swap of the two propagator lines in the ‘bubble’ at the center of the diamond. This
extends to an automorphism of each of the diagrams of Fig. 21 (a), (b).

More precisely, viewing R, as acting on labelings of I'y, an element g € Aut(L)
is defined to be in Aut(T',T) if there exists h € R, such that gh € Aut(I"). (Since
I's and I, are disjoint, elements g and h as in the preceding commute.) Note that
Aut(I', I') is a subgroup of Aut(Ty): indeed, if g1, g2 € Aut(I',I'y), then there exist
hy, hy € R, such that gihy, gohy € Aut(I'), but then (g1g2)(h1h2) = (g1h1)(g2hs) is in
Aut(I"), so g1g2 € Aut(I', T'y).

We have the following characterization of Aut(I",I'):

Lemma 27. Let I’ € FiF and write

r=r,o [r®, ... TE)]

(b s n ) S
via Proposition 24. An element g € Aut(T) lies in Aut(T, Ts) if and only if for every
k, there is some k' and some o € Sy such that T®) is isomorphic to o x T'*) and Yy

k) o (k K) (K
sends (h§ ),hg )) to (h((yu))a hg@))).

Proof. First we prove the forward direction, so let g € Aut([',Iy). Then ¢ extends

to an automorphism of I', which we shall also call g. Let egk),egk) be the exter-

nal half-edges of the truncated Green’s function diagram I'*) paired with hgk), hgk),
respectively, in the overall diagram I' (equivalently, the external half-edges labeled

“’ and ‘j,” respectively). Then the maximal insertion I'® is disconnected from the
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rest of I' by unpairing {elk) h(k } and {e ) pi) } in . Since g is an automorphism,
removing the links {%(61 ) wg(h(k )} and {%( ) ( (k) )} from F must also a dis-
connect a maximal insertion (isomorphic to I'®)) at (wg(h(k)) @Dg( ")) with external

half-edges wg(e1 ),wg(ezk)) labeled ‘2’ and ‘j,” respectively. Since this diagram is a
maximal insertion, by Proposition 24 it must be a * %) for some k/, where o € Ss,
and moreover wg(hgk)) = hff(ll)) and wg( ) h® (2) This concludes the proof of the
forward direction.

Now assume that g € Aut(I's) and that for every k, there is some k&’ = k/(k) and
some o = o(k) € Sy such that T*) is isomorphic to o« I'®) via some isomorphism

(™) ") and ¢, sends (hgk),hgk)) to (hak) hU(Q)) Then we aim to extend g to
an automorphism of I', i.e., we aim to extend (¢4, 1,) to an isomorphism from I to
itself. This can be done simply by mapping vertices and half-edges lying in the T'®) via
(o®) ") Tt is straightforward to check that this indeed defines an automorphism.

]

We also have the following result characterizing the structure of automorphisms
of I" in terms of Aut(I', I's):

Lemma 28. Let I' € FiF" be decomposed as in Eq. (4.2). Then any g € Aut(T)
restricts to an automorphism of U's (in particular, only permutes vertezx labels within
the subdiagram T's). By definition, this induced automorphism of Uy then lies in
Aut([,Tg). Moreover, if T' admits a maximal insertion I at (k) hY), then T' also
admits a mazimal insertion I isomorphic to I at (¢¥y(h}),1v4(h})). Furthermore, g
sends all vertex labels from I to I'", i.e., @, sends each vertex of I to a vertex of I'.

Proof. Let g € Aut(I"). First we prove that g only permutes vertex labels within T's.
Indeed, suppose not. Then ¢, sends a vertex that is not contained in any insertion to
a vertex that is contained in some insertion. The property of whether or not a vertex
is contained in an insertion is preserved under diagram isomorphism, so we have a
contradiction.

Furthermore, an isomorphism of unlabeled diagrams sends maximal insertions to
maximal insertions; i.e., if I' admits a maximal insertion I'" at (h/,h}), then I' also
admits a maximal insertion I isomorphic to I at (¢4(h}),¥,(h})) via (¢4, 1,). (In
particular ¢, sends each vertex of I to a vertex of I'.)

Then it can be readily checked, by collapsing maximal insertions, that g descends
to an automorphism of the skeleton I's. Then by definition we can view g € Aut(I', I'y).

m

The preceding two lemmas can be used to compute the symmetry factor of I' €
P! via its skeleton decomposition:

Lemma 29. Let T’ € FiF', decomposed as in Eq. (4.2). Then

Sp = |Aut(I, Ty) HSW) (4.5)
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Proof. Lemma 28 says that every g € Aut(I") descends to g € Aut(I', I's) and moreover
defines an isomorphism from each insertion I'®) to its image under g.

Conversely, by Lemma 27, for any g € Aut(I',I's) and any k, ¢, sends (hgk), hék)) to
(hgk(/l)), h((f(;))) for some 0 = o(k) € Sy, where k' = k' (k) is such that T'*) is isomorphic
to o « ). Any choice of isomorphisms from the I'® to the o x I'*) defines an
extension of ¢ to an automorphism of T'.

Thus any automorphism of I' can be yielded constructively by starting With g e
Aut(T',Ty) and then choosing, for each k, an isomorphism from I'®) to o x I'* The
number of such isomorphisms is the same as the number of automorphisms of I
so Eq. (4.5) follows. O

4.5 The action of Aut(I'y) on I(T',T)

Finally, we turn to item (3). Again decompose I' € FiF! as in Eq. (4.2). Notice that
Eq. (4.2) itself defines an element of I(I',I's). Call this element ¢*.

The key observation here is that Aut(I') acts transitively on I(I',T's) and that
the stabilizer of any ¢ € I(I',I'y) is Aut(I",T's). We define the action as follows. Let
g € Aut(I'y), and consider an element ¢ of I(I", I's) specified by a set of ordered pairs of
half-edges (h} M h;(l)), ey (h'l(K), h;(K)) in FS, Then gt is defined to be the element of
I(T,T,) specified by the ordered pairs (1 (h\"), g (BED)), .., (W ()Y, 1by (RE™))).

For example, recall the automorphism of Iy of Flg 21 (d) corresponding to the
left-right reflection of the ‘diamond.” The action of this automorphism fixes the only
element in I(I',Ty) represented by Fig. 22. Meanwhile, it swaps the elements of
I(I', Ty) represented in Fig. 21 (a) and (b). In a slightly more indirect way, it also
swaps the elements of I(I',I's) represented in Figs. 23 (a) and (b). Next, consider the
automorphism of I'y obtained by a swap of the two propagator lines in the ‘bubble’ at

the center of the diamond. The action of this automorphism also swaps the elements
of I(I',T's) represented in Figs. 23 (a) and (b).

Lemma 30. With notation as in the preceding, the action of Aut(I's) on I(I',T) is
transitive, and the stabilizer of v* is Aut(T', T'y).

Proof. First we establish that the action is transitive. To this end, consider arbitrary
elements vy, 19 € I(I',Ty), i.e., two different ways of making insertions in Iy to yield
diagrams I'y, 'y, respectively, that are each isomorphic to I'. Our isomorphism from
I’y to I'y descends (by collapsing the maximal insertions) to an isomorphism from
[y to itself, i.e., an automorphism ¢g € Aut(I), and evidently this automorphism
satisfies g - 11 = 5. This establishes transitivity.

Now we turn to the claim about the stabilizer. Let g € Aut(T',T'y). We want to
show that g-¢* = +*. By Lemma 27, there exists 7 € Sk and ak €Sy fork=1,... K

such that ') is isomorphlc to oy, *F( ) and 1, sends (h ,hgk)) to (hgk((]?)), hf:}c((’;)))).

Hence g - ¢* is specified by the ordered pairs (h( k) k) ) k=1,..., K.

VR (2)
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By Remark 26, since I'® and T'"*) are isomorphic up to external labeling, they
are in fact isomorphic. But since I'® and oy, « '"®) are isomorphic, this means that
in turn oy, x D7) is isomorphic to T"*) e, o), € S(T®) for all k.

Then recalling the equivalence relation used to define I(I',T'y), we see that g - ¢*
is equivalently specified by the ordered pairs (hgk), hgk)), k=1,....K, ie., g-1* ="

Conversely, suppose that g-t* = * for some g € Aut(I's). Then there exist 7 € Sk
and o, € S(T™W) for k =1,..., K such that ¢, sends (", h{") to (hg((?)), hgz(é)))) for
k=1,...,K, and moreover I'® is isomorphic to I'™*)) for all k. Since o}, € S(I'®),
this means that I'®) is isomorphic to o, * I"*) for all k. But then by Lemma 27 we
have that g € Aut([', T'y). O

Then the orbit-stabilizer theorem, together with Lemmas 29 and 30, yields the
following corollary:

Corollary 31. For I € FiFY, the redundancy factor of T is given by

K
~ Sr, - It Srw

T = SF
Proof. Applying the orbit-stabilizer theorem via Lemma 30 we obtain
|Aut(T)]| Sr
= [I(T,T.)| = = =
re =0T = o T~ TAw(T, 1))
The result then follows from Lemma 29. O

4.6 Bold diagrammatic expansion for the self-energy

At last we can prove the bold diagrammatic expansion for the self-energy, stated as
follows:

Theorem 32. For 1 <i,5 < N, we have the equality of formal power series (in the
coupling constant)

p,= Y Tebd) (4.6)

Sr
DeF3™! °

where ;5 is interpreted as a power series via Theorem 20 and where, for every I's €
2P1 the expression Fr (i,7) is interpreted as the power series obtained by applying
the Feynman rules for Iy with propagator G, where G is in turn interpreted as a

formal power series via Theorem 18.

Remark 33. The interpretation of the bold diagrammatic expansion of the self-energy
is at this point somewhat cryptic. For the moment it can only be interpreted as a
reorganization of the terms in the asymptotic series for the self-energy. However,
since the terms on the right-hand side of Eq. (4.6) depend only on G and v (and not
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on GY), one might conjecture based on the expansion that the self-energy depends
only on GG, v. This is indeed a major goal of Part I1I, where we will indeed construct
the self-energy (non-perturbatively) as a (matrix-valued) functional X[G,v] of G and
v only, and interpret the bold diagrammatic expansion as an asymptotic series in the
coupling constant for the self-energy at fixed G, with terms given by the L®[G, v] to
be specified below. The non-perturbative perspective will guarantee the existence of
such an asymptotic series, but Theorem 32 will be used to show that this series is in
fact given by Eq. (4.6).

Proof. In the following all expressions should be suitably interpreted as in the state-
ment of the theorem. For I'y € F3'!, the series Fr,(i,) counts rp times every self-
energy diagram I' € FiF! with skeleton isomorphic to Ty, each with factor

K
FF(ia ])/ H Sr(k);
k=1

where the I'®) are the maximal insertions of I'. Then by Corollary 31, Fr_(i, j)/Sr.
equals the sum of Fr(i,j)/Sr over self-energy diagrams I" with skeleton isomorphic
to I's. Therefore the right-hand side of Eq. (4.6) is the sum of F(i,7)/Sr over all
self-energy diagrams I'. O

Following Remark 33, each term in the bold diagrammatic expansion can be
thought of as a functional of G and v. We indicate by X(*)[G,v] the k-th order bold
contribution to the self-energy, i.e., the contribution of the terms in the diagrammatic
expansion that are of order k in the interaction v. In particular, the ‘first-order’ bold
contribution to the self-energy is given by

(=W[G, ) <Z Uzszkk> — v;;Glj. (4.7)

These two terms are represented in Fig. 25 (a), (b), and we denote them by
Yu|G,v] and Xp[G, v] for ‘Hartree’ and ‘Fock,’ respectively. The associated diagrams
happen to be the same as the first-order bare self-energy diagrams, but with thin
lines replaced by bold lines.

The approximation X[G,v] ~ Y[G,v] is known as the Hartree-Fock approi-
mation. One can likewise approximate Y[G,v] ~ SW[G,v] + ©P[G, v], where the
second-order contribution can be written

(2(2) [G]) = %GW UikGilUlj + Z UikaijlGliUﬂ, (48)
k,l kL

and the second-order bold diagrams are shown in Fig. 25 (¢), (d). The latter is known
as the ‘second-order exchange,” while the former is an example of what is called a ‘ring
diagram,’ for reasons to be made clear later.
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(a) (b)

(c) (d)
Figure 25: Bold diagrammatic expansion of the self-energy up to second order (ex-
ternal labelings omitted).

4.7 Green’s function methods

A Green’s function method using bold diagram expansion is a method for computing
the Green’s function via an ansatz for the self-energy ¥,.[G,v] ~ X[G,v]. This
ansatz should be viewed as some sort of approximation of the full self-energy, usually
consisting of diagrammatic contributions meant to incorporate certain physical effects.
After choosing an ansatz, one substitutes ¥ < ¥,,5[G, v] in the Dyson equation
(3.24) and attempts to solve it self-consistently for G. In other words, one solves

G = (A — Sus[G,0]) 7!

for GG, where A and v are specified in advance.
The most immediate technique for solving this system is a fixed-point iteration
that we refer to as the Dyson iteration, which is defined by the update

G(k+1) = (A - Zans[G((k)a U])_l'

This iteration can be combined with damping techniques to yield better convergence
in practice, but in general the convergence behavior of the Dyson iteration (even with
damping) may depend strongly on the ansatz for the self-energy.

The Green’s function method obtained by the ansatz X,.[G,v] = SW[G,v] is
known as the Hartree-Fock method. One is likewise free to consider higher-order ap-
proximations for the self-energy. However it should be emphasized that it is not
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obvious a priori which order of approximation is optimal for a given problem specifi-
cation. Some numerical comparison of methods will be undertaken in Section 5, but
further comparisons are a subject of detailed study to be left for future work.

It should be noted that once the Green’s function is computed, it can be used
to compute the internal energy of the system via the Galitskii-Migdal formula of
Theorem 1. It can also be used to compute the Gibbs free energy via the Luttinger-
Ward formalism in a way to be explained below. More remarkably, the framework of
Green’s function methods can even be used, as in the dynamical mean field theory
(DMFT) [37], to compute effective Hamiltonians on smaller subsystems (‘fragments’)
that self-consistently account for their interaction with their environments. This will
be studied in future work.

4.7.1 The GW approximation

In order to provide a broader perspective on both Green’s function methods and
diagrammatic manipulations, we include here a diagrammatic derivation of the GW
approximation [43] for the self-energy, which corresponds to an ansatz for the self-
energy yielded by a further summation over an infinite subset of the bold diagrams.
The GW method is the corresponding Green’s function method.

This summation, which is represented graphically in Fig. 26, includes the Hartree
diagram, together with all of the so-called ring diagrams.

MO

Y o+ - )+
RV

Il
+
+

Figure 26: Diagrammatic depiction of the GW self-energy.

The Fock exchange diagram of Fig. 25 (b) can be thought of as the ‘zeroth’ ring
diagram, and Fig. 25 (c) is the first ring diagram. Notice that the k-th ring diagram
[}, has a symmetry factor of Sp, = 2% with a factor of 2 deriving from the each
symmetry that exchanges the two propagators in one of the k£ ‘bubbles.’

Furthermore, the k-the ring diagram has Feynman amplitude given by

Fpk(l,j) = — ([—’U(G ® G)]k’l})GU,

ij

or equivalently,
Fr, = ~G O ([~0(G ® G)*v).

where ‘©’ indicates the entrywise matrix product.
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Then formally summing the geometric series we obtain
Fr, (i,5) 1 !
Z r _—G@<[I+—U(G@G)] u>,
Sr,, 2

where the factor % arises from the symmetry factor. Incorporating the Hartree term,
we arrive at the GW ansatz for the self-energy:

ng[G, U] = EH[G, U] — G ® W[G, U],

e W[G,v] = ({I + %U(G © G)] R v) = |:?J_1 + %(G © G)} ) :

is known as the screened Coulomb interaction. Thus the GW self-energy (whose name
derives from the GOW term appearing therein) looks very much like the Hartree-Fock
self energy, but with the Fock exchange replaced by a screened exchange, in which W
assumes the role of v.

4.8 A preview of the Luttinger-Ward formalism

There is in fact a more fundamental formalism underlying the self-energy ansatzes
and Green’s function methods outlined above, which can be recovered from ansatzes
for the so-called Luttinger-Ward (LW) functional.

It will turn out (as will be demonstrated in Part III) that the exact self-energy
Y[G,v], viewed as a matrix-valued functional of G for fixed v, can be written as the
matrix derivative of a scalar-valued functional of GG, as in

o2
0G

Here ®[G,v] is the LW functional, which additionally satisfies ®[0, v] = 0.

We must include some technical commentary to make precise sense of Eq. (4.9).
In fact, ®[-,v] should be thought of as a function §?, — R, where S"Jr is the
set of symmetric positive definite N' X N matrices. Then the derivative 5= should
be defined in terms of variations within St . Letting EW) ¢ SN be deﬁned by

Egﬂ‘) = 01051+ 04105, we then define % = <62“) =5 L (Dgip), where D g indicates
ij

the directional derivative in the direction E@). If f : S, — R is obtained by
the restriction of a function f : RV*Y — R that is specified by a formula X
f(X) in which the roles of X}, and Xy, are the same for all [, k, then % simply
coincides with the usual matrix derivative. This is the basic scenario underlying

various computations below.

NG, 0] = S5[G 0], (4.9)
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The LW functional relates to the free energy in the following manner. Consider
the free energy as a functional of A and v via 2 = Q[A,v]. Then for A and v that
yield Green’s function GG, we will derive in Part III the relation

1 1 1

where &y = N log(2me) is a constant.

Moreover, much like X[G,v], for fixed G the LW functional ®[G,v] will admit
an asymptotic series in the coupling constant with terms denoted ®® |G, v]. It will
follow, on the basis of Eq. (4.9), that

MG, ] = %Tr (GEWIG,v]). (4.11)

Therefore ® admits a bold diagrammatic expansion obtained by linking the ex-
ternal half-edges of every skeleton diagram with a bold propagator to obtain a closed
diagram, as in Fig. 25.

(@) (b)

N
AN

() (d)

0

<

Figure 27: Bold diagrammatic expansion of the LW functional up to second order.

It is important to realize that the pre-factors for these diagrams are obtained
rather differently than the diagrams we have already seen (though the Feynman am-
plitudes are computed as usual). Indeed, for each LW diagram, one must sum over
the prefactors of all skeleton diagrams from which it can be produced, then divide by
2k, where k is the number of interaction lines.

For example, we obtain

1 1
oG, v] = ~1 > viGiuG — 3 > GGy (4.12)
i i

96



and
1 1
o3 [G] = g Z G%UiszlUlj + Z Z vikvleiijijlGli, (413)
ikl ikl
for the first- and second-order contributions from Eqs. (4.7) and (4.8), together with

Eq. (4.11). Moreover we denote by ®y[G,v] and ®g[G,v] the first and second terms
of Eq. (4.12), for ‘Hartree’ and ‘Fock,” respectively.

4.8.1 P-derivability

An ansatz X,,5|G,v] for X[G,v] specifies a Green’s function method. Among these
ansatzes, some can be written as matrix derivatives, i.e., can be viewed as being
obtained from an ansatz ®,,5[G,v] for the Luttinger-Ward functional via

aq)ans

Yans|G, V] = 50

(G, v].

These approximations are known as ®-derivable or conserving approximations. In the
context of quantum many-body physics, the resulting ®-derivable Green’s function
methods are physically motivated in that they respect certain conservation laws [100].

Notice that for fixed A and v, once an estimate G,,s for the Green’s function has
been computed via such a method, Eq. (4.10) suggests a way to approximate the free
energy, i.e.,

1 1 1
Q~ §Tr[AGanS] — §Tr log(Gans) — 3 (Pans|G, V] + Do) . (4.14)

In fact all of the self-energy approximations considered thus far, namely the first-
order (Hartree-Fock) and second-order approximations and the GW approximation,
are $-derivable.

In fact the first- and second-order self-energy approximations of Egs. (4.7) and
Eqgs. (4.8) can be obtained from the first- and second-order LW approximations of
Egs. (4.12) and Egs. (4.13).

Meanwhile, the GW approximation can be obtained from

(I)Gw[G,'U] = (I)H[G,U] — TI'lOg [I + %’U(G © G):| .

Here the matrix derivative of the first term yields the Hartree contribution ¥y[G, v],
and the matrix derivative of the second term yields G ® W[G, v].

In fact, ®gw can be viewed as being obtained from an infinite summation of the
(closed) ring diagrams from the bold diagrammatic expansion of the LW functional,
together with the closed Hartree diagram. These are the obtained by closing up the
diagrams of Fig. 26 and are themselves depicted in Fig. 28.
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Figure 28: Diagrammatic depiction of the GW Luttinger-Ward functional.

What kind of (reasonable) self-energy approximation would fail to be ®-derivable?
Roughly speaking, by the usual product rule for derivatives, taking the matrix deriva-
tive in G of a LW diagram yields a sum over all skeleton diagrams that can be ob-
tained from the LW diagram by cutting a single propagator. This means that if one
includes some skeleton diagram in the approximate self-energy but does not include
another skeleton diagram that closes up to the same LW diagram as the first, then
the approximation should not be ®-derivable.

Notice that for each of the diagrams in Fig. 27, any choice of the propagator line
to be removed yields the same skeleton diagram, so the above scenario cannot apply
to these terms. This is one way of seeing why each of the bold skeleton diagrams up
to second order is individually ®-derivable. (The same is true for each of the ring
diagrams.)

To find a non-®P-derivable bold skeleton diagram, we have to go to the third order.
In Fig. 29 (a), we depict a LW diagram that can be cut in different ways to obtain
the distinct skeleton diagrams of Fig. 29 (b) and (c).

8
/
@
o
~_ | 2
©

Figure 29: A LW diagram (a) that yields distinct classes of skeleton diagram (b), (c).
(External labelings of the skeleton diagrams are ignored.)
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Although some skeleton diagrams such as Fig. 29 (b) and (c) are not individually
®-derivable, the sum over all skeleton diagrams of a given order is ®-derivable.

4.9 Quantities that do not admit a bold diagrammatic expan-
sion

We stress that here the bold diagrammatic expansion has only been established for
the self-energy (and, by extension, the Luttinger-Ward functional). The same concept
cannot be generalized to other quantities without verification.

For example, let us consider what goes wrong in the case of the free energy.
Theorem 17 expresses the free energy as a sum over bare connected closed diagrams.
Why can’t we just replace the thin lines with bold lines and then remove redundant
diagrams (i.e., the diagrams with Green’s function insertions)?

First let us see what happens if we try this. Later we will discuss where the proof
of the bold diagrammatic expansion of the self-energy breaks down when we attempt
to adapt it to the free energy.

Recall that the first-order free energy diagrams are simply the Hartree and Fock
diagrams (i.e. the dumbbell and the oyster). Neither of these admit Green’s function
insertions, so converting them bold diagrams and retain them.

Now recall that the second-order bare free energy diagrams are depicted in Fig. 6
(b), (c). In particular, consider diagram (b2), reproduced below in Fig. 30 (a). This
diagram admits Green’s function insertions, hence will not be retained as a bold
diagram.

It can be obtained by inserting Green’s function diagrams into the bold oyster
diagram, shown in Fig. 30 (b), in two different ways; indeed, either of the bold
propagators in diagram (b) can be replaced with the insertion depicted in Fig. 30 (c).

Since diagram (b) has a symmetry factor of 4 and (c¢) has a symmetry factor of 1,
our attempted bold diagrammatic expansion for the free energy then counts diagram
(a) with a pre-factor of 1. However, diagram (a) has a symmetry factor of 4, hence
has a pre-factor of i in the bare diagrammatic expansion for the free energy!

What went wrong? The problem is that there is no analog of the unique skeleton
decomposition (Proposition 24) for closed diagrams.® Indeed, the diagram of Fig. 30
(a) can be built up from two different ‘skeleton’ subdiagrams, one containing the
upper interaction line and the other containing the lower one.

6The proof of Proposition 24 fails for closed diagrams in that the case |EWF)| = 0 cannot be
ruled out. (In the original proof, this case could be ruled out because it implied the existence of a
closed subdiagram of a connected self-energy diagram, which is impossible.)
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(a) (b) (@)

Figure 30: Decomposition of a closed diagram I" in (a) into a closed diagram T’y in
(b), and a truncated Green’s function diagram I'; in (c).

5 Numerical experiments

For the Gibbs model, in contrast to the quantum many-body problem, Green’s func-
tion methods as in section 4.7 can be implemented within a few lines of MATLAB
code. In this section we provide a small snapshot of the application of the Gibbs
model to the investigation of the numerical performance of MBPT.

In particular, we demonstrate that the use of the LW functional to compute the
free energy via Eq. (4.14) can yield more accurate results than the use of the bare
diagrammatic expansion of Theorem 17.

For simplicity we consider dimension N = 4, where all integrals can be evaluated
directly via a quadrature scheme, such as Gauss-Hermite quadrature. The quadratic
and the quartic terms of the Hamiltonian are specified by

2 -1 0 0 1000
-1 2 -1 0 0100

A=1lo 1 2 —1]> "Moo 1ol (5.1)
0 0 -1 2 000 1

respectively.

Once the self-consistent Green’s function G is obtained from some ®-derivable
Green’s function method, we evaluate the free energy using the LW functional via
Eq. (4.14). Since the non-interacting free energy )y is not physically meaningful (as it
corresponds to an additive constant in the Hamiltonian), we measure the relative error
of Q —Qy, i.e., we compute |Qans — Qexact|/|Qexact — Qo|, Where Q¢ is the free energy
obtained via our approximation and (... is the exact free energy. We carry out this
procedure for the first-order (Hartree-Fock) and second-order approximations (GF2)
of the LW functional, denoted ‘Bold 1st’ and ‘Bold 2nd,” respectively, in Fig. 31,
which plots the relative error against the coupling constant \.

For comparison, we also consider the approximations of the free energy obtained
directly from the first-order and second-order truncations of the bare diagrammatic
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expansion for the free energy of Theorem 17, denoted ‘Bare 1st’ and ‘Bare 2nd,’
respectively, in Fig. 31.

0

Relative error Q- Q)

104 —A—Bold 1st | .
—#— Bold 2nd
—A— Bare 1st
] 0.5*7 —k— Bare 2nd | |
- =
y -- X
1072 107" 10°

Figure 31: Comparison of different approximation schemes for the free energy.

Observe that the relative errors of the first- and second-order expansions scale as
A and A2, respectively, as A — 0. This makes sense because the ‘truncation’ error of
these expansions should be of order A? and A3, respectively, but to obtain the relative
error we are dividing by Qexact — $20, Which is of order A as A — 0.

Note, however, that the pre-constant of the scaling is more favorable for the bold
method in both cases. Furthermore, the bold methods scale more gracefully than
their bare counterparts when A is relatively large.

To demonstrate the simplicity of the implementation, we provide below a MAT-
LAB code for computing the self-consistent Green’s function and the free energy
using the first- and second-order bold diagrammatic expansions. The exact solution
is evaluated directly using a quadrature code which is omitted here.

% luttingerward.m
d = 4;
Phi0 = d*(log(2*pi)+1);
A=[2-1 0 0
1 2 -1 0
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0-1 2 -1;
0 0 -12];
Umat = 0.1 * eye(d);

% First order bold diagram
maxiter = 100;
G = inv(A);
for iter = 1 : maxiter
rho = diag(G);
Sigma = -1/2*%diag(Umat * rho) - (Umat.*G);
GNew = inv(A-Sigma);
err = norm(G-GNew) /norm(G) ;
if ( norm(G-GNew) /norm(G) < 1e-10 ) break; end
G = GNew;
end
Phi = 1/2*%trace(SigmaxG) ;
Omega = 0.5%(trace(A*G) - log(det(G)) - (Phi + Phi0));
fprintf (’Free energy 1st order = %g\n’, Omega);

% Second order bold diagram
G = inv(A);
for iter = 1 : maxiter
rho = diag(G);
% First order term
Sigmal = -1/2xdiag(Umat * rho) - (Umat.*G);
% Ring diagram
Sigma2 = 1/2 * G.*x(Umat * (G.*G) * Umat);
% Second order exchange diagram
for i=1:4d
for j=1:4d
Sigma2(i,j) = Sigma2(i,j) +
(Umat (:,1) .*G(:,3)) ’*G*(Umat (:,j) . *G(:,1));
end
end
Sigma = Sigmal + Sigma?2;
GNew = inv(A-Sigma);
nrmerr = norm(G-GNew)/norm(G) ;
if ( norm(G-GNew) /norm(G) < 1le-10 ) break; end
G = GNew;
end
Phi

1/2*xtrace(Sigmal*G) + 1/4xtrace(Sigma2*G);
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Omega = 0.5%(trace(A*G) - log(det(G)) - (Phi + PhiO));
fprintf (’Free energy 2nd order = %g\n’, Omega);

OmegaExact = -2.7510737;
fprintf (’Free energy exact = %g\n’, OmegaExact);

>> Juttingerward

Free energy 1st order = -2.74745
Free energy 2nd order = -2.75209
Free energy exact = -2.75107
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Part III
The Luttinger-Ward formalism

1 Introduction

The bold Feynman diagrammatic expansion of many-body perturbation theory (ab-
breviated MBPT), along with the many practically used methods in quantum chem-
istry and condensed matter physics that derive from it, can be formally derived from
the Luttinger-Ward (LW)” formalism [65]. Since its original proposal in 1960, the
LW formalism has found widespread applicability 28, 45, 10, 90]. However, the LW
formalism and the LW functional are defined only formally, and this shortcoming
poses serious questions both in theory and in practice. Indeed, the very existence of
the LW functional in the setting of fermionic systems is under debate, with numeri-
cal evidence to the contrary appearing in the past few years [54, 32, 103, 42] in the
physics community.

In the preceding Part of this dissertation, we provided a self-contained explanation
of MBPT in the setting of the Gibbs model (alternatively known as the ‘Euclidean
lattice field theory’ in the physics literature). In this setting one is interested in the
evaluation of the moments of certain Gibbs measures. While the exact computa-
tion of such possibly high-dimensional integrals is intractable in general, important
exceptions are the Gaussian integrals, i.e., integrals for the moments of a Gaussian
measure, which can be evaluated exactly. Perturbing about a reference system given
by a Gaussian measure, one can evaluate quantities of interest by a series expansion
of Feynman diagrams, which correspond to certain moments of Gaussian measures.
For a specific form of quartic interaction that we refer to as the generalized Coulomb
interaction, such a perturbation theory enjoys a correspondence with the Feynman
diagrammatic expansion for the quantum many-body problem with a two-body in-
teraction [77, 2, 1]. The generalized Coulomb interaction is also of interest in its own
right and includes, e.g., the (lattice) ¢* interaction [2, 108, as a special case. The
combinatorial study of its perturbation theory was the goal of Part II. Nonetheless,
the techniques of Part II, and MBPT more broadly, are more generally applicable to
various types of field theories and interactions.

The culmination of the developments of Part II is the bold diagrammatic expan-
sion, which is obtained formally via a partial resummation technique which sums
possibly divergent series of diagrams to infinite order. Indeed, the main technical
contribution of Part II was to place the combinatorial side of this procedure on firm
footing. One motivation for Part III is to interpret the bold diagrams analytically,
which we accomplish by first constructing the LW formalism. In fact this construction

"The Luttinger-Ward formalism is also known as the Kadanoff-Baym formalism [7] depending on
the context. In this work we always use the former.
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is non-perturbative and valid for rather general forms of interaction.

1.1 Contributions

Please note that this Part is based on [62] (joint work with Lin Lin). The main
contribution of this Part is to establish the LW formalism rigorously for the first time,
in the context of Gibbs measures. In this setting, the role of the Green’s function is
assumed by the two-point correlator.

The construction of the LW functional proceeds via concave duality, in a spirit
similar to that of the Levy-Lieb construction in density functional theory [56, 59| at
zero temperature and the Mermin functional [76] at finite temperature, as well as the
density matrix functional theory developed in [6, 98, 15]. With careful interpretation,
this duality gives rise to a one-to-one correspondence between non-interacting and
interacting Green’s functions. The LW formalism yields a variational interpretation
of the Dyson equation. To wit, the free energy can be expressed variationally as a
minimum over all physical Green’s functions, and the self-consistent solution of the
Dyson equation yields its unique global minimizer. We also prove a number of useful
properties of the LW functional, such as the transformation rule, the projection rule,
and the continuous extension of the LW functional to the boundary of its domain,
which can be interpreted as the domain of physical Green’s functions. In particular,
this last property suggests a novel interpretation of the LW functional as the non-
divergent part of the concave dual of the free energy. These results allow us to
interpret the appropriate analogs of quantum impurity problems in our simplified
setting. In particular, we prove that the self-energy is always a sparse matrix for
impurity problems, with nonzero entries appearing only in the block corresponding
to the impurity sites. Such a result is at the foundation of numerical approaches such
as the dynamical mean field theory (DMFT) [37, 53].

We prove that the bold diagrams for the generalized Coulomb interaction can
be obtained as asymptotic series expansions of the LW and self-energy functionals,
circumventing the formal strategy of performing resummation to infinite order. The
proof of this fact proceeds by proving the existence of such series non-constructively
and then employing the combinatorial results of Part II to ensure that the terms of
these series are in fact given by the bold diagrams.

Although the bold diagrammatic expansion (evaluated in terms of the interacting
Green’s function, which is always defined) appears to be applicable in cases where the
non-interacting Green’s function is ill-defined, we demonstrate that caution should be
exercised in practice in such cases. Using a one-dimensional example, we demonstrate
that the approximate Dyson equation obtained via a truncated bold diagrammatic
expansion may yield solutions with large error in the regime of vanishing interaction
strength or fail to admit solutions at all.
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1.2 OQOutline

In section 2 we review preliminary material and definitions needed to understand the
results of this Part.

Section 3 concerns the construction of the LW formalism, beginning with a dis-
cussion of the the variational formulation of the free energy and the relevant concave
duality (section 3.1). This is followed by the introduction of the LW functional and
the Dyson equation (section 3.2). Then we introduce several key properties of the
LW functional: the transformation rule (section 3.3); the projection rule, accompa-
nied by a discussion of impurity problems (section 3.4); and the continuous extension
property (section 3.5). The proof of the continuous extension property, which is the
most technically demanding part of the Part, is postponed to section 5, which has its
own outline.

Section 4 concerns the bold diagrammatic expansion. In section 4.1 we prove
the existence of asymptotic series for the LW functional and the self-energy, and in
section 4.2 we relate the coefficients of the former to the latter. Then for the rigorous
development of the bold diagrammatic expansion, it only remains at this point to
prove that the asymptotic series for the self-energy matches the bold diagrammatic
expansion of Part II. This is the most involved task of section 4. In section 4.3, we
review the results that we need from Part II in a ‘diagram-free’ way that should be
understandable to the reader who has not read Part II, and in section 4.4, we establish
the claimed correspondence. Finally, in section 4.5 we illustrate the aforementioned
warning about the truncation of the bold diagrammatic series in cases where the
non-interacting Green’s function is ill-defined.

Relevant background material on convex analysis and the weak convergence of
measures is collected in Appendices C and D, respectively. The proofs of many
lemmas are provided in Appendix E, as noted in the text.

2 Preliminaries

In this section we discuss some preliminary definitions and notations.

2.1 Notation and quantities of interest

Throughout we shall let SV, S¥, and SY, denote respectively the sets of symmetric,
symmetric positive semidefinite, and symmetric positive definite NV x N real matrices.
For simplicity we restrict our attention to real matrices, though analogous results can
be obtained in the complex Hermitian case.

In this Part we will consider Gibbs measures defined by Hamiltonians h : RY —
R U {400} of the form

1
h(z) = éxTAx + U(z),
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where A € SV. The first term represents the quadratic or ‘non-interacting’ part of
the Hamiltonian, while the second term, U, represents the interaction. We define the
partition function accordingly as

Z[A,U] :/ e 3¢ ArU) qg (2.1)
RN

For fixed interaction U, we may think of the partition function of A alone, i.e., as
Z : SN — R sending A — Z[A]. In fact we adopt this perspective exclusively for the
time being.

The free energy is then defined as a mapping Q : S¥ — R U {—o0} via

Q[A] = —log Z[A] = — log / e~ AU gy (2.2)

n

We denote the domain of () by
dom Q= {A € SV : Q[A] > —o0},

and the interior of the domain by int dom 2. As we will see, 2 is concave in A, and
this notion of domain is the usual notion from convex analysis (see Appendix C), and
it is simply the set of A such that the integral in Eq. (2.2) is convergent.

For A € intdom (2, in fact the integrand in Eq. (2.2) must decay exponentially,
hence we can define the two-point correlator (which we call the Green’s function by
analogy with the quantum many-body literature) in terms of A via

1 12T Ag—U(x
GylA] = M/RN TiTje 2 U@ dg,
and the integral on the right-hand side is convergent. More compactly, we have a
mapping G : int dom 2 — S defined by

G[A] := L/ zxT em 2" ArU@) gy (2.3)

It is important to note that G[A] € S}, for all A. As we shall see in section 3, this
constraint defines the domain of ‘physical’” Green’s functions, in a certain sense. In
the discussion below, GG is also called the interacting Green’s function.

In the case of the ‘non-interacting’ Gibbs measure, where U = 0, all quantities
of interest can be computed exactly by straightforward multivariate integration. In
particular, letting G°[A] := G[A; 0], we have for A € domQ = 8%, that

Go[A] = AL (2.4)

The neatness of this relation is that it motivates the factor of one half included in the
quadratic part of the Hamiltonian. We refer to G°[A] as the non-interacting Green’s
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function associated to A, whenever A € St . Note that for a general interaction
U, int dom ) may contain elements not in S . For such A there is an associated
(interacting) Green’s function but not a non-interacting Green’s function.

In general G' can be viewed as the gradient of €2, for a suitably defined notion of
gradient for functions of symmetric matrices, which we now define:

Definition 1. Fori,j =1,..., N, let E(@) € SN be defined by E,Sj) = i1 + 03105
For a differentiable function f : S — R, define the gradient Vf : SV — SV by

_ i J(A+-EW) — f(A)

If f is obtained by restriction from a function f : R¥*Y — R, then equivalently
V.. f —_ of + of
ij ax,, T ax;

Then on dom €2 the gradient map V¢ is given by

ViQA] = ﬁ /mﬂj ¢~ 3e Ar=U(@) (2.5)
ie., G = VQ, as claimed. The notion of gradient of Definition 1 is natural for our
setting in that it yields this relation. However, it may seem a bit awkward when
applied to specific computations. Indeed, consider a function X — f(X) on SV that
is specified by a formula that can be applied to all N x N matrices and in which the
roles of Xj; and Xj; are the same for all [, k. For instance, such a formula is given
by f(X) = 3_,; X7. Then the usual matrix derivative of f, considered as a function

on N x N matrices, is given by %(X ) = 2X,;, whereas, viewing f as a function on
ij
SY and with notation as specified in Definition 1, we have V,; f(X) = 4X;;. More
generally in this situation we have V;; = 2%. Since formulas like this arise from
ij

the bold diagrammatic expansion (as discussed in Part II), it is convenient then to
further define:

Definition 2. For a differentiable function f : S — R, define the matrix derivative
of .
9L SN — SN by S

ox, ~2vul

Moreover, this notion of derivative will yield the relation

where Y is the self-energy and ® is the LW functional, as was foreshadowed in Part II.
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2.2 Interaction growth conditions

Note that dom 2 depends on the shape of U(x). For example, if U(x) = 0, then
domQ = SN, If U(z) = 3N, 2%, then domQ = SV. Our most basic condition on
U is the following:

Definition 3 (Weak growth condition). A measurable function U : R™ — R satisfies
the weak growth condition, if there exists a constant Cy such that U(z) + Cy(1 +
|z||>) > 0 for all z € R™, and dom (2 is an open set.

The weak growth condition of Definition 3 specifies that U cannot decay to —oo
faster than quadratically, which ensures in particular that dom €2 is non-empty. The
assumption that dom € is an open set (i.e., dom = int dom ) will be used later
to ensure that for fixed U there is a one-to-one correspondence between A and G
(hence also between non-interacting and interacting Green’s functions) over suitable
domains.

Note that the condition of Definition 3 is weaker than the condition

%xTAw FU®@) > 400, 2] = +oo (2.6)
For instance, if N = 2 and U(x) = z{, then the weak growth condition is satisfied
with Cyy = 0, but Eq. (2.6) is not satisfied for all A € S¥. In fact, when U(z) only
depends on a subset of components of x € R"™, we call the Gibbs model an impurity
model or impurity problem, in analogy with the impurity models of quantum many-
body physics [68], and we call the subset of components on which U depends the
fragment. The flexibility of the weak growth condition will allow us to rigorously
establish the LW formalism for the impurity model. In the setting of the impurity
model, the ‘projection rule’ of Proposition 25 then allows us to understand the LW
formalism of the impurity model in terms of the lower-dimensional LW formalism of
the fragment and to prove a special sparsity pattern of the self-energy.

One of our main results (Theorem 30) is that the LW functional, which is initially
defined on the set S, of physical Green’s functions, can in fact be extended contin-
uously to the boundary of 8%, a fact which will not be apparent from the definition
of the LW functional. (In fact, this extension shall be specified by an explicit formula
involving lower-dimensional LW functionals.) But in order for this result to hold, we
need to strengthen the weak growth condition to the following:

Definition 4 (Strong growth condition). A measurable function U : R" — R satisfies
the strong growth condition if, for any o € R, there exists a constant b € R such that
U(z) +b > al|z|]? for all z € R".

Note that the strong growth condition ensures that dom Q = S and is hence an
open set. If U is a polynomial function of x and satisfies the strong growth condition,
then Eq. (2.6) will also be satisfied.
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In Section 5 we will discuss the precise statement and proof of the aforementioned
continuous extension property. In addition, a counterexample will be provided in the
case where the weak growth condition holds but the strong growth condition does not.
In fact, the continuous extension property is also valid for impurity models (which
do not satisfy the strong growth condition) via the projection rule (Proposition 25),
provided that the interaction satisfies the strong growth condition when restricted to
the fragment.

For the generalized Coulomb interaction considered in Part II, i.e.,

N
U(z) = % Z vijx?x?-, (2.7)

ij=1
there is a natural condition on the matrix v that ensures that U satisfies the strong
growth condition, namely that the matrix v is positive definite. We will simply
assume that this holds whenever we refer to the generalized Coulomb interaction. To
see that this assumption implies the strong growth condition, first note that v > 0
guarantees in particular that U is a nonnegative polynomial, strictly positive away
from x = 0. Since U is homogeneous quartic, it follows that U > C~!z|* for some
constant C sufficiently large, which evidently implies the strong growth condition.
Another sufficient assumption is that the entries of v are nonnegative and moreover

that the diagonal entries are strictly positive.
Our interest in diagrammatic expansions leads us to adopt a further condition on
the interaction. Too see why this is necessary, recall from Part II that the perturbation

about a non-interacting theory (U = 0) involves integrals such as

/U(x) e 2" AT g,

which is clearly undefined if, e.g., U(z) = e*". In most applications of interest, U (x)
is only of polynomial growth, but it is sufficient to assume growth that is at most
exponential in the sense of Assumption 5, which is actually only needed in section 4
for our consideration of the bold diagrammatic expansion.

Assumption 5 (At-most-exponential growth). In this section, we assume that there
exist constants B,C > 0 such that |U(x)| < Bel®l for all z € R™.

Further technical reasons for this assumption will become clear in section 4.

2.3 Measures and entropy: notation and facts

Let M be the space of probability measures on R" (equipped with the Borel o-
algebra), let My C M be the subset of probability measures with moments up
to second order, and let A denote the Lebesgue measure on R™. For notational
convenience we define a mapping that takes the second-order moments of a probability
measure:
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Definition 6. Define G : My — Siv by G(u) = fxxT dp. Writing G = (G;5), we
equivalently have G;;(u) = [ x;x; dpu.

Therefore if 1 is defined via a density

1 e—%:{;TAz—U(:c)
Z[A] ’

dp = p(x)dz, where p(x) =

then G(u) = G[A].
We also denote by

cost = [ ast ([ 0a) ([ )

the covariance matrix of .
For pn € M, let H denote the (differential) entropy

H(u)z{_flog%dﬂ’ pes (2.8)
—00, otherwise
where % denotes the Radon-Nikodym derivative (i.e., the probability density function
of pu with respect to the Lebesgue measure ) whenever p < A (i.e., whenever p is
absolutely continuous with respect to the Lebesgue measure). We will often refer to
the differential entropy as the entropy for convenience.

For pu,v € M, define the relative entropy H, () via

— [log ¥ du, p<v
Hywz{ Jlog g, du. p (2.9)

—00, otherwise.

Note carefully the sign convention.® The integral in (2.9) is well-defined with values
in RU {—o0} for all p,v € M.
We now record some useful properties of the relative entropy.

Fact 7. For fitedv € M, H, is non-positive and strictly concave on M, and H, (1) =
0 if and only if p = v. Moreover H, is upper semi-continuous with respect to the
topology of weak convergence; i.e., if the sequence i, € M converges weakly to p € M,
then lim sup,_, o H,(ug) < H,(1).

Proof. For proofs see [88]. O

By contrast to the relative entropy, the differential entropy suffers from two ana-
lytical nuisances.

80ur relative entropy is then the negative of the Kullback-Leibler divergence, i.e., H,(u) =
—Dxr (pl|v).
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First, in the definition of the entropy in (2.8), the entropy may actually fail to
be defined for some measures (which simultaneously concentrate too much in some
area and fail to decay fast enough at infinity, so the negative and positive parts of
the integral are —oco and +oo, respectively, and the Lebesgue integral is ill-defined).
However, Lemma 8 states that when we restrict to My, the integral cannot have an
infinite positive part and is well-defined.

Lemma 8. For i € My, if u < A\, then the integral in (2.8) exists (in particular,
the positive part of the integrand has finite integral) and moreover

H(p) < %log ((2me)™ det Cov(p)) < =log ((2me)™ det G(u))

N | —

with possibly H(u) = —oo. The first inequality is satisfied with equality if and only
if pois a Gaussian measure with a positive definite covariance matrixz. The second
inequality 1s satisfied with equality iof and only if  has mean zero.

Note that Lemma 8 also entails a useful bound on the entropy in terms of the
second moments, as well as the classical fact that Gaussian measures are the measures
of maximal entropy subject to second-order moment constraints.

The second analytical nuisance of the differential entropy is that we do not have
the same semi-continuity guarantee as we have for the relative entropy in Fact 7.
However, control on second moments allows a semi-continuity result that will suffice
for our purposes.

Lemma 9. Assume that p; € My weakly converge to p € M, and that there exists a
constant C' such that G(u;) X C - Iy for all j. Then limsup, ., H(u;) < H(u).

Remark 10. In other words, the entropy is upper semi-continuous with respect to the
topology of weak convergence on any subset of probability measures with uniformly
bounded second moments. The subtle difference between the statements in Fact 7
and Lemma 9 is due to the fact that the Lebesgue measure \ ¢ M.

The proofs of Lemmas 8 and 9 are given in appendix E.

Finally we record the classical fact that subject to marginal constraints, the en-
tropy is maximized by a product measure. In the statement and throughout this
work, ‘#’ denotes the pushforward operation on measures.

Fact 11. Suppose p < N and let 1 : R® — RP and m : R* — RN"P to be the
projections onto the first p and last N —p components, respectively. Then for u € Mo,

H(p) < H(m#tp) + H(mo#p).

Remark 12. Note that m#p and me#p are the marginal distributions of pu with
respect to the product structure R” = RP x RY~7.

See appendix E for a short proof.

112



3 Luttinger-Ward formalism

This section is organized as follows. In section 3.1, we provide a variational expression
for the free energy via the classical Gibbs variational principle. For fixed U, this allows
us to identify the Legendre dual of Q[A], denoted by F|[G], and to establish a bijection
between A and the interacting Green’s function G. In section 3.2, we define the
Luttinger-Ward functional and show that the Dyson equation can be naturally derived
by considering the first-order optimality condition associated to the minimization
problem in the variational expression for the free energy. Then we prove that the LW
functional satisfies a number of desirable properties. First, in section 3.3 we prove
the transformation rule, which relates a change of the coordinates of the interaction
with an appropriate transformation of the Green’s function. The transformation rule
leads to the projection rule in section 3.4, which implies the sparsity pattern of the
self-energy for the impurity problem. Up until this point we assume only that U
satisfy the weak growth condition. Then in section 3.5 we motivate and state our
result that the LW functional is continuous up to the boundary of &, for which we
need the assumption that U satisfies the strong growth condition. The proof (as well
as a counterexample demonstrating that weak growth is not sufficient) is deferred to
section 5. Throughout we defer the proofs of some technical lemmas to Appendix E.
Moreover we will invoke the language of convex analysis following Rockafellar [91]
and Rockafellar and Wets [92]|. See Appendix C for further background and details.

3.1 Variational formulation of the free energy
The main result in this subsection is given by Theorem 13.

Theorem 13 (Variational structure). For U satisfying the weak growth condition, the
free energy can be expressed variationally via the constrained minimization problem

ol4) = inf, (%Tr[AG] - ]—"[G]) | (3.1)
where F[G] := ”EEIEP(G) {H(u) —/U dul (3.2)

is the concave conjugate of Q[A] with respect to the inner product (A, G) = L Tr[AG].
(Note that by convention F|G| = —oo whenever G~Y(G) is empty, i.e., whenever
G € SM\SY.) Moreover Q and F are smooth and strictly concave on their respective
domains dom Q and 8%, . The mapping G[A] := VQ[A] is a bijection dom Q — SY,
with inverse given by A[G] := V.F[G].

We first record some technical properties of € in Lemma 2.

Lemma 14. Q is an upper semi-continuous, proper (hence closed) concave function.
Moreover, Q) is strictly concave and C*>-smooth on dom ().
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Remark 15. Recall that a function f on a metric space X is upper semi-continuous
if for any sequence zy € X converging to x, we have limsup,_, f(zr) < f(z).

We now turn to exploring the concave (or Legendre-Fenchel) duality associated
to Q. The following lemma, a version of the classical Gibbs variational principle (88|,
is the first step toward identifying the dual of (2.

Lemma 16. For any A € SV,

HEM2

Q[A] = inf [ / (%xTAg;JrU(x)) du(a:)—H(u)}. (3.3)

If A € dom Q, the infimum is uniquely attained at dp(z) = ﬁe’%xTAz’U(I) dx.

Remark 17. One might wonder whether the infimum in (3.3) can be taken over all
of M. Note that if ;1 does not have a second moment, it is possible to have both
H(p) = +oo and [ (227Az + U(z)) dp(z) = 400, so the expression in brackets is of
the indeterminate form oo —oo. The restriction to u € M, takes care of this problem
because Lemma 8 guarantees that H(u) < +o0o, and by the weak growth condition,
the other term in the infimum must be either finite or +00. Moreover, M, is still
large enough to contain the minimizer, and restricting our attention to measures with
finite second-order moments will be convenient in later developments.

From the previous lemma we can split up the infimum in (3.3) and obtain

Q[A] = inf inf(G) { / (%xTAx+U(x)> du(x)—H(u)}.

GeSY peg—t

Since [a' Az dp = Tr[G(u)A], it follows that

Q[A] = in (%Tr[AG} it [ / U du—H(u)D.

Gesy neg—t

This proves Eq. (3.1) of Theorem 13 using the definition of F[G] in Eq. (3.2).

Remark 18. For the perspective of the large deviations theory, we comment that the
construction of F from the entropy may be recognizable by analogy to the contraction
principle [88]. Indeed, the expression [U du — H(u) is equal (modulo a constant
offset) to —H,,, (11), where vy is the measure with density proportional to e~V. If one
considers i.i.d. sampling from the probability measure v;;, by Sanov’s theorem —H,,,
is the corresponding large deviations rate function for the empirical measure. The
rate function for the second-order moment matrix (i.e., —F, modulo constant offset)
is obtained via the contraction principle applied to the mapping u — G(u). This
is analogous to the procedure by which one obtains Cramér’s theorem from Sanov’s
theorem via application of the contraction principle to a map that maps p to its
mean [88].
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Now we record some technical facts about F in Lemma 19, which demonstrates in
particular that F diverges (at least) logarithmically at the boundary S = S¥\SY, .

Lemma 19. F is finite on St and —oo elsewhere. Moreover,

FIG] < - log [(2me)N det G] + Cy(1 + Tr G)

N | —

forallG € 8.

Define
W) = 1) - [ U d

so F[G] = sup,ecg-1(q) Y] By the concavity of the entropy, W is concave on M.
Thus, given G, we can in principle solve a concave maximization problem over u € M
to find F[G], with the linear constraint u € G~'(G). Moreover, this variational
representation of F in terms of the concave function ¥ is enough to establish the
concavity of F by abstract considerations. This and other properties of F are collected
in the following.

Lemma 20. F is an upper semi-continuous, proper (hence closed) concave function
N
on 8.

Now Eq. (3.1) states precisely that  is the concave conjugate of F with respect
to the inner product (A4, G) = $Tr[AG], and accordingly we write @ = F*. Since F
is concave and closed, we have by Theorem 19 that F = F** = Q* i.e., F and () are
concave duals of one another. Thus we expect that VJF and V(2 are inverses of one
another, but to make sense of this claim we need to establish the differentiability of
F. We collect this and other desirable properties of F in the following:

Lemma 21. F is C*-smooth and strictly concave on ST .

Then Theorem 20 guarantees that V() is a bijection from dom 2 — S with its
inverse given by V.F. This completes the proof of Theorem 13.
Finally, following Lemma 16, together with the splitting of (3.3) and the A «+» G

correspondence of Theorem 13, we observe that the supremum in (3.2) is attained

1 — 12T A[Qlz—U(z
zoEe o de.

uniquely at the measure du :=

3.2 The Luttinger-Ward functional and the Dyson equation

According to Lemma 19, F should blow up at least logarithmically as G approaches
the boundary of SiV +- Remarkably, we can explicitly separate the part that accounts
for the blowup of F at the boundary. In fact, subtracting away this part is how we
define the Luttinger-Ward (LW) functional for the Gibbs model. We will see in this
subsection that the definition of the Luttinger-Ward functional can also be motivated
by the stipulation that its gradient (the self-energy) should satisfy the Dyson equation.
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Consider for a moment the case in which U = 0, so
FlG] = sup [H (1) — / U du} = sup H(p).
neG=H(G) HeG—H(G)

The random variable X achieving the maximum entropy subject to E[X;X;] = G;;
follows a Gaussian distribution, i.e., X ~ N (0, G). It follows that

1 1 N
F|G] = 3 log ((2me)™ det G) = §Tr[log(G)] +t5 log(2me).
This motivates, for general U, the consideration of the Luttinger- Ward functional
O[G] := 2F[G| — Trllog(G)] — N log(2me). (3.4)

For non-interacting systems, ®[G] = 0 by construction.

Now we turn to establishing the Dyson equation. Theorem 13 shows that for
A € dom Q, the minimizer G* in (3.1) satisfies A = VF[G*| = A[G"], so the minimizer
is G* = G[A]. Recall

FlG] = %Tr[log(G)] + %@[G] + %Nlog(%re).

Taking gradients and plugging into A = VF[G*] yields
1
0=A—(G)! - §v<1>[G*].

Define the self-energy ¥ as a functional of G by X[G] := 1V®[G] = $2[G]. Then
we have established that for G = G[A4],

Gt=A-3[G]. (3.5)

Moreover, by the strict concavity of F, G = G[A] is the unique G solving (3.5).

Eq. (3.5) is in fact the Dyson equation as in section 3.8 of Part II. To see this, recall
from Eq. (2.4) that the non-interacting Green’s function G° is given by G° = A™!, so
we have

Gt = (G -X[qG].
Left- and right-multiplying by G° and G, respectively, and then rearranging, we obtain
G =G+ G"2[G]G.

However, Eq. (2.4) requires G° to be well defined, ie., A € SY,. On the other
hand, the Dyson equation (3.5) derived from the LW functional does not rely on this
assumption and makes sense for all A € dom (). Nonetheless, if for fixed A one seeks
to approximately solve the Dyson equation for G by inserting an ansatz for the self-
energy obtained from many-body perturbation theory, one must be wary in the case
that A ¢ S7_; see section 4.5.
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3.3 Transformation rule for the LW functional

Though the dependence of the Luttinger-Ward functional on the interaction U was
only implicit in the previous section, we now explicitly consider this dependence,
including it in our notation as ®[G, U]. The same convention will be followed for
other functionals without comment. Proposition 22 relates a transformation of the
interaction with a corresponding transformation of the Green’s function.

Proposition 22 (Transformation rule). Let G € Siv +» U be an interaction satisfying
the weak growth condition. Let T denote an invertible matriz in RN*N | as well as the
corresponding linear transformation R™ — R™. Then

O[TGT*, U] = ®[G,U o T).

Proof. For G € 8%, note that the supremum in (3.2) can be restricted to the set of
pu € G7Y(@G) that have densities with respect to the Lebesgue measure. (Indeed, for
any u € Mo that does not have a density, H(u) — [ U dpu = —00.) Then observe

O[G,U] = —Nlog(2me) —logdet G + 2 squ) [H(,u) - /U du}

peG—(

= —Nlog(2me) — logdet G — 2 inf o [/ (logp+U) p dx}

{p:p dzcg—!

= —Nlog(2me) — 2 inf /lo det )Y?p] + U d:c].
me) =2 int [ (o (0 6) ) +U) 5

Going forward we will denote C' := —N log(2me).
Then for T invertible, we have

OTGT*, Ul =C -2 inf [/ (log [(detG)l/Q-\detT|~p} +U) pdx] :

p dzeG—1(TGT*)
Now observe by changing variables that
{p:pdee G (TGT")} ={|detT|™" - poT™': pdz e G (G)}.

Therefore

OTGT* U] = C—2 inf {|detT|1
p dzeG—1(G)

/ (log [(det G)Y2 . po T +U) poT™t dx]

— (b G7 I) o T 9

as was to be shown. O
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Remark 23. Since T is real, the Hermite conjugation 7™ is the same as the matrix
transpose, and this is used simply to avoid the notation 77,

From the transformation rule we have the following corollary:

Corollary 24. Let G € S, and consider an interaction U which is a homogeneous
polynomial of degree 4 satisfying the weak growth condition. For A > 0, we have

PING, U] = ®[G, \*U].

3.4 Impurity problems and the projection rule

For the impurity problem, the interaction only depends on a subset of the variables
x1,...,xyN, namely the fragment. In such a case, the Luttinger-Ward functional can
be related to a lower-dimensional Luttinger-Ward functional corresponding to the
fragment. This relation, called the projection rule, is given in Proposition 25 below.
In the notation, we will now explicitly indicate the dimension d of the state space
associated with the Luttinger-Ward functional via subscript as in ®,4[G, U], since we
will be considering functionals for state spaces of different dimensions. We will follow
the same convention for other functionals without comment.

Before we state the projection rule, we record some remarks on the domain of
) and growth conditions in the context of impurity problems. Suppose that the
interaction U depends only on zy,...,z,, where p < N, so U can alternatively be
considered as a function on RP. Notice that even if U satisfies the strong growth
condition as a function on RP, it is of course not true that dom (Qy[-,U]) = SV. As
mentioned above, this provides a natural reason to consider interactions that do not
grow fast in all directions and motivates the generality of our previous considerations.

In fact, for
A Ap
A= ,
( AF{Q A22
one can show by Fubini’s theorem, integrating out the last N — p variables in (2.2),
that A € dom (Qn[-,U]) if and only if both

Agy € SYIP and Ayy — Ay Ayt AT, € dom (Q,]-,U]).
Moreover, one can show that for such A,
Qn[A, U] = Q, [An — A AR AL, Ul + %10g((27r)p_N det Ayy).
Therefore, if dom (£2,[-,U(-,0)]) is open, then so is dom (Q2y[-,U]). It follows that

if U satisfies the weak growth condition as a function on RP, then U also satisfies the
weak growth condition as a function on R¥.
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Proposition 25 (Projection rule). Let p < N. Suppose that U depends only on
x1,...,%p and satisfies the weak growth condition. Hence we can think of U as a
function on both R"™ and RP. Then for G € ST,

q)N [G, U] - (I)p [GH,U] 5
where Gy is the upper-left p x p block of G.

Remark 26. If U can be made to depend only on p < N variables by linearly changing
variables, then we can use the projection rule in combination with the transformation
rule (Proposition 22) to reveal the relationship with a lower-dimensional Luttinger-
Ward functional, though we do not make this explicit here with a formula.

Corollary 27. Let p < N, and P be the orthogonal projection onto the subspace
span {egN), . ,eéN)}. Suppose that U(-,0) satisfies the weak growth condition. Then
for G € St

@N [G,UOP] :(I)p[GH,U(',O)],

where Gy 1s the upper-left p x p block of G.

Proof. (Of Proposition 25.) First we observe that we can assume that G is block-
diagonal. To see this, let G € 8}, and write

Gi1 Gio
G = )
( Gly G
Then block Gaussian elimination reveals that

o I 0 Gu 0 I GG
S\ GLGH T 0 Gy — GLG'Gro 0 I ‘

s 10N & (Gn 0
TNGLGH T) T 0 G- GLGH G )

so G = TGT*. Then by the transformation rule, we have

Define

ON[G U] = ON[G,U o T] = ®y[G, U],

where the last equality uses the fact that U depends only on the first p arguments,
which are unchanged by the transformation 7.

Since G is block-diagonal with the same upper-left block as G, we have reduced
to the block-diagonal case, as claimed, so now assume that G' € St with

- G11 0
o= (% e )

119



Recall the expression for Fy:

Fn|G, U] = sup {H(u)—/U d,u}.
HEGR!(G)

Next define 7, : R® — R? and 7, : R® — R¥~P to be the projections onto the first
p and last N — p components, respectively. Then with ‘#’ denoting the pushforward
operation on measures, m#u and moFu are the marginals of p with respect to the
product structure R” = R? x R¥~?. Now recall Fact 11, in particular the inequality
H(p) < H(m#p) + H(m#p). Also note that if 4 € Gy'(G), then m#u € G, (G11)
and mo#Hu € Q;,l_p(Gﬂ). Finally observe that since U depends only on the first p
arguments, [ U du = [ U d(m#u) for any p. Therefore

RG] < sup [Hlnn) + Hlrt) — [ Udirat]

neGy' (@)

< {Hw - [v dm] v ()

meg; Nop(G22)
= F,|Gu, U]+ %log((%re)Np det Gao).
Since det G = det G1; det G99, it follows that
NG, U] < Q,[Gh1, U]

For the reverse inequality, let u; be arbitrary in G, 1(G11), and consider u :=

W1 X o, where ps is given by the normal distribution with mean zero and covariance
G92. Then

1
FulG,U] > H(p) - /U dp = Hp) — /U s + 5 og((2me) V7 det Gi).
Since py is arbitrary in G 1(G11), it follows by taking the supremum over p; that

FalG.U] > F G, U + % log((27€)¥ 7 det Gan),

which implies
NG, U] > ©,[Gh1, UJ.
O
Remark 28. The proof suggests that for U depending only on the first p arguments
and G block-diagonal, the supremum in the definition of F is attained by a product
measure, which is perhaps not surprising. The proof also suggests, however, that for

such U and general GG, the supremum is attained by taking a product measure and
then ‘correlating’ it via the transformation 7.
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For the impurity problem, Proposition 25 immediately implies that the self-energy
has a particular sparsity pattern:

Corollary 29. Let p < N and suppose that U (satisfying the weak growth condition)
depends only on x1,...,x,. Then

Yy[G, U] = ( EP[GO”’U] 8 ) .

For example, consider U(z) = £ >, ik Virias. Here the stipulation that U depend
only on the first p arguments corresponds to the stipulation that v;; = O unless ¢, j < p.
For such an interaction, in the bold diagrammatic expansion for ® and X, any term
in which G;; appears will be zero unless ¢, 7 < p. This is a non-rigorous perturbative
explanation of the fact that ® depends only on the upper-left block of G, which in
turn explains the sparsity structure of Y, as well as the fact that ¥ also depends
only on the upper-left block of G. However, the developments of this section apply
to interactions U of far greater generality and which may indeed be non-polynomial,
hence not admitting of a bold diagrammatic expansion.

3.5 Continuous extension of the LW functional to the bound-
ary

The discussion in this subsection is only heuristic, and the proofs of the theorems

stated here are deferred to section 5.

Now in section 3.1 we saw that the functional F[G] diverges at the boundary
OSY = SM\SY,. On the other hand, the projection rule together with the transfor-
mation rule, motivates the formula by which we can extend ® continuously up to the
boundary 9SY.

Indeed, suppose that 7@ — P, where T is invertible and P is the orthogonal
projection onto the first p components, as in Corollary 27. Then for G € S

++
@N[T(j)G(T(j))*, Ul = ®n[G,U o T(J')]'
By naively taking limits of both sides, we expect that
ON[PGP, U] = ®N[G,U o P|

where G1; is the upper-left p x p block of G. Then by the projection rule we expect
Gu1 O
Q)N |:( 011 0 )7U:| :ép[GllaU(.70)]7
where (17 is the upper-left p x p block of GG. After possibly changing coordinates via

the transformation rule, this formula provides a general recipe for evaluating the LW
functional on the boundary dS?, which is the content of Theorem 30 below.
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Unfortunately, there are nontrivial analytic difficulties that are hidden by this
heuristic derivation. In fact there exists an interaction U satisfying the weak growth
condition for which the continuous extension property fails. Since the discussion of
this counterexample is somewhat involved, it is postponed to section 5.5. However,
the continuous extension property is true for U satisfying the strong growth condition
of Definition 4.

Before stating the continuous extension property in Theorem 30, we provide
a more careful discussion of the structure of the boundary 0S}. Consider a g-
dimensional subspace K of R", and let p = N — ¢. Then the set

Sk = {GESJZFV : kerG:K}

forms a ‘stratum’ of the boundary of &, which is itself isomorphic to the set of
p X p positive definite matrices. In turn, one can consider boundary strata (of smaller
dimension) nested inside of Sk.

We will show that the restriction of the Luttinger-Ward function to such a stratum
is precisely the Luttinger-Ward function for a lower-dimensional system. To this end,
fix a subspace K and choose any orthonormal basis vy, ...,v, for K*. (The choice
of basis is not canonical but can be made for the purpose of writing down results
explicitly.) Define V,, := [vy, ..., v,]. We use this notation to indicate both the matrix
and the corresponding linear map.

Theorem 30 (Continuous extension, I). Suppose that U is continuous and satisfies
the strong growth condition. With notation as in the preceding discussion, ® |-, U]
extends continuously to Sk via the rule

(G, U] = @, [V;GV,.Uo V)
for G € Sk. Consequently, ®y|[-,U] extends continuously to all of SV .

Remark 31. We interpret the extension rule as to set ®y[0, U] = &o[U] := —2-U(0).
Moreover, it will become clear in the proof that even for continuous interactions U
that do not satisfy the strong growth condition, the extension is still lower semi-
continuous on ¥ and continuous on 8%, U {0}.

Changing coordinates via Proposition 22, we see that Theorem 30 is actually
equivalent to the following:

Theorem 32 (Continuous extension, II). Suppose that U is continuous and satisfies
the strong growth condition. For G € 8§, ®[-,U] eatends continuously via the rule

By Kfj S)U] _ o, (G, U(-,0)].

Once again we comment that proof is deferred to section 5.
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4 Bold diagrammatic expansion for the generalized
Coulomb interaction

Using the Luttinger-Ward formalism, in this section we prove that the bold dia-
grammatic expansions from Part II of the self-energy and the LW functional (for the
generalized Coulomb interaction (4.1)) can indeed be interpreted as asymptotic series
expansions in the interaction strength at fixed G. This provides a rigorous interpre-
tation of the bold expansions that is not merely combinatorial. Recall that when
each G in the bold diagrammatic expansion of the self-energy is further expanded
using G° and U, the resulting expansion should be formally the same as the bare
diagrammatic expansion of the self energy. The combinatorial argument in section 4
of Part II guaranteeing this fact does not need to be repeated in this setting, and we
will be able to directly use Theorem 4.12 from Part II. The remaining hurdles are
analytical, not combinatorial.
We summarize the results of this section as follows.

Theorem 33. For any continuous interaction U : R™ — R satisfying the weak growth
condition and any G € S, the LW functional and the self-energy have asymptotic
Series erpansions as

¢[G, U] =Y dW[G, U, LG, U] = ZN (G, Ule (4.1)
k=1

Moreover, for U a homogeneous quartic polynomaial, the coefficients of the asymptotic
series satisfy

1
T [G=® (G, U]]. (4.2)

If U is moreover a generalized Coulomb interaction (1.6), we have (borrowing the
language of Part II) that

WG U] =

G U= Y %F”) (4.3)

Fseggpl, order k s

i.e., ) is given the sum over bold skeleton diagrams of order k with bold propagator
G and interaction v;;0;;0.

Remark 34. For a series as in Eq. (4.1) to be asymptotic means that the error of the
M-th partial sum is O(eM*1) as ¢ — 0.

Since U is fixed, for simplicity in the ensuing discussion we will omit the de-
pendence on U from the notation via the definitions @ (e) := @[G,eU], Yg(e) =
Y[G,eU], and Ag(e) := A[G,eU]. We will also denote the series coefficients via
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o) .= oM@, U] and 2% := ©®[G, U]. In this notation, our asymptotic series take
the form

Ba(e) = DYk, Ngle) =) niet (4.4)
k=1 k=1

Notation 35. Note carefully that in this section the superscript (k) is merely a no-
tation and does not indicate the k-th derivative. Such derivatives will be written out
dk

as qQek -

Now we outline the remainder of this section. In section 4.1 we prove that the
LW functional and the self-energy do indeed admit asymptotic series expansions. In
section 4.2 we prove the relation between the LW and self-energy expansions for quar-
tic interactions, namely Eq. (4.2). Interestingly, this relation—which is well-known
formally based on diagrammatic observations—was originally assumed to be true to
obtain a formal derivation of the LW functional [65, 68]. Our proof here does not rely
on any diagrammatic manipulation, only making use of the transformation rule and
the quartic nature of the interaction U. Similar relations for homogeneous polynomial
interactions of different order could easily be obtained. Next, in section 4.3, we sum-
marize and expand on the necessary results from Part II in diagram-free language;
this both reduces the prerequisite knowledge needed for the remainder of the section
and clarifies the arguments that follow. Finally, in section 4.4 we prove that when U
is a generalized Coulomb interaction, the series for the self-energy is in fact the bold
diagrammatic expansion of section 4 of Part II.

4.1 Existence of asymptotic series

In this section we assume that U is continuous and satisfies the weak growth condition.
We first prove the following pair of lemmas.

Lemma 36. For any G € S}, Ag(e) = G ase — 0F.

Lemma 37. For G € 87, all derivatives of the functions ®¢ : (0,00) — R and
Y6 : (0,00) = RN extend continuously to [0, 00).

We will convey the continuous extension of the derivatives of ®; to the origin by
the notation (IDgf) = (IJgf) (0), and similarly for the self-energy ng) = Zg) (0). From
the preceding it will follow that the series (4.4) are indeed asymptotic series in the
following sense:

Proposition 38. For any nonnegative integer M, ®g(e) — 224:1 @g)ek = O(eM+1)
and Sg(e) — M Wk — O(eMH1) g5 e — 0T,

Proof. Consider any function f : [0,00) — R with all derivatives extending continu-
ously up to the boundary (and so defined at 0). Let § > 0, so for € € (6, 1] we know
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by the Lagrange error bound that

-

< C( 5)M+1 < C€M+17

where (' is a constant that depends only on a uniform bound on (%)]f+1 f over [0, 1]
(the existence of which is guaranteed by the continuous extension property). Simply
taking the limit of our inequality as 6 — 0T, and again employing the continuous

extension property, yields that ‘ fle) =S, f (’“)(0)5’“’ < CeM*1. This fact together
with Lemma 37 proves the proposition. O

4.2 Relating the LW and self-energy expansions

The bold diagrams for the Luttinger-Ward functional are pinned down in terms of
the bold diagrams for the self-energy via the following;:

Proposition 39. If U is a homogeneous quartic polynomial, then for all k,

1
e _ 1
G 7ok

Proof. Observe that by the transformation rule that for any G € 8%, e, > 0.

Te[GEd)].

D[tG, U] = ®[G, U o (tY/21)]
Taking the gradient in GG of both sides, we have
tN[tG, U] = X[G, eU o (tY/21)].
Since U is homogeneous quartic, in fact we have
N[tG, U] = %E[G, t2eU).

Then using this relation we compute:

1
oG, U] — /()%(I)[tG U] dt

_ / TGS, U] dt

0

:/01
:/01

Tr[GY[G, t?eU]| dt

S| = k=

ZTr GE }tkak—i-O(tz(MH)sMH) dt
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:/01

M
ST e k40 (twﬂgw)] "
k=1

Now since t ranges from 0 to 1 in the integrand, we have that 2V 1N+t < N+l and
therefore
1 M
B[G, U] = / S [as®)] k| at v o
0 Lk=1
2
= Z %Tr [GZ(;)] ek + oM
k=1
This establishes the proposition. O

4.3 Diagram-free discussion of results from Part II

For U satisfying the weak growth condition and A € dom [, U], define
olA,U] = A— (G[A,U]) "

Here we use the lowercase o to emphasize that the self-energy here is being considered
as a functional of A (not G), together with the interaction.

Now we set the notation of U to indicated a fixed generalized Coulomb interac-
tion (1.6). Further define

Gale) == G[A,eU], oale) :=0olA,cU]. (4.5)

The following lemma concerns the bare diagrammatic expansion of the Green’s

function and the self-energy, i.e., the asymptotic series for G4 and 4.

Lemma 40. For fized A € S, all derivatives d;gf‘ 1 (0,00) = ST, and % :
(0,00) — SV eatend continuously to [0,00). In fact, interpreted as functions of both
A and e, %EG,;“(&) and 412 () extend continuously to S, x [0,00). Moreover, we
have asymptotic series expansions

Gae) =D gV oale) =Y ok,
k=0 k=1

where the coefficient functions gff) and OXC

gj(f) and ng)

) are polynomials in A=t More precisely,

are homogeneous polynomaials of degrees 2k + 1 and 2k — 1, respectively.
(Note that the zeroth-order term aff) is implicitly zero.)

Finally, let GEEM)(E) and OEEM)(E) denote the M-th partial sums of the above
asymptotic series for Ga(e) and oa(e), respectively. For every A € ST, , there exists
a neighborhood N of A in ST on which the truncation errors can actually be bounded

Gale) = GEM ()| < CeMt oule) — oM ()| < CeMH

for all € € [0, 7], with C,7 independent of A € N.
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Proof. The asymptotic series expansions for G4 and Y4 are established in Theorems
3.15 and 3.17 of Part II. The continuous extension of the derivatives of G4 and
o4 to [0,00) follows from differentiation under the integral and simple dominated
convergence arguments.

The uniform error bound follows from a Lagrange error bound argument as in

Proposition 38, together with the continuity of dggf‘ (¢) and dgg;“ (e) on 8T, x [0, 00).
0

Inspired by Eq. (4.3), let

s = Y grs.

I's ESgpl, order k s

In fact S(Gk) is polynomial in GG, homogeneous of degree 2k — 1. At this point we do

)

not yet know that SgC ) coincides with E(Gk , and indeed this is what we want to show.

For any G, also define the partial sum

Then the main result (Theorem 4.12) of Part II can be phrased as follows.
Theorem 41. For any fivzed A € ST, the expressions

" M
(<M) _ (k) koo oEM ) = et
SG(ASM)(E)(g) = ; SGI(;M)(E)F:‘ Y (5) = ;UA €

agree as polynomials in € up to order M, and hence they agree as joint polynomials
in (A7Y €) after neglecting all terms in which € appears degree at least M + 1.

4.4 Derivation of self-energy bold diagrams

We have already shown that there exist asymptotic series for the LW functional and
the self-energy. The remainder of Theorem 33 then consists of identifying that the
self-energy coefficients E(Gk) are indeed given by the bold diagrammatic expansion,
i.e., that ng) = ng). Equivalently, we want to show that the partial sums SgM)(E)
and E(GSM)(E), which are polynomials of degree M in ¢, are equal. We will think of
G € 81, as fixed throughout the following discussion, and we omit dependence on G
from some of the notation below to avoid excess clutter. We will also think of M as
a fixed positive integer and € > 0 as variable (and sufficiently small).

Since our series expansion is only valid in the asymptotic sense, for any finite M
we consider the truncation

M
E(GSM) () := Z ng) er.
k=1
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Then we have Yg(e) — E(GSM) () = O(eM*1). For the purpose of this discussion,
O(eM*1) will be thought of as negligibly small, and ‘~’ will be used to denote equality
up to error O(eM*1). Meanwhile ‘~’ will be used to denote error that is O(e™17P) for
all p € (0,1), equivalently O(e™+°) for all § € (0,1). We remark that the difference
between the relations ‘a2’ and ‘~’ is due to technical reasons to be detailed later, and
may be neglected on first reading.

Note that it actually suffices to show that E(GSM)(&?) ~ S(GSM) (¢). Indeed, both
sides are polynomials of degree M in . Thus their difference is a polynomial of
degree < M. If the degree-n part of the difference is nonzero for some n=1,..., M,
then the difference is not O(e"*?) for any § > 0. But if ZEM) (g) ~ S(GSM) (€), then the
difference is O(e"*°) for allm = 1,..., M, § € (0,1). Thus in this case the difference
is zero. With this reduction in mind, we now make a simple yet critical observation,
namely that Z(GSM) (¢) can be identified as the exact self-energy yielded by a modified
interaction term. This will allow us to identify a quadratic form A®) (), for which
dependence on G has been suppressed from the notation, which generates (up to
negligible error) the Green’s function G under the interaction eU.

Lemma 42. With notation as in the preceding discussion, E(GSM) (€) is the self-energy
induced by the interaction UM (z) := eU(z) + 1zt [Eg(e) - E(GSM) (5)] z, i.e.,

5 (e) = 2@, U,

and moreover

AM(e) = A[G,UM] = G+ 25" (e).

£

Thus we may identify
G = GAM(e), UM, 56" () = oA (e), U],

£

Proof. Recalling that Ag(e) = A[G, U] and X () = X[G, eU], write

%xTAG(e)x +U(x) = %xT (Ag(s) — Sa(e) + 25 (g)) z + UM()
= %xT (Gfl + E(GSM)(&‘)) x -+ UE(M)(:L').

It follows that under the interaction U™, the quadratic form G + E(GSM) (¢) corre-

sponds to the (interacting) Green’s function G. This establishes the second statement
of the lemma, i.e., that

AlG, UM = G+ 25 (e).
Moreover, by the Dyson equation we have that
S, UM = AlG. UM — 6t = 55" (@),

which is the first statement of the lemma. The last statement then follows from the
second, together with the definitions of G-, -] and o[-, -]. O
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Remark 43. Note carefully that Lemma 42 is a non-perturbative fact and is valid for
all € > 0, though we shall apply it in a perturbative context.

At this point we have defined the terms needed to present a schematic diagram
(Figure 32) of our proof that E(GSM) (e) ~ S(GSM) (¢). Although the motivation for this
schematic may not be fully clear at this point, the reader should refer back to it as
needed for perspective.

To prove

Lemma 45 AM () = G-+ 55 (e)

’ Lemma 46 <M
T AM) () (8) 0_1(47(1»1))(8) (5)

Figure 32: Schematic diagram for proving the bold diagrammatic expansion. Dashed
lines indicate ‘~’, and solid lines indicate ‘~’.

Now recalling the definitions (4.5), we can write

G a0 (o) (€) = G[AM)(¢), U], O a0 () (€) = o[AM)(g), eU]. (4.6)
Meanwhile, following Lemma 42 we have the identities
G = G[AM(e), UM, 56" (e) = o[AP(e), UM, (4.7)

Note that pointwise, eU and UE(M) differ negligibly, but the form of €U is simpler and
easier to work with going forward.

Based on Egs. (4.6) and (4.7), one then hopes that G yan()(¢) is close to G and

0400 () (€) 1s close to E(GSM) (¢). This is the content of the next two lemmas.

Lemma 44. G 01, (¢) ~ G.
Proof. See appendix E.11. m

Lemma 45. 0,01 )(€) ~ Z(GSM)(E)'

Proof. Based on Eqs. (4.6) and (4.7), we want to show that o[A®)(e), UM ~
o[APD(2), eU]. We have already shown that G = G[AM)(g), UM ~ G[AM)(e), U],

from which it follows that
AM () — (GIAM (e), UM ~ AM) () — (G[AM)(e),eU]) T,

which is exactly what we want to show. O

129



Then we can use o 41 (.)(€) as a stepping stone to relate Z(GSM)(E;‘) with the bare
diagrammatic expansion for the self-energy via the following:

Lemma 46. O'A(M)(E)(E) ~ Uf(%)(g)@)

Proof. Since AM)(g) = G 4 O(¢), the result follows from Lemma 40 (in particular,
the locally uniform bound on truncation error of the bare self-energy series). O]

We can prove a similar fact (which will be useful later on) regarding the bare
series for the interacting Green’s function:

Lemma 47. G o1 )(€) = Gf(%(a (€).

Proof. Since AM)(g) = G 4 O(¢), the result follows from Lemma 40 (in particular,
the locally uniform bound on truncation error of the bare series for the interacting
Green’s function). O

From Lemmas 44 and 47 we immediately obtain:
Lemma 48. GA(M) (5) ~ Q.

Finally, we are ready to state and prove the last leg of the schematic diagram
(Figure 32):

Lemma 49. SE;SM) (£1) )(5).

™~ O g0

Proof. Consider sl= <M> as a polynomial in (A™! ¢), and let P(A™! ¢) be the contri-

bution of terms in Wthh ¢ appears with degree at least M + 1. By Theorem 41 we

have the equality

<M — <M
s;—fﬂg)(s)(g) — P(A™e) = oM (e)

of polynomials in (A~!,¢). Then substituting A < A (&) we obtain

M — M
S(<<<”)’§ (&) = PAM () e) = o ). (4.8)
M ()

Although the first term on the left-hand side of Eq. (4.8) looks quite intimidating, we
can recognize it as S(Gg(g) (¢), where

G(e) = G, (e) ~ @

130



is the expression from Lemma 48. Since SﬁM) (e) = 224:1 ka]) ¥ where each ka]) is
a polynomial (homogeneous of positive degree) in the subscript slot, it follows that

SG(e) ~ 8EM(e).
Then from Eq. (4.8) we obtain

SEM(e) = PAM ()] e) ~ o5 ().

But since [AM)(g)]7! = G + O(e) and since P only includes terms of degree at least
M + 1 in the second slot, it follows that P(JAM) ()]~ ¢) ~ 0, and the desired result
follows. O

Taken together (as indicated in Figure 32), Lemmas 45, 46, and 49 imply that
Z(GSM) (€) ~ S(GSM)(g) as desired, and the proof of Theorem 33 is complete.

4.5 Caveat concerning truncation of the bold diagrammatic
expansion

Although the LW and self-energy functionals are defined even for G such that the
corresponding quadratic form A = A[G] is indefinite (and hence there is no physical
bare non-interacting Green’s function), Green’s function methods (as discussed in
section 4.7 of Part II) based on truncation of the bold diagrammatic expansion can
fail dramatically in the case of indefinite A. One can encounter divergent behavior as
the interaction becomes small, or the Green’s function method may fail to admit a
solution. Both failure modes can demonstrated by simple one-dimensional examples.
The relevance of these to the solution of the quantum many-body problem is at this
point unclear.
Consider the one-dimensional example of

1

Z:/eﬂ?_é’\”4 dz, (4.9)
R

where a = —1. The corresponding non-interacting Green’s function is G® = —1 < 0
and hence is not even a physical Green’s function.
Nonetheless with A > 0 the true Green’s function is still well-defined via

G = 1/31726?62;)‘“34 dz.
Z Jr

We now compute G via the Hartree-Fock method (cf. section 4.7 of Part II), i.e.,
we approximate the self-energy as

1 3
2 = —2A\G - AG = —2)AG.
5 G G 5 G
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Hence the self-consistent solution G of the Dyson equation solves

1 3
B SVerc
am = L+ 56,

There is only one positive (physical) solution to this equation, namely

1+ V1+6A
B 3
In the spirit of perturbation theory, one might hope that G is a good approxi-
mation to G at least when A — 0. However we see just the opposite. This is perhaps
not surprising because the exact Green’s function G itself blows up in this limit.
The failure of the method as A — 0 can be understood more precisely as follows.
Rewrite the Hamiltonian from (4.9) as

1 2\? 1
A2 Z2) - =,
g (m A) 2

The corresponding Gibbs measure (which is unaffected by the additive constant) then

el

concentrates about two peaks at x = i\/g as A — 0. Hence we expect

G ~2)7h

We note that, in contrast with the statement of Lemma 40, the limit limy o G(\)
does not exist. According to Eq. (4.5)

2
G~ SN
3
We find that as A — 0+, G and its first order approximation G do not agree.

If we include the second-order terms of the bold diagrammatic expansion

1 3
@ = GAGE NG = NG, (4.10)
Then the self-consistent solution G of the Dyson equation solves
1 3 3 3
- N2 22 (2
oo 1+2)\G 2)\ (G ) .

This yields a quartic equation in the scalar G®, which in fact has no solution for
physical G ie., G® > 0.

To see this, first ease the notation by substituting = < G?, so we are interested
in the solutions x > 0 of

[(A2z)* — (\22)?] + 2+ 1 =0.

N W

But y* — y% > —}1 for all y, so the first term is at least —%, which evidently implies
that no solutions exist for x > 0.
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5 Proof of the continuous extension of the LW func-
tional

In section 3.5 we motivated the continuous extension of the LW functional to the
boundary of 87, and stated this result in two equivalent forms (Theorems 30 and
32). In this section we prove the continuous extension property (for interactions of
strong growth). We also develop the counterexample promised earlier, an interaction
of weak but not strong growth for which the continuous extension property fails.

The section is outlined as follows. In section 5.1, we describe some preliminary
reductions in the proof of the continuous extension property, after which the proof can
be divided into two parts: lower-bounding the limit inferior of the LW functional as
the argument approaches the boundary and upper-bounding the limit supremum. In
section 5.2, we prove the lower bound, and in section 5.3 we prove the upper bound.
In section 5.4 we provide an alternate view on the continuous extension property
from the Legendre dual side, and in section 5.5 we use this perspective to exhibit the
aforementioned counterexample to the continuous extension property, which satisfies
the weak growth condition but not the strong one.

5.1 Proof setup

We are going to prove Theorem 32, which as we have remarked suffices to prove
Theorem 30 by changing coordinates via Proposition 22.
Suppose G' € S} is of the form

— GPO
()

where G, € 8%, and suppose that G € 8", with G — G as j — oo. For each j,

' o T . .
diagonalize GU) = Zfil )\1(»] )v§] ) (viu )> , where the vgj ) are orthonormal, )\E] ) > 0 for
i=1....N.

We want to show that

®,[GY) U] — ®,[G,,U(-,0)).

It suffices to show that every subsequence has a convergent subsequence with its limit
being ®,[G,, U(-,0)]. The GY) are convergent, hence bounded (in the |- ||, norm), so

the )\Ej ) are bounded. Moreover, the vfj ) are all of unit length, hence bounded, so by
passing to a subsequence if necessary we can assume that, for each 7, there exist \;, v;
such that )\ZQ N A; and vi(j ) v; as j — oo. It follows that the v; are orthonormal
and that G can be diagonalized as G' = Zfil Nvvl. Since G, is positive definite,
we must have \; > 0 for i« = 1,...,p, and moreover \; = 0 fori = p+1,...,N.

Evidently, the eigenvectors of G with strictly positive eigenvalues must be precisely
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the eigenvectors of G, concatenated with N — p zero entries, i.e., for i =1,...,p, v;
must be of the form (x,0). By orthogonality, for i = p+ 1, ... ,n, v; must be of the
form (0, *).

For convenience we also establish the following notation:

Ve :=span{vy, ..., v}, Ve = span{vgj), e ,véj)}.

Now the proof consists of proving two bounds: a lower bound

lim inf @y [GY) U] > &,[G,, U(-,0)]

Jj—0o0
and an upper bound

lim sup &5 [GY), U] < ®,[G,, U(-,0)].
Jj—o0
These bounds will be proved in the next two sections, i.e., sections 5.2 and 5.3,
respectively.

5.2 Lower bound

We want to establish a lower bound on ®y[G;, U] via our expression for Fy as a
supremuin:

Fy[GY U= sup [H(u) - /U du} . (5.1)
Neg;(e(j))

This strategy requires us to construct measures p) € Gy'(GY). Intuitively, what
one hopes to do (though this strategy will require some modification) is the following:
consider the measure a on R? that attains the supremum in the analogous expression
for F,[G,, U(-,0)], identify this measure with a measure on V; ~ RP, rotate and scale
appropriately to obtain a measure a’) supported on V) with the correct second-
order moments with respect to this subspace, and finally take the direct sum with
an appropriate Gaussian measure 3Y) on V&j). Unfortunately, due to difficulties of
analysis, it is not clear how to then prove the desired limit as j — oo.

However, the analysis of this limit would be feasible if the () had compact support
(which they evidently do not). Then our approach is to carry out a construction that
preserves the spirit of the ‘ideal’ construction just described but instead works with
19 of (uniform) compact support.

For convenience we let M, C M,y denote the subset of measures of compact
support. The acceptability of working with measures of compact support can be
motivated by the following lemma, which will be used below. (In the statement
we temporarily suppress dependence on the interaction and the dimension from the
notation.)
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Lemma 50. For all G € SV,

1= 10 —/ &

Now we outline our actual construction of the p9). Consider an arbitrary measure
a € G '(G),) with compact support on RP ~ V. (We abuse notation slightly by
considering a as a measure on both R? and Vi.) The idea now is to construct a
measure in p¥) € On Y(GU) by rotating o and scaling appropriately to obtain a
measure /) supported on VGm and then taking the direct sum with a compactly
supported measure 5 on VL i) (the details of which will be discussed later). In fact
the supremum in (5.1) will be approximately attained by a measure of this form as
] — 00, i.e., our lower bound will be tight as 7 — oo.

Accordingly, for the Constructlon of oz(j let OY) be the orthogonal linear trans-
formatlon sendrng v v , and let DU be the linear transformation with matrix

(in the v ba81s) given by

diag (\/)\gj)/)\l,...,\//\g)/)\p,l,...,l) :

Then define TV := DWOW and al) := TW#a. Note that TV — I, as j — oo.
Moreover, observe that o'/ () is a measure supported on V¢ with second-order moment
matrix given by d1ag()\( . )\(j ) with respect to the coordinates on V) induced
by the orthonormal basis v(j) s

Now we turn to the construction of 9. Let R > 1 and let v be a measure
supported on [—R, R] with [ z?dy = 1. The parameter R will control the size of the
support of ) and will be sent to +0o at the very end of the proof of the lower bound

(after the limit in j has been taken). Then define

A = diag (\/Aggl, - \/)\%)) :

and define a measure 3U) on RV=? by 30) := AU #(yx---x). Note that AY) — 0 as
j — 0o. Abusing notation slightly, we will also identify 5) with a measure supported
on Vi, ~ RN via the identification of the orthonormal basis v](fﬁl, . ) for Vi)
with the standard basis of RY7.

Finally, define the product measure pt) := o) x ,8 with respect to the product
structure R™ = V) x V%), and note that u) € Gy'(GYW), so by (5.1),

FNlGO,U] > H(a x g9 — / U dud)

_ H(amHH(ﬁm)_/Udﬂo)
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N
. 1 .
— H@) - (U445 3 oA + (V- pHO),

i=p+1

where H (o)) and H(Y)) are the entropies of a¥) and 5) on the probability spaces
Ve and V&j), respectively.

Notice that there is a compact set on which all of the measures 1) are supported.
It is then not difficult to see that ;) converges weakly to the measure a x &, where
the product is with respect to the product structure R® = Vi x Vg and d; is the
Dirac delta measure localized at the origin. By the continuity of U and the uniform
boundedness of the supports of 1), this is enough to guarantee that

/U dpt) —>/Ud(a x &) :/U(-,O)da
as j — 00.

Next we write the Luttinger-Ward functional in terms of Fy:
Lo g0 () 1 oy - N
§<I>N[G DUl = FylGYV, U] - §Tr[log(G N — 5} log(2me)

1 y N
= Fy[GYV,U] - 5 > log A — 5 log(2me).
i=1

Then combining the preceding observations yields

1 .
lim inf —~® 5 [GY) U]

Jj—00

> liminf
j‘)OO

1L v N
H(o) — / U dp) — 5 > log A — 5 log(2re) + (N = p)H()
=1

— H(a) - / U(-,0) do — %Zlog A — glog(%re) + (N —p)H(y)

~ H(a) - / U(-0) da — %Tr llog(G,)] — glog(%re) + (N = p)H().

Now for any ¢ > 0, we can choose R sufficiently large and « supported on [— R, R]
such that H(y) > 1log(2me) — e. Indeed, note that 1log(2me) is the entropy of
the standard normal distribution, i.e., the maximal entropy over measures of unit
variance. By restricting the normal distribution to [—R, R] for R sufficiently large,
we can become arbitrarily close to saturating this bound. Therefore we have that

Jj—00

lim inf %@N[GU), Ul > H(a) — / U(-,0)da — %Tr [log(G,)] — glog(%re).
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Since a was arbitrary in G, 1(G,) N M., this establishes the desired upper bound

1 )
—liminf ®x[GY), U] > sup [H(a) — /U(-,O) doz]
2 goee a€gy H(Gp)NM.
1 P
— §Tr [log(G,)] — 9 log(2me)
1
= 2,(6,.U(-0)]

where we have used Lemma 50, which allows us to look at the supremum over com-
pactly supported measures.

Observe that the proof of the lower bound did not require the strong growth
assumption, hence the semi-continuity claim of Remark 31.

5.3 Upper bound

Next we turn to establishing an upper bound. The basic strategy is to select measures
pY) that (approximately) attain the supremum in (5.1) and take a limit as j — oo.
Before proceeding, let ¢ > 0. Moreover, define m; to be the orthogonal projection
onto Vg ~ RP, and define m, to be the orthogonal projection onto V7 ~ RN-P.
Now for every j, as suggested above choose ') € G'(GW) such that

Fn[GW, U] < H(uY)) — /U du? + €.

Therefore

N
. . ) 1 ,
dy[GY, U] < H(pY)) — / U dp) — 3 > log(2meA’) + e. (5.2)
=1

. 7

=iaj

Then choose a subsequence jj;, such that limy_, a;, = lim SUDP, 00 G-

Now the ) have uniformly bounded second moments, so by Markov’s inequality,
the sequence ) is tight. Then by Prokhorov’s theorem (Theorem 31), we can
assume, by extracting a further subsequence if necessary, that %) converges weakly
to some measure (.

We claim that Gy (1) < G (so in particular, 4 € Ms). Indeed, for any z € R", by
the Portmanteau theorem for weak convergence of measures (Theorem 28) we have

/(ZT[E)2 dp < liminf/(sz)2 dpUe)

k—o0

= lim inf/zTa::cTz dpU®) = liminf 27GUW 2 = 27 G2,

k—o0 k—o0
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It follows that 1 € My and moreover 27 G, (1)z < 27Gx2 for all z, i.e., G,(p) X G. In
particular, u 1s supported on V.

Define TV) to be the orthogonal transformation that sends v, U) v, 80 TU) — I,
as j — o0o. Define v\9) := T4, Again by Prokhorov’s theorem, we can assume
that vUr) converges weakly to some measure v. In fact, we must have v = p. To see
this, note that for any continuous compactly supported function ¢ on R", we have
that ¢ o TU) — ¢ uniformly as j — oco. Therefore

1m1/W—¢on‘mNL%0

J—00

Consequently

/gb dp = k]jm /¢ du(jk) :khm /¢OT(jk) du(jk) :klim /gbd]/(jk) — /gbdy.
—00 —00 —00

Since p and v agree on all continuous compactly supported functions, they must be
equal (Riesz representation theorem), and v%) — 1 weakly.

Define ,u,gj) = m#rl) = (m oT(j)) #19) and p; == m#p for i = 1,2. It follows
that u(jk) — p; weakly. Notice (using Fact 11) that

N
‘ . 1 .
H(u) = HEW) < H(pi”) + H(ps") < Hpt) + 5 3 log(2mer?)
i=p+1

(k)

Therefore, using Lemma 9 with the weak convergence py"*’ — 1, we obtain

k—o0 k—o0

< limsup [ ]k) Zlog 27Te)\(] ] - lilgn inf {/U d,u(jk)}
—s00

N
. 4 1 ,
lim a;, = lim [H(M(J’“)) —/U dpe) — 3 E log(27re)\£]’“))]

k—o0
- 1
< H(wu)— li}gn inf [/ U du(“')} — 5 log((2me)? det Gy).
—00
Now for any « € R, define U, (z) = U(x) — a||z||*. Then

/U@m:/Udu%wﬁmw

The utility of this manipulation will be made clear later. By the strong growth
condition, U, is bounded below. Therefore, by the Portmanteau theorem for weak
convergence of measures,

lim inf [/ U dlu(jk):| = oTr[G] + lilgn inf [/ Ua d’u(jk):| > oTr[G,)] + /Ua dy.

k—o0
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Since p is supported on Vg, in fact

[ e = [ Ua10) dpr = [[U(-0) dys = aTelG ),

and therefore

lim a;, < H(m)— /U( +,0) dpy — %log((%re)p det G,) + oTr[G, (1) — Gy

k—o0

< FplGp(1),U(-,0)] — %10g(<27“3)p det Gp) + aTr[G, (1) — G-

Recall from (5.2) that
limsup ®[GVY), U] < klim aj;, +e€.

j—o0 —00

Since € > 0 was arbitrary, this means that

. ; 1
llnlsup cI)[G(J)’ U] < FplGp(p), U(-, 0)] — 2 log((2me)? det G) + aTr[Gy (1) — Gyl

j—oo
If we had Gn (1) = G, i.e., G,(111) = G, then we would be done. We have G,(111) < G,
so it will suffice to show that Tr[G,(u;) — G,] = 0. Suppose for contradiction
that Tr[G,(u1) — G1] < 0. But then, by taking a arbitrarily large we see that
limsup,_,, ®[GY, U] = —oo, which is impossible because we already have a lower
bound on lim inf; ., ®[GY), U]. Therefore G,(1t;) = G,, as desired, and we have

lim sup ®[GY), U] < ®,[G,, U(-,0)],
Jj—00
which completes the proof.

Notice the strong growth assumption was only used in this part of the proof
(i.e., the proof of the upper bound). In particular, it was only used to ensure that
the measure ;) of maximum entropy relative to vy (as in Remark 18) subject to
the moment constraint G(u")) = GU) cannot weakly converge to a measure p with

5.4 Dual perspective on continuous extension

We now outline how Theorem 30 can be reinterpreted via the transformation rule.
This perspective provides another way of understanding Theorem 30 and allows us to
present a counterexample that illustrates the necessity of the strong growth condition
of Definition 4.

Suppose that T} are linear transformations such that 7; — P, where P = I, &0x_,
is the orthogonal projection onto span{e&n), . ,eé")}. Let G € &%, with upper-
left block given by G,. Then, using the transformation rule, Theorem 30, and the
projection rule, we obtain

Oy[G,U o Ty) = N [T;GT}, U] — ®,[G,, U(-,0)] = Dx[G,U o P).
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This manipulation suggests that Theorem 30 is equivalent to the pointwise con-
vergence

On[-,UoT; — Oy[-,Uo P (5.3)

for all T; — P. To see the equivalence, consider an arbitrary sequence GU) ¢ St
converging, as before, to the block-diagonal matrix G = G, ® 0y_, € S}, where G, €
S?.. Then we want to show, using Eq. (5.3), that ®x[GY), U] — ®,[G,, U(-,0)].

To this end, let T; = [GW]Y2[G, & In_p] /2, so GY) = T;(G, & Ix_,)T;}, and
T; — P. Then (5.3) implies that ®x[G, ® Iny_p, U o Tj] = ®n[G, & In_p, U o P, and
combining with the transformation and projection rules yields Theorem 30.

Note that (5.3) is equivalent to the pointwise convergence of concave functions
Fn[-,UoT;] = Fn[-,Uo P| as T; — P. Since the domains of these concave func-
tions are open (namely, S7_ ), by Theorem 27 this is actually equivalent to uniform
convergence on all compact subsets of S%,. Furthermore, since Fy|[-,U o T;] and
Fn[-,U o P] are both uniformly —oco on S¥\S8”,, this is in turn equivalent to uni-
form convergence on all compact subsets of SV that do not contain a boundary point
of 8%, which by Theorem 25 is equivalent to the hypo-convergence (see Definition

24) Fn[-,U o1} EN Fn|-,U o P]. (Note that the role of epi-convergence for convex
functions is assumed by hypo-convergence for concave functions.) But then hypo-
convergence is equivalent to hypo-convergence of the concave conjugates (Theorem
26), i.e.,, of Q[-,UoTj] to Q[-,U o P| as j — 0.

In summary, the continuous extension property is equivalent to the hypo-convergence

Q[-,UoT;] > Q[-,Uoc P].

5.5 Counterexample of weak but not strong growth

Here we give a counter example to show that the weak growth condition is insufficient
for guaranteeing the continuous extension property. By the discussion of section 5.4,
we need only find U satisfying the weak growth condition for which Q[-, U o T}] fails
to hypo-converge to [, U o PJ.

For example, consider N = 2 and

21|t o] <]t

Vim, z2) {|$2|4 1| > |2t

If o = 0, then the first case holds for all ;. This interaction is nonnegative, and
hence satisfies the first part of the weak growth condition of Definition 3 with Cyy = 0.
To see that U satisfies the weak growth condition, we need only show that dom ) is
open. Clearly dom 2 D> &% ,. Moreover, the restriction of U to any line except the
xy-axis is bounded, and it follows that in fact dom {2 = S, hence dom (2 is open, as

desired.
Now let
1 0 10
b () 0) e (10).
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Since Q[+, U o P] has an open domain, namely,
dom (Q[,UOPD = {A: ((lij) 682 D Qo > O},

the hypo-convergence of Q[-,U o T}] to Q[-,U o P] is equivalent to pointwise con-
vergence (by Theorems 25 and 27), which is the same as the pointwise convergence
Z[-,UoTy] = Z[-,UoP|.

Set A = (a;j) via a1; = a12 = 0, age = 1, so A is in the domain of Q[-,U o P, i.e.,
Z|A,U o P| < +o00. However,

Z[A,UoTj] — /e—élxﬂ_U(mu‘lm) dzy dag =5 - /e—ﬂ;xzp_U(m,m) dz, das.

Now the restriction of the last integrand to any line of constant x5 # 0 is asymptot-
ically equal to eIl =le2l™ 5 0 0 the integral along any such line is 400, and by
Fubini’s theorem, Z[A,U o Tj] = +oo. Thus convergence fails at A, and we have a
counterexample as claimed.
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Part IV
Large-interaction Luttinger-Ward
asymptotics

1 Introduction

Motivated by the preceding Parts II and III, we are interested in Gibbs measures
proportional to

ef%zTAwaA (z)
)

where the interaction Uy = AU is specified by

U(z) = éZvijx?x?,
ij
with v = (v;;) symmetric positive definite and A > 0. Here i should be understood as
an index on a set of discrete sites, while x; measures the ‘amount of charge’ present
on the i-th site.

Parts II and III we have analyzed the perturbative regime A ~ 0. Hence it
is natural to ask whether the A\ — oo limit can be characterized as well. More
specifically, in order to examine the behavior of the Luttinger-Ward functional in this
limit, we will consider the limit where A = A, also depends on A and is chosen such
that the second moments of the corresponding Gibbs measure are independent of .
We will find that the Hartree contribution predominates in this limit, and leading-
order corrections are determined in terms of the statistical mechanics of a classical
spin system. From the point of view of perturbation theory, the dominance of the
Hartree contribution may be thought of as somewhat surprising, since it is in this
sense derived as a term in the first-order expansion about A = 0 (see Part II).

2 Preliminaries

We recapitulate the results of Part III relevant to this setting. Let S™ D S% D 87
denote the sets of real symmetric, positive semidefinite, and positive definite matrices,
respectively, and define 7,2, : " — R via

Zy[A] = / b AUE) gy O\ [A] = — log Zy[A].
Then define G : 8" — S}, by

GlA] = VO, [A] = / 2o b AT00) gy
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The naturality of the definiteness assumption on v will become clear below, but
for now, note that this assumption ensures in particular that U is a nonnegative
polynomial, strictly positive away from x = 0. Since U is homogeneous quartic, it
follows that U > C~!|z|* for some constant C' sufficiently large. In particular, for any
A, U, satisfies the ‘strong growth assumption’ of the Part III.

Let M™ be the set of probability measures on R™ with finite second-order moments,
and define G : M" — ST by G[u] = fxxT dp. Then define Fy : 8¢, — R by

FGl = sup [sw - f Udu] |
pweG—H(G)
where S is the differential entropy:

S(u) = {—flog%d,u, if dp < dx

—00, otherwise.

By the results of Part III, F) = Q3, i.e., F) is the concave conjugate of (2, and
vice-versa, with respect to the inner product (A, G) = %Tr[AG], and the mapping G
defined above is a bijection S" — St with inverse given by A,[G] := VF,\[G]. In
fact, the supremum in the definition of F) is attained uniquely by the Gibbs measure
with density proportional to

ef%xTA/\xf)\U(x)

Moreover, the Luttinger-Ward (LW) functional, defined
P, [G] := 2F,\[G] — Trlog(2me@)

is continuous up to the boundary of St , and ®, = 0. Finally, defining the self-energy
by 2,\[G] := V®,[G], the following Dyson equation holds for any G-

G~ = A\[G] — ,\[GY,
and likewise, for any A:
(GAJA) ™ = A=\ [GAA]].

We are interested in studying the asymptotic behavior (as A — oo0) of ®,[G] for
fixed G € 8% ,. The transformation rule implies that

D,[G] = &, [\2G]

so this is the same as studying the behavior of the LW functional for fixed interac-
tion and large G. Therefore, understanding these asymptotics will complement our
existing understanding of the asymptotics of the LW functional near the boundary of
St,. To understand these asymptotics it suffices to understand the asymptotics of

FA|G] for fixed G.
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3 Heuristic asymptotics

Via the aforementioned Legendre duality, we can write
FAG] = Tr[ANG]G] = 204 [ANG]].

Then to study the asymptotic behavior of interest, it is of interest to study the
asymptotic behavior of A,[G], and indeed this is the perspective that we will take
for now. In fact, our rigorous developments will run in the opposite direction: first
we establish the asymptotics of F,[G] and then use these to derive asymptotics for
Ay. Nonetheless, before proving anything rigorous about the asymptotics of A,[G],
we use heuristic reasoning to figure out what we want to prove.

Recall A,[G] is the unique A such that G[A] = G. Fixing G and omitting it from
the notation, we write Ay = A,[G]. We will try to identify A, such that G,[A,] ~ G,
where the approximation becomes better as A — oo. Then one hopes that, in the
limit as A — oo, the asymptotics of Ay are described by those of Aj.

Recall that G\[A,] is the second-moment matrix of the Gibbs measure ) with
density py proportional to

1 o~ 1
exp <—§xTA,\x ~3 Z )\vijx?x?) .

ij

Now observe the following identity:

1 1 1 1
g Z /\UU(JZZQ — Gu)(l’? — ij) = g Z /\UZJC(,’ZQZL? — Z_l Z /\Uijijl’? + g Z /\'UijGiiij'
i i i i

Then choose

A)\ = —%dlag [Z Ulejja ey Z Uanjj + B,
j j
where B is some symmetric matrix, independent of A, to be determined later. (We
will follow the MATLAB notational convention that ‘diag’ applied to a matrix returns
the vector of diagonal entries of this matrix, while ‘diag’ applied to a vector returns
the diagonal matrix with diagonal entries given by this vector.)
We then see that

~ 1 A
P X €Xp <—§xTB{E — g Z’UU(I’? — G“)<.’L'j2 — ij)) .

ij

Notice that in the limit as A\ — oo, this measure concentrates around the minimizers

of
f() = 5 D ela? = Ga) & — ).

j
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Since v is positive definite, the minimum is attained if and only if 2? = Gy; for all
1, so the minimizers are precisely the vertices of a rectangular prism in dimension n,
i.e., the points (01\/G_11, . ,O'n\/Gnn), where each o; € {—1,1}. When G;; = 1 for
all i, these are the vertices of the unit cube, i.e., {—1,1}". More generally, we can
write this set as g{—1,1}", where we define g = diagy/diag(G).

In fact, e, suitably normalized, converges (weakly) to the singular measure

ST [det V()] 26,

z€g{—1,1}"

supported on g{—1, 1}".
We compute V2 f explicitly:

1.
v2f<x) =v® (:E:L‘T) -+ §d1ag Z U1j<$? — ij), C. ,Zvnj(m? — ij)
J J
Thus, for z € g{—1,1}", we have
V2f(2) = v ® (227) = diag(z) vdiag(z) = 0,
and .
det V?f(z) = det v det g* = det v H Gi;
i=1

which is independent of z.Thus, e/, suitably normalized, converges to the uniform
measure on g{—1,1}", written

pe=2"" Z 0.
zeg{—1,1}"
It follows that the Gibbs measure ji, which has density p, satisfying

ﬁ)\( )O(@ 290 TBx —/\f(x)’

converges weakly to
1
KB ‘= =—- Z ei%ZTBZ ' (525

zeg{—-1,1}"

where Z[B] is the appropriate normalizing constant. (We use hats in the notation

here and in the following to distinguish from the Z and 2 already defined above.)
Now iy — pp weakly, and one can show that in fact G, [A)\ — f rz” dug. Recall

that we wanted to choose AA such that G A[A,\] — G. We have already chosen a

A-dependent (diagonal) part of AA that ensures that the measure i, concentrates on
the set g{—1,1}". We are then still free to choose the constant part B such that

1
G:/x:de,uB = =— Z 22T 27 B2,

[ ] zeg{—-1,1}"

N
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Notice that automatically [ z7dup = Gy, so we are only concerned with matching
the off-diagonal entries of G.

The details of the construction of B rely on a concave duality, entirely analogous
to the one already introduced but in the setting of spin systems. Precise details will
be accounted for in the following section, but for now we outline what is needed in
order to complete our heuristic discussion of the asymptotics as A — oo.

Define Q[B] —logZ [B], and consider Q) as a functional on the set 8" of sym-
metric matrices with zeros on the diagonal. (The diagonal entries of B do not affect
the corresponding Gibbs measure, so any arbitrary but fixed choice of diagonal entries
makes sense. Notice that we only need to match the off-diagonal entries of GG, so we
expect to have ‘enough’ parameters in B to do so.)

Then define G [B] :=V B@[B], where the gradient is defined appropriately within
the set 8" so that G [B] consists of a matrix with the off-diagonal entries ‘absent.’
Abusing notation somewhat and identifying G|B [B] also with the corresponding matrix
with fixed diagonal entries Gj; filled in, we are trying to find B such that G = G [B].

One can show that Q) is smooth and strictly concave on Sn and_consider the
concave conjugate 0. By general concave duality theory, one sees that Gisa bijection
Sn— dom(Q*), where dom(Q*) the set on which Q* > —oco. However, as we shall
see, dom(ﬁ*) is not the set of all off-diagonal parts of positive definite matrices, i.e.,
there exist positive definite matrices whose off-diagonal parts are not in dom(ﬁ*).
Such G must then be left out of the scope of the current inquiry. R

We can nonetheless provide a fairly explicit description of the set dom(2*). By
similar considerations as in the Luttinger-Ward duality picture, we find that, as a
functional of G, R L

FIG] = [G] = sup S(p),

p—G
where the supremum is over probability vectors
b= (pz>zeg{—1,1}"

G- Y =t

zeg{-1,1}"

such that

and S(p) is the discrete entropy:

Sp)=— Y. p:logp..

Zeg{—l,l}n

Thus dom(@*) is the set of G for which this supremum set is nonempty, i.e., the
convex hull K, of the set

Vyi={z2" : z € g{-1,1}"}.
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Let &, denote the set of positive definite matrices with diagonal g*. When g = I,,, this
set is referred to as the set of ‘correlation matrices,” or, alternatively, the elliptope.
This is a convex set, and there is a large literature on its geometry. It turns out that
in dimension n > 3, K, # &,. In the language of convex geometry, the set of extremal
points of &, is larger than V,, though the set of vertices of £; turns out to be precisely
V,. For an example of a 3 x 3 matrix that is in &, but not K7, consider

2
(R

N N

2
-2 1

Let K,, = g K,, where the union is over all positive diagonal n x n matrices. Hence-
forth, we assume that G € K,,.

Returning to our discussion, under the condition that G € K,, (and hence G € K|,
for g defined with respect to G as above), we have that there exists a unique B =
B|G] € S such that G [B] = G. Then this shall be our particular choice of B, for a
given G.

In summary, we have chosen

A, = —AD[G] + B[G)],
where

1.,
D[G] = §d1ag ZUlejjv ce Zvanjj ’
j J

and we have shown that G /\[ﬁ)\] — (. Note that D depends only on the diagonal
elements of G, and recall that v is fixed throughout, hence does not appear in the
notation. Thus, as was the premise for this discussion, we expect that A, models the
asymptotics of Aj.

4 Spin system duality

In the discussion above, we defined a duality related to Gibbs measures for spin
systems. In fact, we have actually considered a duality for each possible choice of
diagonal elements of GG, which fix the vertices of a rectangular prism on which our
measures are localized. To make this clear in the notation, we shall fix G; > 0 and
define g* with respect to G7; to be the diagonal matrix with g, = \/G_Z . The possible
choices of g* will parametrize our dualities, which will be related to each other by
appropriate scaling transformations. Note carefully that the ‘x’ notation does not
indicate the adjoint anywhere in this Part.
As suggested above, define

- * 1T, & * I *
ZIBlgl= Y e P QB|g=—logZ[B|g"]

zeg*{—1,1}"
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for B € 8™. Then define

~ ~ 1 )
G[B|g*] .= VgQ[B|g" ==—— Z o1 p=377 Bz
Z[B|g ] zeg*{—1,1}n

Also define reference functionals associated to the unit cube via
Z|B]:=Z|B|1I,), Q[B]=Q[B|I,], G[B]:=G[B|IL).
Observe that the scaled functional can be related to the reference functionals via
21B1g") = Zly'By), QUB|g")=Qlg"By"). G[B|g']=g"ClyBy’ly’

Now let P™ be the set of probability vectors p = (ps)sef—1,13» on the vertices of the
unit cube, and define G(-|g*) : P"* — S} via

Gplg) = > (900 g )po

ce{-1,1}n

Finally, define a reference Q\(p) = é(p | I,,), so Q\(p lg*) = g*é(p)g*
Then we can summarize our spin system duality in the following proposition:

Proposition 1. The concave functional ]-A"[ | g*] : K;« — R defined by

FlGlg = sup  S(p)
peEP™:Gp| g*]=G

is the concave conjugate of Q[ - | g*] with respect to the inner product (B, G) = sTr[BG],
and it is C*-smooth on relint(K ) as a function of the off-diagonal entries of its ar-
gument. Moreover G[ | g*] is a bijection S — relint(K,+) with inverse B[-|g*] =
ng[ |g*|, where V is the gradient in the off-diagonal directions, and the supremum
in the definition of .F[G | g*] is attained uniquely at p defined by p, x e —3#' Bz pj.

nally, the functionals F can be related to the reference functional f[ ] = .7-"[- | I,]

FIG| g =F[(g)'G(g")].

Remark 2. Note that we have extended the domain of ) from ‘the domain considered
in our heuristic discussion of the previous section, namely S”, to all of §”. This
extension is then affine along any segment with direction given by a diagonal matrix,
hence not strictly concave. On the dual side, the conjugate is (negative) infinite
except on the set of G with G;; = G};. In fact, the domain is even smaller: it is K-,
as discussed earlier.
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Proof. Define Ty« : 8™ — 8" via A — g*Ag*. Then since (AZ[ |g*] = ﬁng*, it follows
(as a general property of concave conjugation) that the concave conjugate of Q[-| g*]
is "o Tg_*l. This proves the relation to the reference functional, so for the remainder

of the proof we can consider the case ¢* = I,,.
Fix B € 8™, and let w € P" be defined by w, = ~L_¢739"B7 Then for p € P",

Z|B]
the relative entropy
Do
S, = — —
w(D) > polog (wa>
oce{-1,1}n
satisfies
Sw(p) <0

with equality if and only if p = w. But

Su(p) =Sp)+ ) palogwazs(p)+§[31—% Y, o"Bop,.

oe{-1,1}" oe{-1,1}"

Thus we have established that

with equality if and only if p = w, so

Q[B] = inf (%Tr [B(j(p)} - S(p)) = sup (%Tr[BG] —  sup GS(p)) :

peP” G pEP™ : G(p)=

ie.,

N 1 ~

Q[B] = sup <§Tr[BG] — f[G]) :

G

The result then follows by further mimicking the techniques of Part III. (If we restrict
(2 to a subspace with fixed diagonal, then it is ‘of Legendre type’ in the sense of [91].
This means that the concave conjugate is as well, and their gradients are inverse
mappings of one another.) O

5 Rigorous asymptotics

Let G; > 0 and define g* with respect to G}, to be the diagonal matrix with ¢}; = /G
. Then define f = f,« as above by

1

Jor (@) = 5 D vl = Gi)(a = G).

ij
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Note that f,- is nonnegative with minimum value zero, and the minimizers are
given by ¢g*{—1,1}". Observe that for z € g*{—1,1}", VZf,(2) = v ® (227), so
det V2f,-(2) = detv (det g*)* = det(v) [[1-, G

Next define a functional with domain 87 via

FAlGlg" )= sup {S(M) - A/fg* dﬂ] :
reG—H(G)
By the results of Part III, F,[-, g*] = €, where Q) : 8" — R is defined by

QA[B | g*] = —log/e—éxTBx—)\fg*(z) dl’

Notice that for g with [ 27 du = G3;,

A
)\/fdu = /deu—4sza* /x dp+ = Z%G;G;]

)

)\ * * * *
- / Undp =5 > GGl + 3 Z ;GG

ij
)\ * *
- / Usdp— 3 2]: ;GG

Therefore, for G € S}, g = diagy/diag(G), we have the equality

FilGlg] = RG] + % > ;GG
ij
Note that the last term on the right-hand side corresponds to the Hartree contribution
to the Luttinger-Ward functional. (Note that the right-hand side is the sum of a
concave function and a convex function, hence not necessarily concave on all of 8%
However, it is concave in the off-diagonal part of G when the diagonal entries are
fixed.)
Then we will prove:

Theorem 3. For any G € int(K,) and g = diag,/diag(G),
G g+ Llog (2 ) = FlG | g] — 21 —1§nj1 G+ OO
MGyl +Flog (5 ) = g = 5Trlogv 2¢:10g ii :
Consequently

1 1 _
FAG]+ 210g< ) ZUU iGjj = [G\g]—§Trlogv—§ZIOgGii+O()\ .

i=1

In fact the constant in O(A™1) can be taken to be locally uniform in G.
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Remark 4. In fact, for fixed g*,

— N A ~ .1 1 — .
B[-,gHglog(%)—>f[-,9]—§Tr10gv—§;logGii

in the sense of hypo-convergence as well as pointwise convergence. This perspective
(i.e., that of foliated dualities) will be helpful in proving one of the bounds necessary
for the proof.

The remainder of this section will be dedicated to proving the theorem.

We divide the proof into a proof an upper bound and a lower bound for Fy.
Throughout we will use C' to denote constants independent of A that are sufficiently
large in the given context; the precise meaning of C' may change across usages. The
reader should observe that constants used in the proof can be taken to be locally
uniform in G, though we will not make explicit mention of this throughout.

I. The upper bound.

*

Let G € int(K,) and g = diag\/diag(G). Recall that for any g*, Fy[-,g*] = Q,.
Thus, in particular, setting ¢g* = g, we have the equation

FilGlg) = ng‘gn (%Tr[BG] — OL\[B] 9]) :

Fix B to be the unique matrix in S" such that G [B|g] = G, furnished by the spin
system duality of Proposition 1 above. The Legendre correspondence between B and
G ensures Q[B| g] = $Tr[BG] — F[G | g]. Then, making this particular choice of B in
the above infimum, we have

FilG|g] < %Tr[BG] —O[B]gl,

and we will use this inequality to prove the needed asymptotic upper bound.
We write f = f, and observe via Laplace’s method (see, e.g., p. 495 of [107] for a
precise statement) that

n/2
/eézTBa:)\f(:p) dr = (2771-) [det VQf(z)] —-1/2 ef%zTBz [1 + O()\fl)] )

Therefore we can compute

W[Blg] = —log/e_émTBw_Af(”") dx
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27

2 (T)M [det V2f()] 73T | 00

(zEg{l,l}”

(2_71_)11/2 1 1 Z e—%zTBz +O(>\_1)
A \/H?:l Gu \/det v zeg{—1,1}7

A 1 1 N 4
log (—) —1—5;10556’@-@-—1-ETrlogv—i-Q[B\g]—i-O()\ ).
Now recall that Q[B | g] = s Tr[BG] — F|G | g], so in fact the preceding implies

_ n A ~ 1 1«
h ) < _Z _Z y -1y
FAGlal + log (55 ) < FIG o] - yTriog 3 D lox G+ O

This completes the proof of the upper bound.

I1. The lower bound.

Fix G € int(K,) and and g = diag\/diag(G). Throughout we write f = f,.
In this section the goal is to show that
FGlg + =1 A > F[G |9 | 1i1 Gy + O\
A g 9 0og ot - g 2 rioguv 92 - 0g Gi; .
The proof of this lower bound is considerably more involved, and we break it into
steps.
To get such a lower bound, we will make a specific choice of i) in the supremizing

set from the definition of F,. The next section deals with the construction of this
measure, which is rather delicate.

I1.1. Choosing py € G71G].

Since G € K,,, let B be the unique matrix in 8" such that G [B|g] = G, furnished
by the spin system duality of Proposition 1 above. Then as a first guess for a specific
choice of iy, let i, \ ~ N (2, A\7'H') for 2z € g{—1,1}", where H, := V*f(z) =

T : at 1o 1 —22TBz 1
v® (zz"), and consider the convex combination p := 2514 D ecgi11yn € 2 1 -

This is a mixture of Gaussians that weakly converges to the singular measure

1 _1 TB
b= S e
Z[B|g] 269{71,1}2
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While [ rz’ dv = G by construction, unfortunately i zx® dyl, # G. However, equal-
ity does hold approximately for large A, and moreover, the inequality has a direction.
Naively, one expects the error to be ~ A7'/2 hence that we must correct i} by ~ A\~1/2
to obtain the desired G. In fact, due to a special cancellation, the error is only ~ A71.
(Remarkably, this fact will be essential in getting a lower bound with this approach.)
Indeed, write

1 1,T /
T 5. —1.TB. T .
xx d = = E e 2 xx” du,
/ Hex Zl oz

B ’ g] ZGg{fl,l}"
1 _ 1 TB
Z[B ’ g] ZGg{—l,l}"

/ (22" + 2(z — 2)" + (2 — 2)2" + (v — 2) (& — 2)"] dpl,.

Now 11, , is a Gaussian centered at z, so [ z(x — 2)"dul, = [(z — 2)2" dy, , = 0,
and we have in fact that

1 1
/a:xT duy, = —= Z e~27 Bz / (22" + (x = 2)(x — 2)"] dyl,

Z[B | g] ZEg{—l,l}"
1 1 LT
— Gt S e
/\ Z[B | g] ZEg{—l,l}"
1 -
= G+ '= Z e 27 B2 [v® (227)] '
2B19) eqiiyr

From here we can already see that [ zz” dy)\ the must overestimate G by an error term
of size O(A™1), but it is extremely worthwhile to continue simplifying this expression.
Now v ® (221) = diag(z) v diag(z), so

[vo (227)] " = [diag(2)] v [diag(2)] "

If we write ¢ = g~ 'z € {—1,1}", then diag(z) = diag(c) g, and [diag(c)] " = diag(o),
S0
-1y _ o _
o )] =g v oo =g v O (99")] g7

Therefore
1
/me dy, = G+X'g?| = Z e~3% Bz v e (z2")] | 972
Z[B | g] ZEQ{—l,l}”
1 T
= G+rx g2 vto | = Z o374 Bz, T g2
Z[B | g] ZGg{—l,l}"
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G+ \tg™? [v_l ® G} g >
= G+ (/\*lg’%*lg”) oG.

We will try to use these calculations to see whether a different choice of measure
might have given the desired second moments. For now we give ourselves the freedom
to choose G, which shall ultimately be G +O(\™1). Then we will define g, and B, in
terms of G by letting g, = diagy/diag(G)) and choosing B, to be the unique matrix
in 8" such that G [By | gx] = Gx. (This will be possible because for A sufficiently large,
we will have G € K,,.)

Then let fy := fy,, and let p.\ ~ N (z, )\_IHZ’&) for = € g\ {—1,1}", where
H, ) = V?fy(2) = v© (227), so that det H, y, = detv det g3. Consider the convex
combination
1 —12TByz

B = e

== iz
Z[By| g)]

z€gr{-1,1}n

The preceding calculations establish that
/:z:xT dpy = Gy + [N g %0 93] © Gy,

so we want our choice of GG, to be such that the latter expression is equal to the given
G, i.e., such that

Gij = Gaij + X707 (Gri) " (Gays) ' Gaij-

The important thing to realize here is that first we can solve the ‘diagonal” set of
equations for G ;;, leaving a set of uncoupled linear equations for the off-diagonal
terms. Indeed, observe that the diagonal equations are

Gi = Gy + P (G/\,ii)_l )

and we want to solve them for G ;. Fix ¢, and let b = G > 0, ¢ = v > 0. Then
the desired G ;; is a root of
0=2a%—bxr+ \te

The discriminant is positive when b* > 4\~!c, which is the case for \ sufficiently
large. Moreover, as A — 00, the roots are

CbEVR—4AxTe  bE(b—EXT)

-2
5 5 +O(\2).

T

We choose the larger root, which is b — A~ + O(A™?), yielding

G G2 — dx—Tyi i )
Grii = VA 2) G- g“/\ O,
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Then the off-diagonal equations, ¢ # j, can be solved simply by choosing
Gij

1+ A=10i (Gag) ™ (Gagy) ™

which makes sense for A sufficiently large.

In summary we have found Gy = G + O(A™!) such that uy as defined above sat-
isfies [ za® duy = G.

Grij =

I1.2. Arranging terms appropriately.

Now we can (finally!) use the specific choice uy to get our lower bound. Indeed,

FAGlgl = S(in) — / f i,

Next consider the convex combination vy := 2% Zze {11} iz Let the density of
itz » be denoted by p, » and that of vy by p). Then write

S(pa) = S(ualva) — /logpx dpix
Recall the construction of ) as the mixture of the same Gaussians p, but with
- 1
weights p, » = (Z[B,\|9/\]) e 27 B for 2 € grx{—1,1}". Note that the weight

- -1
vector p, converges to p, = <Z[B[g]> e=27'B=_ Tt is not hard to see (via the

smoothness of the Legendre duality) that By = B + O(A™!), so px = p+ O\ 7).
The hope now is that S,, (ux) — Su(p), where the former and latter expressions
indicates the continuous and discrete relative entropies, respectively, and w is the
uniform probability vector. Indeed,

Suw(p) = S(p) —nlog2 = FIG | g] — nlog2

by the spin system duality outlined earlier and our choice of B = B[G | g], so this
contains the important term that we wanted to end up with in the limit. The other
terms will be yielded by the asymptotics of [ log px dpy, to which we now turn.

I1.3. Asymptotics of [logpy du,.

Now, with Q. := 3(z — 2)"H. \(z — z) for z € ga{—1,1}", we have

A n/2
Pz = (g) [detHz,)\] exp (=AQ.0)

SO

A\ 1
oy = (—) o Z [detsz,\] exp( AQ: )

2
zegr{-1,1}"
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A\"? 1 911/2
= ( ) 2_n [det v det g>\] Z €Xp (_)\Q27/\)

2
Zegz\{_Ll}n

Then
A 1 1 ¢
/logpA du, = glog (%> —nlog2+ §Trlogv + 3 ;1 log Gy i;

+ flog Y exp(-AQu) dun

z€gr{-1,1}"

Now roughly speaking, Laplace’s principle would indicate that

ha(z)i=log > exp(-AQ.a(x)) & -\  min_ Q..().

zegr{—1,1}"
z€ga{—-1,1}" { }

We want to make this estimate precise to obtain an upper bound for [ hy dp,. First
observe that h) < C globally for some constant, but we want to get a sharp bound
for hy near g{—1,1}".

To this end, let AV, be fixed disjoint neighborhoods of the z € g{—1,1}". These are
also neighborhoods of g\{—1, 1}" for A large. To relate our indexing of g{—1, 1}" with
that of gy{—1,1}", for z € g{—1,1}" we let z, := g 'grz denote the corresponding
point in gx{—1,1}". Observe that we can choose the neighborhoods A, and a constant
A > 0 such that, when z # 2/,

sz,/\ + A S Qz;\,)\

on N, for all A sufficiently large. Finally, define N := [J_ ..
Next we introduce a quantitative statement of Laplace’s principle that is suited
to our needs.

Lemma 5. Suppose aq,...,ar € R and a; is strictly minimal among these numbers.
Then

k
log Z e ¥ < —a;+ (k—1)e ¢,
j=1

where ¢ := min;; (a; — a;) > 0.

Proof. Compute

k k
log Z e % = log Z e e (a—a)
7=1 7j=1
k
= —a;+log Z e~(@—ai)
j=1
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= —a;+log (1 + Z e_(“j_’“))
J#i

< —a; +log (1 + (k — 1)6’6)

S —a; + (k - 1)€_Ca

using the inequality log(1 + z) < x for > 0. O]

Then the lemma implies that there exists a constant C' such that, for any z €

g{_17 1}71,
ha(z) < =A@ a(z) + Ce 2

for all z € V..
Proceeding, we obtain

hy dp :/hdu—i— /hdu
/)\)\ NCAA ZNZAA

zeg{-1,1}"

< Cua(Ne) = A Z / Qo dpy + Ce™A
z€g{—-1,1}" Nz

< Cun(N°) = A Z p%)\/ Qo x dizy A+ Ce™2,
z€g{-1,1}m Nz

where in the last line we have used the nonegativity of the @), » and the definition
of 115 as a convex combination of the ., . Note that 4 (N°¢) = O(e~¢*) for some
C > 0, so we in turn have the upper bound

/h>\ d/’b>\ S _>\ Z pZ)\,)\/ QZ)H)\ dl’l’Z)\)\ + Ce_C_IA
N

zeg{—1,1}m
A _ -
- _5 Z pz/\,)\/ (.T - Z)\>THZ)\,)\<1' — Z)\) d/jlz/\j)\ -+ C’e c 1)‘_
Zeg{_Ll}n Nz

Now want to replace H,, y = v ® (221 ) with H, = v ® (227) in this expression at a
cost of only O(A™1). Indeed, for any 2z € g{—1,1}",

‘/Z(x — 20 [Hoyn — Ho) (2 — 23) dpty

SIW@A—HM/ & — 222 djisy
N

- on?),

1
< ([ Hopo = Hell T [Hy ]

so indeed we can make this replacement, which yields

A
/h)\dﬂ)\ < —5 Z pzx)\/ ([L’—ZA)THZ(x—Z,\) d,qu\—I—O()\—l).
zeg{-1,1}" Nz
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Next we want to replace z) with z at a cost of only O(A™!). Observe:

(x — 20 H,(x — z)
= [(@—2)+ (z =) H.[(z = 2) + (2 = 21)]
= (r—2)TH,(x — 2)+2(z — 20) H.(v — 2) + (2 — 20) T H.(2 — 2)
= (x—2)"H,(x —2) +2(z — 2\ H.(z — 23) — (2 — 20)TH, (2 — 2)),

ie.,

(z—20)TH oz (w—20)—(2—2)TH, \(2—2) = 2(2—2)) T H. \(7—2\)—(2—20) T H, 5\ (2—2)).

The last term on the right-hand side is O(A™?), independent of z, hence can be
ignored. The other term integrates exactly as

e [ (o -0
NZ

Thus we can make the desired replacement, which yields

A _
/hAdILL/\ < —5 Z pzh)\/ (x—z)THZ(£—Z)d,uZ/\,>\+O()\ 1)

zeg{—-1,1}" N
= -\ Z pZM/ Q. dp, x+ 0N,
zeg{-1,1}" Nz

where Q, = 1(z — 2)TH,(z — 2).
I1.4. Resynthesizing our bounds.

Combining with our previous work we obtain

— n A 1 1 —
= Z > _Z _Z g
FilG g+ 5 log (27?) > S, (px) +nlog2 2Tr log v 5 ;:1 log Gii

+ >\ Z pzA,A[\/ Qz d,uzA,A

zeg{-1,1}"
- A/fdm OO,

Now

[ram = [ same [ ram

zeg{—-1,1}"
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D DREONY Y TRRCIC)

ZEg{—l,l}n NZ

and moreover observe that Gy ;; = Gy + O(A™1), so in fact we have that

— n A 1 1 —
g ([ 2) > log2 — ~Trlogv — = Y log Gy,
FiG | gl + 5 log (27) > Sy, (ua) + nlog 5 Trlogv — o 2 og Gy

2 Y pes / (f = Q.) djior + O,

zeg{—1,1}" Nz

Now, for z € g{—1,1}", we focus on the term

| =@

z

with the aim of showing that it is O(A72).
I1.5. Showing that sz(f — Q.)du., » is negligible.

The key is that the Taylor series for P, := f — (@, vanishes through second order at
2,50 P,(x —2) = O(|z — 2|*), and that |z) — 2] = O(A™!). We want to use these facts
to control the Taylor series of f — (), about z,. Since the Gaussian fx,, » is centered
at z,, the odd part of the Taylor polynomial of f — (), about z, does not contribute
to the integral against (., », so we need only control the zeroth, second, and fourth
order terms (noting that the Taylor series terminates at fourth order since f — @, is
quartic).

The zeroth order term at zy is simply P,(zy) = O(|z) — z[*) = O(A7?).

For second order term, we must compute V2P,(z,). Now V2P, vanishes through
zeroth order at z, so V2P,(z) = O(|x—z|), and in particular V?P,(zy) = O(A™'). The
second order term of the Taylor series of P, at zy is then §(z — 2))" V2P.(z))(z — 22),
which integrates against p,, 5 to O(A72).

Finally, we consider the fourth order term. Now the fourth derivatives of P,
are constant, and the fourth order term of the Taylor series of P, at z, is a linear
combination (with coefficients constant in A) of terms of the form

(:L‘i — Z,\J)([L’j — Z)\7j)(l'k - Z/\,k)(xl - Z/\,l)7

which integrate against p,, » to O(A72).
Thus we have established that

/ (f = Q.) djioy n = ON?),
N

for all z € g{—1,1}", as desired.
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I1.6. Controlling the relative entropy term.

The preceding result implies that

— n A 1 l —
. - > _ _ — .. -1 .
.T—,\[G|g]—l— 2log <2 ) SV/\(,LL)\)—i-nlOgQ 2Trlogv 5 ZEllogG“—i—O()\ )

For the rest of the lower bound, as discussed above, we only need to upper-bound
Sy, (px) by Su(p) = F|G | g] —nlog?2 plus some vanishing error term. (Unfortunately,
the joint upper semi-continuity of the entropy with respect to the topology of weak
convergence gives us an inequality in the wrong direction, but in any case we can be
more quantitative.)

Recall: py = 2269{71,1}7‘ Das Az, x and v = z%zzeg{q,un Lz x, Where fi,,  ~
N(zx, AP HZ ). Then

z — n Pz s exXp _)‘Qz s

D eeg{-11}n 37 €xp (—AQ=, 1)

Notice that there exists C' > 0 such that C~ < Payx 2" < C, hence

ct Z %exp(—)\Qz) < Z Py €XP (—AQ>)

z€g{-1,1}" zeg{—1,1}n
1
< Cc Y 5 XD (-AQ2).
zeg{—1,1}"
ie.,
C_l < ZzEg{—Ll}” Pzy 2 €XP (_)\Qz)\,)\> <C
B Zzeg{—l,l}" QLneXp(_AQzA,)\) -
Then
_Z eg{—1,1}n P2y A €XP (=AQ:, ) .
Su () = — / log | == i 22 dps + 07
' %: 2! L zzeg{—l,l}" Q%GXP <_>‘Qz,\,)\)

Pz \€XP (_)\Qz’ /\) -1
< - / log A b dps + O(e @),
; 2! ZZEg{*l,l}" an €xXp (_)\QZ)\,)\)

Furthermore, as proved earlier,

log Z exp (=AQz, 0) < —AQ A (2) + Ce 2 =logexp (—)\Qz;)\@) + C’e_’\A)

zeg{—1,1}"
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on N, , so

Sy (kx) dpy + 0(e=C ™)

IA
|
]
—
g

P exp (=AQu )
o €xP (—AQu A (2) + Ce2)

But iy (N.) = p. + O(e=C ), and p., x = p. + O(A™1), so we have
Sua(12) < Su(p) + OAT).

In summary, we have shown

— n A ~ 1 IR
= ) > - _Z g -1y
FilG gl + 2log (27r) > F[G|g] 2Trlogv 2;10gGu+O()\ )
as desired.

This completes the proof. [J

6 Gradient asymptotics

We want to understand not only the asymptotic behavior of F,[G] as A — oo, but
also the behavior of A,[G] as A — oc.

In order to separate the behavior on the diagonal from the behavior on the off-
diagonal, we define an operator Z which replaces the diagonal entries of its argument
with zeros and an operator D which replaces the off-diagonal entries with zeros. Thus
D+ Z=1d.

Recall that A,[G] = VF,[G]. Now the main theorem of the last section implies
in particular that

1 1
XfA[G] — —g iZjUijGiiij

pointwise for G € int(K,). The pointwise convergence of concave functions (cf.
Theorem 23 of Appendix C) implies the pointwise convergence of their supergradients
(in this case, ordinary gradients). Therefore

%AA[G] & _D[C]

for all G € int(K,), where D|[G] is defined as before by

L.
D[G] = §d1ag Zvlejj’ e 7zvanjj

J J

161



We also saw that

n A A ~ 1 1 ¢

pointwise, though this is no longer the limit of convex functions on St . However,
this is a limit of convex functions on matrices with fixed diagonal G;; = G7;, so taking
gradients in the off-diagonal directions implies that

L,[G] .= Z (A,\|G]) — BI[G].
Next, it would be desirable to show that
A,\[G] + AD[G]

converges, or at least first that this quantity bounded. What we don’t yet know is
whether this holds on the diagonal, i.e., whether the ‘on-diagonal remainder’

M,[G] := D (A\[G]) + AD[G]

is bounded. This can be established by combining concavity with our quantitative
error bounds from the last section.

Proposition 6. For G € int(K,), D (A,\[G]) = =AD[G]+ O(1), i.e., M)\[G] = O(1).

Proof. This is the same as saying that M,[G] = O(1). For G € S%_,

define

1

[\ [G] \

n A 1
{]—"}\[G’] + B log <%> + §Tr log v] :

so I'y is concave on 8%, and VI'y = %A,\. Then for G € int(K,), by Theorem 3 we
have

[\[G] = ¥, [G] + O()Fz),
where

1 ~ 1 n
\I/)\[G] = —g ZUUG”GJJ + Ailf[G ‘ g] — 5)\71 Zlog G”
i i=1

and the constant in O(A™?) can be taken to be locally uniform in G. Let us make
the dependence of g = ¢g(G) = diag\/diag(G) on G explicit and use the relation of
F[G | g] to the reference spin system via Proposition 1 to write

FlGg) = Flg(G)'Gg(G)™].

By the smoothness of ]?, it is then clear that W,[G] has derivatives that are locally
uniformly bounded on int(K,), with bounds independent of A (sufficiently large).
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Now fix G € int(K,,), and consider 7" € S™ and § sufficiently small so that in
particular G + 0T € int(K,), we have by concavity that

Therefore
Tr (VA GT) > IA\[G + 57(;] —I\[G]
\Ij)\[G + 5T] — \Ij)\[G] . 05_1>\_2
- 0

> Tr(VIL[G]T) — C6 — C5 A2,

where we have used local A-independent uniform bounds on the second derivative of
W, to bound the error of the difference quotient in the last step.
Then choose § = §(\) = A™! to obtain

Tr (A\'ALGIT) > Tr (VUL[G]T) — CA

Notice, however, that (since G is fixed), V¥,[G] = —D[G] + O(A™'), so we have
shown that
Tr [T (A\"AA\[G] + DIG])] = O(A71),
ie.,
Tr [T (ANG] + ADIG))] = O(1),
for any fixed T' € 8". Simply choosing T' = +e;el yields the result. O

7 Polarization relation

Let G € ST, and let (), ¢ denote the expectation with respect to the Gibbs measure
¢ with density
dpiy = (Zp[Ay]) ! ez ACl-NUE) gy

In particular, (z;z;)r ¢ = Gi;.

In the following, when considering a fixed G' € S, we sometimes omit the de-
pendence on G from the notation, denoting, e.g., Ay = A\[G], (-)x = (- )rq, etc.,
when the context is clear.

Now define the polarization Py = P\[G] by

Pyij = (&7 = (@])\)(2F = (7)), = (efad)x — GGy

If X, is the random vector with distribution p,, then P, is the covariance matrix of
X». Evidently P, € S,
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Proposition 7. For all G € ST, A>0, andi,j=1,...,n,

1 n
(ANGIG),; = 6y — QAZWMJCMN%)A,G
k=1

1 n
= 0 = A(DIGIG);; — 5 > virlwiai(af — G))ae
k=1

Consequently,
(ACIE), = 1- 3 GG - Iamiaw)
A W 2 g VikGii Gk 2 A v i
1
= 1-X(D[GIG); — §>‘ (PA[Glv)y;
S0
1
My i[G]Gy = 1 — [LA[G]G],; — 5/\ (PA[Glv)y
and

Tr KAA[G] + %AD[G] - 1) G] _ %)\Tr(PA[G]v) |

Proof. Fix G and write Ay = A,[G], etc. Let

1 1
5 Z (AA,klxkxl + Z/\Uijxix?>] )

Jz(z) = exp
Kl

SO

0.J 1

k
Then we can integrate by parts to obtain

1
1 = Z)\[A/\]/l-(],\(x)dx

1 1
Z3A)] /ack;( \ikTi 5 ’Ukl'Z:L'k) (x) dx




This establishes the first statement in the case i = j.
For the case i # j, we apply integration by parts again:

1

1 8xj
Z[A ] oz (@) do

1 1
= — [ x; Ay inx —l——)\vi:cQa:i)Jx dx
Z}\[A)\]/]Xk:(%kk 5 AVik Tk (2)
ZA)\ik;/l‘ka"J(J?) dm—i—zl)\vik;/a’ix»ﬁ J(z)dx
— 25\ AN J — 2" "2, [A)] Ik

1
= Z A)\,ikaj + 5)\ZU1]€<$ZZL‘]I2>>\
k i

This establishes the first statement. The others follow by considering the case 1 = j
and rearranging terms. O

We have shown that M, = O(1), but we have not identified a limit for M, (nor
shown that one exists). By contrast, we do have a formula for the limit of the off-
diagonal part of Ay + AD[G], namely B = BIG].

The formula

My ;G =1 = [L)\G,; — %A (PAv),;

suggests a way to remedy this. Note that [L G|, — (B[G]G);. In fact, we expect
AP, to have a limit as well. If we can compute this limit, then we can simply read
off a limiting formula for M.

To see why AP, should have a limit, write Py;; = (fi;),, where

fij(x) = (27 = Ga)(a] — Gjy).

Now f;; is has critical points at z € g{—1,1}", hence is locally quadratic near

n - - - 1
g{—1,1}". We expect puy to look Gaussian near g{—1,1}" with covariance ~ 1.

Thus (fi;)» should be O(A™1), and (f;;)» should be even smaller. Thus as claimed,
we expect 3 (Pyv);; to have a limit.

8 Asymptotic polarization and the limit of M,|G]

We now carry out the strategy outlined at the end of the last section.

Proposition 8. Let G € int(K,). Then AP\|G] — 4v™! as A — oo. Consequently
M, ;|G| = —(Gyu) ' [1 + (B|G]G),], i.e.,

M\[G] = —¢g ' [l + D (B[G]G)] g~ *

as A — o0.
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Corollary 9. Let G € int(K,,). Then My4[G] = —(Gi)"' [1 + (BIG]G),], i-e.,
My[G] = —g ' [+ D (B[GIG)] g™
as A — co. Consequently
A\G] = =AD[G] + B[G] + ¢ ' [I + D (B[G]G)] g* + o(1).

Proof. Throughout we suppose G € int(K,) is fixed. Before proceeding, recall that
we know that

Ay = —AD[G] + Ly + My,

where Ly, — B = B[G] has zero diagonal and M, = O(1). Then there exists C
such that —C1I, < My < CI,. Assume C' is large enough so that B%\/g(O) contains
9 {_17 1}n

Throughout this discussion we will use C' to denote constants independent of A
that are sufficiently large in the given context; the precise meaning of C' may change
across usages.

Let 6 > 0, and assume that X is large enough so that —01,, < Ly — B < 61,. Also,
let N'C B /=(0) be a small enough neighborhood of g{—1,1}" such that

L L r
- — <
‘29 Myg 5% Myx| <9
on N for all A. (This is possible because M, is diagonal!)
Let
f@) = folw) =D vii(al = Gii)(2? — Gyy),
ij
and recall ) .
f(z) = 5DIG] = U(2) - ¢ > GGy
ij

Finally, define Z! := exp (% > i ’UijGiiij> to ease the notation later on. (‘H’ is for

‘Hartree.”)
Then compute

_1.T _
ZN[A] = / o2 A gy
_1,T —
— / e 2" Mz AT () gy
1 1 1 1
— Z;\_Ie_QgTM)\g/6_2$TL)\-T629TM)\9_QZ’TM)\$€—>\f(I) dr

1T 1T 1T _1,T _ -1
_ Z}\{G 59" Mxg |:/ e 3% Lkmezg Myg—s3x MAxe Af(x) dl’+ O(e C )\)
N

166



< ZE@*%QTMAQ {/ Olel® o=38T Br o =Af(@) 0 4 O(ecl)‘)}
N

< Z,I\{efégTM*geC‘s {/ e~2% Bro=A(@) g 4 O(ec_l/\)l
N

_1l,T
= Zlem39 Myg ,C6

2r\"? 1 1 .
- —52° Bz 1+O )\71 ’
( A ) VL, Gi Vdetv Z ‘ [ (]

Zeg{_lal}n

where in the last step we have used Laplace’s method. Meanwhile,

)y = Bt [ gyt breda Mo i i 10 g

> Z/I\{e’%gTMW [/ e’5|x|2fij(x) e~3% B o= (@) gy O(ec_lk)}
N

> ZHem29" Mg =09 {/ e~3% Br fii(x) e M@ dg 4 O(ec_u)} .
N

Now for z € g{—1,1}", we have f;;(z) =0, V(fi;)(z) = 0, and V?(fi;)(z) = 4E;; ®
(zz1), where (Eij) = 0ix0j1 + 0u0;1. Then expanding e_%xTBmfij(x) to second order
near z, we have

e—%xTBx fl](x) _ €_§ZTBZ%(ZE _ Z)T [Eij ® (ZZT)] (23 _ Z) 4.

Note that e~ @) normalized by the appropriate factor, looks near z like the density

of the Gaussian distribution centered at z with covariance A™* [v ® (227)] -
Omitting some details, the technique of Laplace’s method then yields

[ et g e o
N

271\ "/ 1 1
(7) VI, Gu Vet v
Z em2% Bz oIy ([EZJ ® (227)] [v © (227)] 71) .

ze{-1,1}"
But, writing ¢ = diag(z),
(B © (227)] [v® (227)] 7 = [¢By¢) [Cu¢] ™ = By,

" Tr ([Ew ® (22")] [v © (227)] _1) =Tr [Ejv'] =207,

167



Therefore

n/2
—14TBx ¢ —Af(x) d AN"! <2_7T) 1 1 —12TBz ij
e () e T~ E e v
»//\/ f]( ) A \/H?:l G” \/det v

ze{—1,1}m

Combining our results then reveals

(Mij)a
Z\[A,]

/\P/\,ij = Z 6_2064Uij + 0(].)

Since § > 0 was arbitrary, we have shown
/\P)\J‘j Z 4’Uij + 0(1)

Similar reasoning guarantees the reverse inequality, so APy — 4v™!, as was to be
shown. 0

If we define the screened Coulomb interaction as W,[G] := v — 2w P5\[G]v, then we
see that A™'W) — —uv, so the screened Coulomb interaction is o(\).
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Part V
The 1-RDM theory and fermionic
embedding

1 Introduction

The fermionic 1-RDM theory (one-body reduced density matrix) is an analog of sorts
to the classical Luttinger-Ward (LW) theory as presented in Part III. In the LW
theory, we started with the concavity of the free energy functional, considered as a
function of the quadratic part of the Hamiltonian (with the rest of the Hamiltonian,
i.e., the interaction, fixed). The quadratic part on its own yields a Gaussian measure,
which can be thought of as a completely solved model.

Meanwhile, in the fermionic 1-RDM theory, we start with the concavity of the
quantum (fermionic) free energy functional, considered as a function of the quadratic
part of the Hamiltonian, where the interaction is again fixed. The quadratic part on
its own yields a free fermionic ensemble, which can also be thought of as a completely
solved model.

Proceeding by analogy to Part III, we can define a suitable concave duality and
examine the behavior of the dual functional (namely, the 1-RDM functional) on the
boundary of its effective domain. Unfortunately, the 1-RDM functional does not
enjoy a diagrammatic expansion, but its boundary behavior can, like that of the LW
functional, still be understood in terms of the 1-RDM functional of a smaller system
with an effective interaction, which we derive explicitly in the case of the two-body
interaction. To prove this result, we first prove a structural result that constrains
the form of fermionic ensembles whose 1-RDMs are on the boundary of the domain
of the 1-RDM functional. In addition to helping us understand the behavior of the
1-RDM functional on the boundary, this result offers some perspective on fermionic
embedding methods such as the density matrix embedding theory (DMET) [49].

2 The fermionic 1-RDM theory

Our setting is a fermionic Fock space denoted F; with a finite number d of states.
(Refer to section 4 of Part I for background on second quantization.) The reader may
consult [38] for a related presentation of the 1-RDM theory.

Now consider a Hamiltonian H , i.e., a Hermitian operator F; — F4. In general

we can write
H=Hy+V,
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where

d
Ho = Z AijC;-er,
ij=1
is the single-body (or noninteracting) part of the Hamiltonian, specified by a d x d
Hermitian matrix A = (4;;), and V' is the interacting part, also a Hermitian operator.
Though we need not define V' more explicitly for now, one might keep in mind the
two-body interaction
d
N |
V== Z (ij|kl)clcLee;.

).])

l\.’)

In quantum statistical mechanics at inverse temperature € (0,00), we are con-
cerned with the partition function

7 1= T [ A=)

Y

where p € R is the chemical potential and “Ir’ denotes the trace operation for oper-
ators on the Fock space. The density operator p := %efﬁ(H*“N) defines the so-called
grand canonical ensemble by specifying how to compute ensemble averages of oper-
ators. To wit, for an operator O : F; — Fy, the ensemble average of O is denoted

by .
(0) =T [0],

For now we will not think of i as variable, we can assume without loss of generality
(by appropriately redefining A < A — ul,) that g =0, so

N 1 N
Z ="Tr [eiﬁH} , p= Ze*BH

In fact, we will think of H, Z, and p as functions of A, writing

= ZAijcl‘LCj + V, Z[A] =Tr [e_mA]} . plA] = _Z[IA] e BHA]

i3
and further defining the free energy by
Q[A] == —log Z[A].

It is sometimes convenient to let ¢ = (cy,...,¢q)" denote the vector of annhilation
operators, so H[A] = ¢l Ac+ V.

One can also think of all of these quantities as depending on V, and we can
accordingly write, e.g. Q[A; V] However, when the context is clear we omit the
dependence on V from the notation.

For clarity, we now establish our conventions for taking derivatives on the set of
Hermitian matrices.
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Definition 1. Fori,j = 1,...,d, let E@) € H? be defined by E\/ = L(141)d30, +
2(1 —4)040;5. For a differentiable function f : H* — R, define the gradient Vf :
H? — HY by

(VF(Ay = Vi f(A) = lim LA = J(A)

6—0 )

If f is obtained by restriction from a function f : CM*M — R, then equivalently

_1of 10f
2045 204,

Viif

Then observe that the gradient map V(2 is given by

QA = L | (e e el
ViQA] = Z[A]Tr {2 (cicj + cjcl) e .

Notice that

Tr [cjcje_ﬁw] = Tr [cje_ﬁ[A]cj]

= Tr {(cje—mmctﬂ — Ty [Cie—f{[A}C}] — Ty [c; e e_mAq ’

7

so in fact

Vi QA =Tr [c;rcjp[A]} .

Then D[A] := VQIA] is the I-particle density matriz (1-RDM). This map will de-
fine a correspondence between single-particle Hamiltonians and 1-RDMs via concave
duality, suggested by the following lemma.

Lemma 2. Q is strictly concave on H?.
The proof follows from the following more general fact:

Lemma 3. Let M be a positive integer. Then the function fi : HY — R defined by
f(X) =logTr [ex} is strictly convex.

Proof. Once can prove this fact by taking derivatives, but we present much quicker
proof that makes use of nice inequalities. Indeed, let X;, Xo € H¥ and let 0 € [0, 1].
Then

fOX, + (1 —0)X,) = log Tr [69X1+(179)X2] < log Tr [eexle(ke))@]

by the Golden-Thompson inequality. Now Hoélder’s inequality for the Schatten norms
implies that

T [¢#X1e(1-0X2] < [|e#X1 |y [|eDX2 | g1 = (Tr [¢¥1])” (Tr [X2]) 7
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Therefore
JOX: +(1—-0)Xy) <Of(Xy) + (1 —=0)f(Xy),

which proves convexity. In fact Holder’s inequality is strict if X; # X5, so we have
strict convexity. O

Proof. (Of Lemma 2.) We will apply Lemma 3 in the case M = 2¢. Observe that

Q[A] = —f2d (— ZAijC;er — V) .

Since the composition of a strictly convex function with a nondegenerate affine trans-
formation is strictly convex, it follows that €2 is strictly concave. n

Now we turn to finding the concave conjugate (Legendre transform) of 2. The
answer comes to us via a contraction of the quantum Gibbs variational principle
(Lemma 9 below), analogous to the classical Gibbs variational principle from classical
statistical mechanics. In the quantum setting, the role of probability measures is
played by density operators:

Definition 4. A density operator on Fy (or for short, density operator) is a Hermitian
positive semidefinite operator F; — Fy of unit trace. The set of density operators on
Fq is denoted Dy.

Remark 5. Note that p[A] as defined above is an example of a density operator.

Moreover, the roles of the classical entropy and relative entropy are played by the
von Neumann entropy and quantum relative entropy, defined as follows.

Definition 6. For p,0 € Dy, let
S(p) = Tr[plog p]
denote the von Neumann entropy of p, and let
S(pllo) := Tr[plog p| — Tr[plog o]
denote the quantum relative entropy of p with respect to o.

We collect some facts [78] about the von Neumann entropy and the relative en-
tropy:

Fact 7. The von Neumann entropy is p — S(p) is a concave function on Dy, and
0 < S(p) <log (2%) for all p € Dy.

Fact 8. For any p,o € Dy, S(p|lo) > 0 with equality if and only if p=o.

Now our first step to identifying the concave conjugate of €2 is the following lemma:
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Lemma 9. For A € H?,

Q[A] = inf |Tr(pH[A]) — S(p)| .

pEDy

Moreover, the infimum is uniquely attained at p[A] = —

Proof. For p € Dy,
Tr(pH[A]) = S(p) = —log Z[A] = Tr(plog plA]) = S(p) = QLA] + S(p]lpa).
But S(p||pa) > 0 with equality if and only if p = p4. This completes the proof. [

For notational convenience, we define a general notion of 1-RDM, as well as the
map that associates to every density matrix its 1-RDM.

Definition 10. Let Dc(ll) ={D € H* : 0 X D < 1}. We refer to elements of
D((il) as one-body reduced density matrices, or 1-RDMs. Define v : Dy — D[(ll) by
7ii(p) = Tr[pele;].

For this definition, we have to check that v as defined actually maps Dy into Dc(ll):

Lemma 11. For p € Dy, the matriz D € H? defined by D;; = Tr[pcjcj] is an element
(1)
of D, .

Proof. To see this, let p € Dy, and let z € C? with ||z]|?> = 32, |z|> = 1. Then
2(p)z =Y FzTrlele;p] = Trlelep],
ij

where ¢ := Zle zic;. Now ¢'¢ and p are positive semidefinite operators, so Tr[¢'ép] >
0. It remains to show that Tr[¢'ép] < 1. To see this observe that

d d
det+edt = Z Zizjclcj + Z ziz_jc,-c;
ij=1 ij=1
d
= Z ZiZj (CICJ' + CjCj)
ij=1
d
= Z El’Zj (51] Id].‘d)
ij=1
= Ids,

Since &', éét > 0, it follows that ¢'¢ < Idx,. Therefore Tr[fép] < Tr[p] = 1, as was
to be shown. O

173



Finally, we obtain the concave conjugate of {2 via a ‘contraction’ principle:

Lemma 12. For A € H?,

Q[A] = inf (Tr[AD] - F[D)]),

pepV

where
FID] = sup [S(p) = Te(V)]

pEy~H(D)
is the 1-RDM functional. F can be thought of as a function on all of H? via the
convention that F|D] = —oo if y~1(D) is empty.
Proof. Write

i AyTr (pc;f Cj) +Tr(pV) = S(p)

ij=1

= inf <Tr[AD] + inf [Tr(pV) — S(p)]) .

pep(V pey~1(D)

QA] = inf  inf

pep(V peY~1(D)

Then we have the following properties of F:

Lemma 13. F s finite and concave on Dc(ll).

Remark 14. Since F is finite on Dél) and F = —oco on Hd\Da(ll) (since y~1(D) = 0 for
all D in this set), in the language of convex analysis we say that D((il) is the effective
domain of F and write D((jl) = domF.

Proof. First we show that F is finite. Let D € D((il). The fact that F[D] < oo follows
from the facts that S(p) < dlog2 and Tr[pV] < ||V |op for all p € Dy. Then to show
that F[D] > —oo is to show that v~!(D) is nonempty. In fact, for such D, we can
always find a noninteracting density matrix p such that v(p) = d.

Inspired by Appendix F, we let A = log(D~' — 1). If D is on the boundary
of Dél), then formally we allow A to have possibly eigenvalues +oo. Then let p =
polA] = #[A}e_cmc. Even for A understood formally to have infinite eigenvalues, p is
well-defined as a density matrix, and v(po[A]) = D (see Appendix F).

Now we prove convexity. Let Dy, Dy € D((il) and 0 € [0, 1]. Let ¢ > 0, and choose
p1 € v HDy) and py € v1(Dy) such that F[D;] < S(p;) — Tr(pV) + ¢ for i = 1,2.
Then v(6 D1+ (1 —0)Ds) = 0D + (1 —0) Dy, so we have from the definition of F that

FIOD, + (1 —0)Dy] > S(0py + (1 — 0)ps) — (Tr Op1 + (1 — 0)ps] v) .
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Then by the concavity of S,

~

Fl0Dy+ (1 -0)Dsy] = 6 [S(Pl) - Tr(Plf/)] +(1-0) [S(PQ) — Tr(p2V)
— 9F[D)] + (1— 0)FDy] — =

Since € > 0 was arbitrary, the concavity of F follows. m

Now in the language of convex analysis, Lemma 12 precisely means that €2 is the
concave conjugate of F, and we write () = F*. But because F is concave, {* = ]: 1
the upper semicontinuous hull of F (see Appendlx C). Since F is concave on Dd ,
follows that F is in fact continuous on int D (Appendlx C), hence agrees with ]-" **
on this set. Therefore 2* = F on int D((z U fact, our later analysis (see Remark 18

below) implies in particular that F is continuous up to the boundary of Dy), hence
F** =F, and Q" = F. In summary, we have

Theorem 15. Q* = F.

Meanwhile, tentatively defining A[D] = VF[D] (pending the proof of the differ-
entiability of F), we expect that D[A] = VQ[A] and A[D] are inverses of one another
(on appropriate sets), as is guaranteed by the following lemma.

Lemma 16. D[A] = VQ[A] is a bijection HY — int D((jl) with inverse given by A|D] =
VF[D].

Proof. In particular we need to show that F is differentiable on int Dgl). Since {2
is differentiable and strictly convex on H?, it follows that Q* = F** is differentiable
and strictly convex on int Dél) and that V{2 is a bijection H? — int Dg) with inverse

given by VF**; see Appendix C) or Theorem 26.5 of [91]. Since F** = F on int Dc(ll),
the result follows. [

Lemma 16 specifies, roughly speaking, a one-to-one correspondence between the
1-RDM and the single-particle part of the Hamiltonian.

2.1 The noninteracting case

We pause now to consider the noninteracting case, in which VA: 0. To indicate this
case, we write Hy[A] = c'Ac, Zy[A] = Z[A;0], po[A] = Zol[A}e_HO[A], Qo[A] = Q[A;0],

DolA] = DI[A;0), Fy[D] = FID; 0], and Ay[D] = A[D;0].
In Appendix F, we prove that

ZolA] = det (1474,
from which it follows that

Q[A] = —logdet (1 +e ) = —Tr [log (1 + e )],
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SO

Do[A] = VQ[A] = T5ed=

Therefore the inverse map Ag[D] is given by
Ao[D] =log (D" —1).
Then via Legendre duality, we compute Fy as

FolD] = Tr[DA[D]] — Qo[Ao[D]]
= Tr [Dlog(D™! = 1)] +Tr [log (1 + =P -1)

|
- TTU)bgU7IU-—D»}+j}{bg( 1>}

g(D% 1)}
e

- D

,_.

= —Tr[Dlog D]+ Tr[Dlog(l — D)] + Tr {l
L
—Tr [Dlog D] + Tr[Dlog(1 — D)] — Tr 1
—Tr[Dlog D] — Tr[(1 — D) log(1 — D)],

]
= —Tr[Dlog D]+ Tr[Dlog(1 — D)] + Tr
J

Fo[D] = =Tr[Dlog D] — Tr[(1 — D)log(1l — D)]

is a sort of ‘matrix binary entropy.” In fact we have proved this latter fact only for
D € int D((il), but it follows on all of Dc(ll) by the continuity of F up to the boundary
(Remark 18 below).

2.2 Comparison with the Luttinger-Ward formalism

The developments here can be viewed as a ‘quantum-statistical-mechanical’ ana-
log of the development of the Luttinger-Ward formalism in the ‘classical-statistical-
mechanical’ setting (i.e., the setting of Gibbs measures); see Part I1I.

Now to identify the analog of ‘Luttinger-Ward functional’ in this setting, one
should take the difference of the interacting and noninteracting F functionals. Indeed,
we may define

®[D] = F[D] - Fy[D]
= F[D]+Tr[Dlog D] + Tr[(1 — D)log(1 — D)].

Taking gradients, this yields a ‘Dyson equation’

A =VF[D]+X[D] =log(D™' —1) + X[D]
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where ¥ := V& is the analog of the ‘self-energy,” so
D™t =1+ Pl

As in the classical case, the self-energy defines an effective single-particle Hamiltonian
(via A —Y) whose noninteracting 1-RDM is precisely the interacting 1-RDM function
for A.

An important difference between this settting and the classical setting is that there
is no transformation rule, i.e., for an arbitrary, linear transformation 7' : R — RY,
there is no simple recipe for computing F[T'DT*] or ®[T'DT*] in terms of F[D] or
®[D]. (However, there is a transformation rule for unitary linear transformations,
which can be established via the canonical transformation of the creation and annihi-
lation operators.) Notably, the failure of the transformation rule entails the failure of
the projection rule; this prevents us from simply downfolding the bath of an impurity
problems to derive an effective single-particle matrix. (Instead, as can be understood
from the path integral perspective in which the formal similarity to the classical field
theory is visible, one obtains a dynamical effective single-particle matrix. However,
this development is orthogonal to the discussion of this section.)

3 The embedding lemma and boundary analysis

Motivated by developments for the classical Luttinger-Ward functional, we want to
describe the behavior of F on the boundary of its domain, i.e., 8@&1).
Consider block-diagonal D of the form
D

p

0 0
D=0 I, 0 |, (3.1)
0

0 0,

Q

where G, € DI(DI) and p 4+ ¢ +r = d. Via canonical transformation, to determine the
boundary values of F, it suffices to determine the value of ® for G of this form.

Identify the first p lattice sites as X and the last ¢ +r as Y, and let the corre-
sponding Fock spaces be Fx and Fy, respectively, so F = Fx ® Fy, where the tensor
product is considered with respect to the occupation number representations of the
Fock spaces in question.

Finally, define

Wy) i=cly e =) € Fy.

Then we have the following fundamental result, which constrains the form of any
density operator that yields a 1-RDM of the form (3.1).

Lemma 17 (Embedding lemma). Suppose p € Dy and vy(p) = D, where D is of the
form (3.1). Then

p=px @ |Wy)(Vy|.
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Proof. First define px := Try[p] and py := Trx[p]. (We do not yet know that p
factorizes as p = px ® py.) Then evidently

I, 0
v =( 5 o )
We claim that this implies that py is a pure state, to wit, the projector onto the

Slater determinant |y ).
To this end, write

py = Z@ |Yi) (Y2

where Y; € Fy are orthonormal and o; > 0 with ) .a; = 1 . Then for j = p+
17 A 7p + Q’
1 = Tr[al jaipy] = Zaz (Y al Ja; Vi) . (3.2)

Now (Y;|a;aj ;) = |la; [Y3)||> > 0, but also Hajaj” =1, so (Y}|a}aj |Y;) < 1. There-
fore, in order for (3.2) to hold, it must be the case that

(Y| ala;|V;) = 1.
Since ||a}ajH = 1, it must be the case that |Y;) is a l-eigenstate of a;aj for all

j=p+1,....,p+q and all 7.
Meanwhile for all 7 > p+ 1, we have

0=2 0 (Vilaje, Vi),
so it must be the case that
||aJ|Y>||2 (Y] al 343 Y;) =0.
Then a;|Y;) =0, and |Y;) is a O-eigenstate of a;aj for all j > p + ¢ and all <.
Since each |Y;) is a simultaneous eigenstate of all the a;r.aj (with eigenvalue 1 for

j=p+1,....,p+qand 0 for j > p—+ q), it follows that in the particle number
representation (up to scaling by a complex number of unit modulus) we can write

Vi) = |10 100-0) = |0y)
for all 7, so in fact we have

as claimed.
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Now since py is pure, S(py) = 0, and we have by the ‘triangle inequality’ for the
von Neumann entropy [4] that

S(p) < S(px) + S(py) = S(px) — S(py) < S(p),

Therefore
S(p) = S(px) + S(py) = S(px),
i.e., subadditivity holds with equality, which implies that in fact p = px ® py. O]

Remark 18. A more refined argument in the case that +(p) not necessarily equal to
D yields lpy — %y ) (y | = o (1(p) — DII) and in turn that [|o— px & [Wy) (y ||| =
o(|[7(p) — DJ|). This fact, together with the boundary formula for F proved in Propo-
sition 19 below, can be used without great difficulty to establish the continuity of F
up to the boundary.

Now, armed with an understanding of the states that can produce boundary ele-
ments of D((il) , we will show that

FID:V]=F [Dp; VX}

for D as in (3.1), where Vy := (Uy|V|Uy) is an operator on Fx. More precisely,
if one writes V = 3, ng) ® ng) for operators Og?) and ng) on Fx and Fy, then
Vi = 52, 0% {0y [0V W),

One can check that this construction is well-defined. Indeed, suppose that we

could write R
V=3 020y =3 0% 0y
k k

Then we must show that

ZOEI;)<‘IJY‘O§/]€)’\DY> = ZQE?)<\IJY‘Q$)‘\I}Y>

k k

as operators on Fy. This holds if and only if

(X4 (Z 02?><wy|0§f>|wy>> X,) = (X4 (Z @&?@ﬂ@&i“)ww) | X2)

for all |X;),|Xs) € Fx. But both sides are equal to (X; Uy |V| X,y ).
We comment that one can equivalently define

Uy = (Ty |[V]Ty) = Ty {f/ (Idr, ® \\DY)@Y;)] .

Then we are prepared to state:
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Proposition 19. If D is of the form (3.1), then
FID; V] = F | Dyi (Wy|V]wy) ]
where Uy € Fy is defined

Uy ) = a;H - aj,+q|—> € Fy.

Proof. By Lemma 17, if v(p) = D, then p = px ® py, where py = |[Uy)(Uy].
Therefore

FID;V] = S [S(p) = Te(pV)]
= up [ Slox) = T [(ox @ [T)(E) V] )

But writing V = 3, 0% @ 0¥ we have

Tr [(px @ 19N (W) V] = D00y ] (0F @ OF) (px @ [0y )y ]) [0y)

= > (Uy] <[Og?)px} ® [O$)|\IJY><\IJY@> Wy)

= Y 0% px (Wy|OFwy)
k

= VXPX;
where Vx = (Uy|V|¥y). Thus
FID;V]= sup [S(px) Ty (pXVX)] — FID,: Vx],
px €y~ H(Dp)
as was to be shown. O

4 The zero-temperature limit

Thus far we have simply assumed the inverse temperature to be given by § = 1.
However, now we consider scaled interaction V. We will add an extra argument
f to all of our functionals. Notice that VpF[D; ﬁf/] corresponds to BA[D;V; Bl
Therefore we define F[D;V: ] := S~ F[D; V], i.e.,

FID;Vigl= sup |B7'S(p) — Tx(pV)].

pEY (D)
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Then in the § — oo limit we find

F[D;V;oo] = sup Tr(pV).

pEy—H(D)

Note that the supremum will be attained by p on the boundary of the set of den-
sity matrices, whereas in the finite temperature case, the supremum will always be
attained on the interior.

The free-energy functional

QA; V3 8] = FH[A; V; 8] = B7Q[BA; V]

can be written

Q[A; V; 8] = — B log Tr [e—ﬁwcm] .

For finite temperature, 2 and F are both smooth and strictly convex. However,
in the zero temperature limit, €2 develops singularities and F develops degenerate
(flat) regions. The flat regions represent 1-RDMs that are not attainable by any
single-particle Hamiltonian with a unique ground state. In the case Vo= 0, we
discover F[D;0;00] = 0. This reflects the fact that, in the noninteracting case, the
only 1-RDMs that are attainable in this sense are on the boundary of Dy). When
1% # 0, however, scaling does affect the 1-RDM, and there are attainable 1-RDMs
that are not in 9DM. However, not all 1-RDMs are attainable. By smoothly varying
the single-particle Hamiltonian, we can cause the ground state of the Hamiltonian to
become the state of second-lowest energy. The discontinuous jump to the new ground
state reflects a singularity in [ -;V; 0o or a jump in the 1-RDM (which at this point
passes over a flat, i.e., unattainable region of DM).

By the same proof as in the preceding section, we have the following:

Proposition 20. Let § € (0,00]. If D is of the form (3.1), then
FID; V5 8] = F | Dys (0y [V19y); 8]
where Uy € Fy is defined

|Uy) = CLH - cL+q|—) € Fy.

5 Two-body embedding Hamiltonian

Motivated by the previous section, we discuss the computation of the embedding
Hamiltonian Vx = (Vy|V|Uy) in the case of the two-body interaction

M
V= (ij|kl)cl el ere;,
ijki=1

N | —
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where |Uy) € Fy.
To this end, it suffices to compute (Uy |cl ¢l ¢ic;| ¥y ). Recall that, in the occupation
number representation,

d=s® - ®sd Lo - oL,

(30

(PN _ Tt
cioac; =0x ® Cy,iCykCYICY )

where

Therefore

where on the RHS, the cy; are interpreted as operators on Fy, with ¢; = Idz, for
t < pand cy; = ¢ for i > p, and Oy is an operator on Fx. Note that we will have
(Wy|clelee | Wy) = 0 except in the following three scenarios:

1. none of the operators have index i > p,

2. exactly one creation operator and exactly one annihilation operator have index
1> D,
3. all four of the operators have index i > p.
In scenario (1), we merely obtain
i

<\Ify|C;rCLCle|‘Ify> = CTC;E:Cle € End(Fx)

where 2, 7, k, 1 < p.
In scenario (3), the

(Uylclckarc;|Uy) = 1z, (Wy[elchac;|Wy),
where the ¢; are interpreted on the RHS as operators on Fy.

In scenario (2), we can have, e.g., i,j7 < p and k,l > p, in which case we have

() — 1
¢, cLec = ¢;¢; @ ¢ and

(Uy|clcfcie;|Uy) = cle; Dy,

or we can have 7,/ < p and k,j > p, in which case cgc,tclcj = —cIcl ® czcj and

(Uy|elchac;|Wy) = —cleDy,
.1

or we can have k,! < p and 7,j > p, in which case c;c;c;c; = c,tcl ® cgcj and

(O |el el | Uy) = charDyj.
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or we can have k,7 < p and 4,/ > p, in which case cTchlcj = —chj ® cj-cl and

(Wy el ce|Wy) = —cle; Dy.
Then the sum over all contributing terms of this form is
P M
> cle; > [G41kL) = (il]kj)] Dy
ij=1 kl=p+1
Therefore, we have computed:

Vx = By + Z (ij|kD) el clere; +Zc ¢ Z (ij|kl) — (il|kj)] Dy,
i7kl=1 kl=p+1

where Ey is a constant. In the case |Uy) = cLH e cp+q|—) ,we have

i
Vx = Ey + Z (ij|kD)clel ee; + Zc ¢; Z (1jlkk) — (ik|kj)] .
i7kl=1 k=p+1

Not coincidentally, this formula recovers (up to a constant) the embedding Hamil-
tonian of the density matrix embedding theory (DMET) [49] and more generally of
complete active space methods.
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Part VI
Classical and quantum impurity
problems

1 Introduction

To begin we recall the setting of Part III. Consider the second-moment matrix G €
R4 of a Gibbs measure defined by a Hamiltonian H : R? = R, i.e.,

1
G= Z /. zrle H@ dy, (1.1)

Z—/ e H@) dy
]Rd

is the appropriate normalization factor.

We will write H in the form H = Hy + U, where Hy = %xTAx is a quadratic
form. Assume that A and U are such that both Z and G are finite. Via the analogy
with quantum many-body physics that will be discussed below, we refer to U as
the interacting part of the Hamiltonian, or simply the interaction. Meanwhile H
represents the non-interacting part.

If U =0 and A is a positive definite matrix, then immediately we have G = A~L.
One seeks a generalization of this fact to the case in which U(z) depends only on a
subset of the variables. We refer to this setting as the (classical) impurity model (cf.
section 3.4 of Part IIT), by analogy to the quantum impurity model to be discussed
below. Perhaps surprisingly, we have the following result:

Here the partition function

Theorem 1. Let p < d, and let A € R be a symmetric matriz whose lower-right
(d —p) x (d — p) block is positive definite. Let U : R? — R be a function that depends
only on its first p arguments, i.e., U(x) = Uy(21,...,x,) for some Uy : RP — R, and
assume that Uy satisfies sufficient growth conditions such that that the Gibbs measure

with density proportional to e~2¢ Ae=U@) pag finite second-order moments. Then,

with G defined as in (1.1),

- _ -1 EPO
sea-a= (% 0),

where X, € RP*P 4s a symmetric matriz.

In fact, Theorem 1 can be generalized by considering an arbitrary measure du;(x;)
of sufficient decay in the place of e~V1*1) dx,, where we denote x; = (z1,..., )"
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and X3 = (Tpy1,...,24)". In this setting the partition function is defined

4= / / e 3 A dxy dpy (x1),
Rp JRd—P

and the Green’s function is defined accordingly. The case

pa(xp) = e Zho=r ity Z §(- —o)

ce{-1,1}r

defines a notion of a classical impurity model for spin systems, in which a spin system
is coupled to a Gaussian ‘bath.” For such a spin impurity model, we can assume
without loss of generality that the upper-left p x p block of A is zero, and the ensemble
is specified by the partition function

_1s5wp s _1,.T T
7 = E e QZZ,H J”maj/ e 2Y Agoy—yt Agio dy7

d—
oce{—1,1}» Reé=p

where A and Asy denote the appropriate blocks of A. We will stick to the original
setting, in which the impurity is specified by a function Uy, to emphasize the analogy
with the setting of the quantum many-body problem, but we comment that the proof
of Theorem 1 is exactly the same in this broader context.

In statistics, G~! is sometimes called the precision matrix. In our setting, if A
is positive definite and U = 0, then A is the precision matrix of the distribution in
question. Hence Theorem 1 states that the difference of the precision matrices in
the ‘interacting’ and ‘non-interacting’ settings, namely A — G~!, is a sparse matrix
if the interaction U only depends on a subset of variables. The proof of the theorem
is non-perturbative, and in fact A need not be positive definite (though, when U is
independent of the last d — p variables, the lower-right (d — p) x (d — p) block of A
must be positive definite to ensure that =27 A7=U(@) jg normalizable). To the best
of our knowledge, other than from the perspective of the Luttinger-Ward formalism
presented in Part III, this basic linear-algebraic fact about Gibbs measures was not
previously present in the literature.

As a matter of fact, we first observed a result of this type in a more complex
setting, namely that of quantum impurity problems at zero temperature (as we shall
discuss below, the analogous result is also true at finite temperature). Consider the
Hamiltonian, denoted by H, for a system of interacting fermions or bosons. Through-
out we shall distinguish the cases of fermions and bosons via a parameter  given by
¢ = —1 in the case of fermions and {( = +1 in the case of bosons. In the second-
quantized representation [33], H can be generally written as H=H,+U , where

d

1,j=1
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is viewed as the Hamiltonian for a system of non-interacting fermions or bosons.
Here aj, a; are the creation and annihilation operators, respectively, and h € C¥*? is
a Hermitian matrix. (Refer to section 4 of Part I for a brief introduction to second
quantization.)

Meanwhile, U is the interacting part of the Hamiltonian. Although U can be far

more general, usually we have in mind the two-body interaction

U=> (ij|U|kl)alalajay. (1.3)

i,5,k,l

In this case, if there exists p < d so that (ij|U|kl) # 0 only if i,5,k, 1l € {1,...,p},
then we call the Hamiltonian H an impurity Hamiltonian. More generally, we say that
His an impurity Hamiltonian if U can be written as a polynomial of the creation and
annihilation operators a;-r and a; for ¢ = 1,...,p and is particleenumber-conserving
(see section 4 of Part I for details). At a glance there is no connection between this
impurity Hamiltonian and the type of Gibbs measure discussed earlier. Nonetheless,
we claim that there is an analogy under which A maps to A, the Green’s function of
the quantum many-body problem maps to GG, and the self-energy matrix associated
with the Green’s function maps to . Then the counterpart of Theorem 1 can be
stated in words as: the self-energy matriz of a quantum impurity problem is a sparse
matrix, with nonzero entries only on the block associated with the impurity sites.

The connection between the classical impurity model and the quantum impurity
problem can be understood formally by writing quantum Green’s functions in terms
of the coherent state path integral 77|, which formally resembles a Gibbs measure.
We remark that in the case of fermions, the resemblance should be noted with special
caution because the coherent state path integral involves Grassmann integrals. In this
sense, the setting of Theorem 1 can indeed be understood as the ‘classical impurity
problem.’

Unlike the corresponding result for Gibbs measures, the quantum result has been
well-known in the quantum physics literature since Feynman and Vernon in 1963 [35]
at the latest, and it plays a central role in numerical algorithms for solving the quan-
tum impurity problem, such as the quantum Monte Carlo (QMC) method [41]. The
sparsity of the impurity self-energy matrix is also the starting point of various ap-
proximate methods—such as the dynamical mean field theory (DMFT) [37, 53] and
its extensions [106, 58]—for solving general (i.e., non-impurity) quantum systems,
especially those that are strongly correlated. Again somewhat surprisingly, this im-
portant statement is to the best of our knowledge a ‘folk theorem,” in that we cannot
find a rigorous proof of this result in the literature.

In this Part, we fill this gap by providing a rigorous proofs of the sparsity of the
self-energy matrix of quantum impurity problems, in both the fermionic and bosonic
cases at zero and finite temperature. We will also cover the non-equilibrium setting
via the consideration of arbitrary contour-ordered Green’s functions, as well as the
anomalous setting, which is relevant to superconductivity. Excellent introductions to
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the non-equilibrium and anomalous formalisms can be found in [100, 14|, respectively.

Our results in the non-equilibrium setting should be compared to those in a re-
cent work [25], in which advanced /retarded non-equilibrium self-energies are rigor-
ously constructed in the case of fermions. Though not noted explicitly in the work,
the appropriate sparsity results for these quantities can be seen to follow from the
construction itself. By contrast, our non-equilibrium sparsity result concerns the
contour-ordered self-energy (for both fermions and bosons) and in particular recovers
sparsity results for the advanced/retarded Green’s functions. Moreover, our result
holds for arbitrary contour. However, we do not actually construct the contour-
ordered self-energy, but rather phrase our sparsity result in terms of operators that
we suggestively name ‘GY’ and ‘G.” In so doing we sidestep a considerable an-
alytical challenge such as that encountered in [25]. Thus our result can be viewed
as trying to parsimoniously illustrate the broadest possible formal picture of sparsity
results for the self-energy, rather than focusing on the analytical question of the con-
struction of the self-energy itself. Incidentally, in our view a rigorous construction of
the contour-ordered self-energy (for arbitrary contour) seems to be an interesting and
non-trivial matter.

The reader is directed to section 7 of Part I for a brief introduction to the theory
of Green’s functions, both fermionic and bosonic, in the zero-temperature and finite-
temperature settings. Below we also includd introduction to the non-equilibrium and
anomalous settings. In all of these settings, the impurity model with p = 0 is precisely
the non-interacting model, and our results on the sparsity pattern of the self-energy,
applied in this special case, yield formulas for the non-interacting Green’s functions.
In the non-equilibrium setting especially, such a formula seems to be non-trivial to
establish by other means. Readers new to the subject may find this presentation of the
non-interacting Green’s functions, as well as its embedding into a unified perspective,
to be appealing in its own right. Please note that this Part is based on [63] (joint
work with Lin Lin).

1.1 Other formal perspectives

We discuss several other ways of understanding the sparsity pattern of the self-energy
for impurity problems. First, we remark by considering the coherent-state path inte-
gral representation [77] (in any of the quantum settings discussed in this Part), one
can formally view the quantum many-body ensemble as a Gibbs measure. The proof
of Theorem 1 can be mimicked in these settings at the formal level to derive the
appropriate sparsity results, but we omit such formal manipulations here.

Secondly, the sparsity pattern can be most intuitively understood via the Feynman
diagrammatic expansion, which provides another viewpoint on the formal unification

9The reader will find that from the point of view adopted in this Part, these objects can be
thought of as more natural than the non-equilibrium self-energy itself, and indeed all of our sparsity
results are proved by considering their analogs.
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of the classical and quantum settings. Indeed, due to the connection between the
classical setting of Gibbs measures and the coherent state path integral, we limit
our discussion the case of Gibbs models here for simplicity. The reader may refer to
Part II for a self-contained introduction to the diagrammatic expansion.

As before, define the partition function

Z:/ ¢ 2v Av=ele) g (1.4)
R4

where A is a positive definite matrix and where we have introduced the parameter
e > 0 as a prefactor for the interaction (referred to as the coupling constant). Then
formally we may apply Taylor expansion for e=*V(*) to obtain a series expansion for
Z, as in

S e o S [ e b
Z—/Rdnz::m( U(x))"e dz ;n! /]Rd< U(z)) e dz, (1.5)

where the ‘~’ is meant to indicate that the series is valid only in the asymptotic sense.

Assuming U(x) is a polynomial of x, then each term on the right hand side of
Eq. (1.5) requires the evaluation of a possibly large, but finite, number of moments
of a Gaussian distribution. The expansion can be organized in terms of Feynman
diagrams.

Feynman diagrammatic expansions can also be obtained for G' and . In par-
ticular, recall from Part II that the self-energy diagrams are truncated, one-particle
irreducible Feynman diagrams. To be concrete, one can keep in mind the quartic
interaction

N
U(r) = % > wyalal, (1.6)
ij=1
which mimics the two-body Coulomb interaction of quantum many-body physics.
Here v is a symmetric positive definite matrix. In order to specify an impurity problem
with fragment specified by indices 1,...,p we take v;; = 0if 4 > p or j > p. Then,
it can readily be read from the diagrammatic expansion of ¥ as in Part II that for
each term in the expansion of ¥;;, the corresponding matrix element is nonzero only
if 1 <14,7 < p. This observation suggests that the self-energy matrix >, as the infinite
sum of all of these terms, should follow the same sparsity pattern. We remark that the
above diagrammatic argument can be applied to Gibbs models with rather general
interaction form U(z), as well as in the quantum many-body setting. , where the
diagrammatic series can be derived directly in the second-quantized representation or
via the coherent state path integral.

The major caveat to this argument is that the Feynman diagrammatic expansion
often has zero radius of convergence and maintains validity only in the asymptotic
sense. This is the case at least for the Gibbs models as well as bosonic systems. Hence
the sparsity for each term of the expansion does not necessarily imply that the same
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is true of the self-energy itself when ¢ is positive. Even when the series does converge
(such as for fermionic systems with finitely many states), the convergence radius may
only be finite. Bootstrapping a positive radius of convergence via resummation or
analytic continuation arguments [77| is one possible route to proving the sparsity
result in such a setting, though the details seem to be cumbersome and the proof is
not as simple or general as others considered above.

Finally, we discuss a route to the sparsity of the self-energy matrix via the so-
called Luttinger-Ward formalism [65], which expresses the self-energy as a functional
derivative
olle

oG
Here ®[G] is a functional of the Green’s function, called the Luttinger-Ward func-
tional. We proved in Part III that for the Gibbs model, ®[G] is a well-defined for
positive semidefinite G. In particular, we established a projection rule, which states
that for the classical impurity problem when U(z) = U,(x1,...,x,), we have

= (1.7)

P[G] = (I)p[Gp]- (1.8)

Here G, is the upper-left p x p block of G, and @, is the Luttinger-Ward functional
for the p-dimensional model. Combining Eq. (1.7) and (1.8), one immediately obtains
the sparsity pattern for 3.

However, establishing the existence of the Luttinger-Ward functional ®[G] and its
projection rule required a significant amount of work, and the rigorous proof is so far
only applicable to the Gibbs model. In fact, the very existence of the Luttinger-Ward
functional fermionic systems has been challenged over the past few years [54, 32, 42].
Although the Luttinger-Ward perspective offers additional insight, the direct proofs
provided in this Part are at this point more generally applicable, and certainly much
simpler.

1.2 Outline

This Part is organized as follows. We use the classical impurity problem as a mo-
tivating example and prove Theorem 1 in section 2. Section 3 treats the quantum
many-body case, including the settings of fermions and bosons in the equilibrium
setting at zero and finite temperature, as well as the non-equilibrium setting specified
by an arbitrary contour in the complex plane and the anomalous setting relevant to
superconductivity.

Note that in Appendix G we discuss the technical conditions needed to define the
appropriate objects in the bosonic non-equilibrium setting and provide some back-
ground on main non-equilibrium setting of interest, specified by the Kadanoff-Baym
contour.
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2 The classical impurity problem

We now embark upon the proof of Theorem 1 stated above.
Recall the definitions:
1 o1

VA :/ e3¢ Ae—U(z) de, G=— zaT e 2" Ar=U) gq
n Z Rn

where the interaction U only depends on the first p < d variables. Let ¢ =d — p. It
is not hard to see that G is positive definite, hence invertible.
We will indicate the blocks of A via

A Ap
4= ( Ay A ) ’

where the upper-left block is p x p. For various integrals considered below to be
convergent, we will require that A,y > 0. More generally, we adopt the notation that
for any d x d matrix M, the notation Ms; indicates the lower-left block of M (with
respect to the above block structure), etc.

Then for the theorem, we want to show that the self-energy ¥ := A — G~ satisfies
Y12 =0, X9 = 0, and X9 = 0. In other words, we want to show that (G71)5 = Ay,

(G71)91 = Agy, and (G71)9y = Agy. Since G and A are symmetric, it suffices to show
that (G_1)12 = A9 and (G_l)gg = AQQ, ie., that

(G2 _( A
(G122 Ay )
Left-multiplying both sides by G (invertible), we see that this is in turn equivalent to

showing that (GA)12 = 0,x, and (GA)s = I,.
In the following our notation will make use of the splitting

where z € R?, z; € RP, and z, € R?. (For notational convenience, we do not use the
notation x; as in the introduction. In this section, we will make no reference to the
individual entries of z, so the notation is clear.) Then we can write U(z) = Uy (z1).
Abusing notation slightly, we write U; = U.

Roughly speaking, the goal is to ‘integrate out’ the lower variables (i.e., the last
q variables). To this end, we expand G as

_l —U(z1) T 1 T ’ Ay A T
“= Z/Rpe /Rq S IR Ao Az T iz
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Observe that

21\ [ A Ap x

T2 Agr Ay X2
= ($2 + A§21A21331)T Agy (iEQ + A521A215U1) + 33{(1411 — A1pAgy Agy)y,
= ({L‘Q + A2_21A21[L’1)T AQQ (ZEQ + A2_21A215(71) + ZE{A%IZL’h

(2.1)

where Ay is understood always to indicate (As;)~' and where we have defined the
Schur complement

A?l —- All - A12A2_21A21.
Then it follows that

G — 6_%x{A%1x1_U(x1)x
Z Jro

(2.2)

1

/ I{L‘T exp |:—§ (ZL‘Q + A2_21A21{L’1)TA22 (ZEQ + A2_21A211‘1):| dl‘g d[L‘l.
Ra

Recall that we want to show that (GA);; = 0 and (GA)s = I,. Right-multiplying
the integral in (2.2) by A, this motivates computing the upper-right and upper-left
blocks of 2T A, as in

A A
(za"A)1g = 21 (2] 23) ( Am ) , (T A)gy = 29 (2] 1) < A12 ) :
22 22

Now

A _
(21 x3) ( A;z ) = 21 Ao + x4 Ay = (2] A12 A% + 23) Az = y3 An,

where we have defined a new variable y; = x5 + A§21A21x1, SO
(I.I‘TA)H = xlygAQQ, (JIITA)QQ = nygAQQ. (23)

The remarkable thing is that x5 only appears in the exponent in the inner integrand
of (2.2) via the expression xs + A2_21A21x1 = 15. This motivates us to eliminate xo
from the second equation of (2.3) to obtain

(ZEI’TA)lg = I‘lygAQQ, (I‘ITA)QQ = ygygAgg — A2_21A21{E1ygA22. (24)

Then consider the change of variables from x1, 25 to 1, 4., yielded by the linear
transformation

I . Ip 0 T1

Y2 A2_21A21 I, Ty )
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Since the Jacobian determinant of this transformation is one, it follows from (2.2)
and (2.4) that

1
(GA)12 = Vi 2o Ao =Ule) T (/ yQTe_%ygA”yz dy2> Aoo dxy.
RP Ra

But evidently the inner integrand is zero, so (GA)12 = 0, as desired. It also follows
from (2.2) and (2.4) that

1
(@A) = 7 [ T ([ et )
Rp Ra

1 _1,T 4S _ _ _1,.T
o e~ 271 AT 11 U(:c1)A221A211.1 yge 22 A22y2 dys | Ao dz.
Z RP Ra

The inner integrand in the second term of the last expression is once again zero.
Meanwhile, the inner integrand of the first term yields Z, Ay, , where

Zy :—/ e~ 2v2 A2y dys.
Ra
Then we have established

(GA)g = I—Zp/ / o~ 571 AT 121— 593 Asoyr—U(x1) dys dz.
Rr JRa9

Changing variables back to x1, 7o and recalling from (2.1) that 27 A, 21 + yI Agyn =
2T Ax, we see that

GA 29 — & 6_%xTAx_U(x) d!L’ = [ s
Z p
R4

which completes the proof. [

3 The quantum impurity problem

Our setting then is the Fock space F¢ 4 of fermions (¢ = —1) or bosons (¢ = +1)

with a finite number d of states. The annihilation and creation operators are denoted

ai,...,aq and a}r, e ,azl, respectively. We refer the reader to section 4 of Part I for

further details of the construction of F¢ 4 as well as other details of second quantiza-
tion. For convenience we shall let a = (a1, ...,a4)” denote the vector of annihilation

operators, and accordingly a' = (aJ{, o ,ail).
For now!® we consider a particle-number-conserving!! self-adjoint Hamiltonian H

on Fe 4, and we write H of the form

H=H,+U,

10Tn sections 3.3 and 3.4 below, the notion of the Hamiltonian will be somewhat modified.
11Gee section 4 of Part I for details.
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where .
Hy = a'ha = Z hijajaj
ij=1
is the single-particle (or non-interacting) part of the Hamiltonian, specified by a

Hermitian d x d matrix h, and U is the interacting part, which is itself a self-adjoint
operator on F¢ 4 that conserves particle number.

In the case that U can be written as a polynomial of the al-t, a; fori =1,...,p,
we say that H is an impurity Hamultonian, with a fragment specified by the indices
1,...,p. The rest of the indices correspond to the environment. In this case, since U

conserves particle number, it follows that U commutes with a; and a} for j > p.
Before proceeding, we state and prove a simple but useful lemma that will be used
repeatedly throughout the following discussion.

Lemma 2. [a'ha, a}] =0 hggal, and [ag,atha) = S0 hya.
Proof. Simply compute

d
(aTha)a; = thlazala;

k=1

d
= Z hklal(ga}-al + 5jl)

k=1

d d
= Z hkla}azal + Z hkja;i
k=1

k=1

d
= a}(aTha) + Z hijal,

k=1

which proves the first statement of the lemma. Similarly,

d
(aTha)aj = thlfazajal

k=1
d
_ § : i
= hkl(ajak — (Sj )CL[
k=1

d
= aj(a’ha) — Z hjia
=1

which proves the lemma. O
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3.1 Zero temperature

We consider the setting of zero temperature and fixed particle number N. Let ‘\If(()N)>

denote a normalized N-particle ground state of H, and let the corresponding eigen-
value be E(()N). Then in this setting, the single-particle Green’s function can be un-
derstood as a rational function G : C — C%¥? defined by G(z) = G*(2) + G~ (2),
where G* are themselves rational functions'? defined by

1

G5(2) = <‘1’5N)!‘”Z (A - E(SN>>GH%N)>
1
Go(z) = — (WMt § Jo Ny,
7’.7(2) << 0 ‘ajZ—l— (H_E((]N))a ‘ 0 >

The self-energy is the rational function ¥ : C — C%¢ defined by
N(2):=2z—h—G(2)"".

As we recover in Theorem 3, z — h is in fact the inverse of the non-interacting Green’s
function, so this self-energy is defined analogously to the classical self-energy of The-
orem 1. The reader should consult Appendix 5.1 for further details and justification
of these definitions.

Theorem 3. Suppose that H is an impurity Hamiltonian, with a fragment specified
by the indices 1,...,p. Then the self-energy 3 : C — C™*? is (up to the resolution of
removable discontinuities) of the form

Remark 4. Observe that if the fragment is of size zero, i.e., p = 0, then we are in
the non-interacting setting, and Theorem 3 implies that ¥(z) = 0, i.e., that G(z) =
(z—h)~1. Thus we recover a clean proof of the formula for the non-interacting Green’s
function. Usually this formula is proved by assuming, via a canonical transformation,
that h is diagonal and then performing explicit computations [33].

Proof. We can write H = I:IO + ﬁ, where I:IO = a'ha and U commutes with a; and
a} for j > p is the interacting part, which is itself a self-adjoint operator on F¢ 4 that
conserves particle number.

It suffices to prove that the j-th column of G(z)%(z) is zero for j > p and that
the i-th row of ¥(2)G(z) is zero for ¢ > p. We will only prove the first claim; the
second follows by symmetric reasoning.

12Usually G* carry the extra information that their poles are viewed as being located infinites-
imally below/above the real axis. The choices that yield the ‘time-ordered’ Green’s function are
described in Appendix 7.2. However, this extra information is irrelevant for the purpose of our
results.
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Now G(z)X(z) = 2G(2)—G(2)h—14, so we want to show that 2G;;(z) = [G(z)h];;+
0;; for j > p.
Then we compute, using the fact that (H — ESN))|\IJSN)> =0,

1 ~
i i Y @)
A al(z— (H—Ey ")) |¥
2~ (H-EM)”’ o M)

2GH(z) = <\Il((]N) |a;

@ 1 T I ISP
= <\I/0 |az‘z B (j—:[— E(()N))(Z (H EO ))aj|\1j0 >
1 ~
+ (g™ . _ T., —(F — E @)
(P ‘az—(H—EéN))[ajz ( o %)
1 .

Now ;
lal, 2 — (H — ES™)] = [H,a] = [atha,al] + [U,al] = > hugal,

R

Then it follows that
2GE(2) = (U |aial |[U§) + [GF(2)h),5.

Similarly, we compute

2G(2) = —(C g z+ H— EM)! - a; g
) = e = B
N 1
(N) (N)
= —C\II(N)aT.z—}- H-FE = a; |V
(U 0 = B Y)
R 1
(N) (N)y 1 (N)
+ (O 2+ (H—-Ey '), a; - a;| W
O+ (B = Bl v
N
— —Q<\II§]N)|a;ai|\Ifé )>
. 1 N
— UM+ (H - EM), ol _ a; [ MY,
C< 0 H ( 0 ) J]Z—I—(H—E(()N)) | 0 >
Now .
2+ (H — EV),al] = [H,al] = > hijal.
k=1
Then it follows that
2G5 (2) = —¢(USV |aial | WYY + [G(2)h]y;.
Therefore
2Gii(2) = [G(2)h]y; + (U5 |asal — Calas|§Y) = [G(2)R]i; + 63,
as was to be shown. O
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3.2 Finite temperature

Now we consider the setting of finite inverse temperature 8 € (0,00) and chemical
potential u € intdom Z, where Z(u) = Tr[e” B(H-uN) | (see Appendix 5.2 for further
details). Note that int dom Z is guaranteed to be non-empty under Assumption 4.

We also let |¥,,,) denote the normalized eigenstates of H, where m ranges from
0 to 2% — 1 in the case of fermions and from 0 to oo in the case of bosons. In this
setting, the single-particle Green’s function can be understood as a rational function
G : C — C¥? defined by G(z) = GT(2) + G~ (z), where G* are themselves rational
functions'® defined by

G50 S oo
iy = T ),

and these sums are absolutely convergent away from the poles. Here

Z = T[e PH-1Y)] Ze AlEim—pNm)

+(H — Ep)

Once again the self-energy is the rational function ¥ : C — C%*? defined by
Y(2)i=2—h—-G(2)™!

The reader should consult section 7 of Part I for further details and justification of
these definitions.

Theorem 5. Suppose that H is an impurity Hamiltonian, with a fragment specified
by the indices 1,...,p. Then the self-energy 3 : C — C™? is (up to the resolution of
removable discontinuities) of the form

_ [ Z(2) O
Y(z) = < 0 0 > .

Remark 6. Once again (cf. Remark 4), we recover in the non-interacting setting the
formula G(z) = (z — h)~%.

Remark 7. There is a further object known as the Matsubara Green’s function [77],
which in turn yields the Matsubara self-energy. Although it is not usually defined this
way, the Matsubara Green’s function can be shown to be obtained from the finite-
temperature Green’s function, as defined above, by restriction to points iw,, + u,
where w,, are the fermionic/bosonic Matsubara frequencies [77|. The Matsubara self-
energy can be obtained from the finite-temperature self-energy defined above via
similar restriction. Therefore Theorem 5 implies the same sparsity pattern for the
Matsubara self-energy.

13The same comments as in section 3.1 apply here as well, though instead see Appendix 7.3 for
details relevant to this setting.
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Proof. The proof is essentially the same as that of Theorem 3. Once again we want
to show that the j-th column of G(2)X(2) is zero for j > p and that the i-th row of
¥ (2)G(z) is zero for i > p. We will only prove the first claim; the second follows by
symmetric reasoning.

Define G,,(z) by

1 1
Gmii(z2) = (Y la;————— T\I/m — ¥, P iAW)
7]('2) < ‘az_(H_Em)aJ| > C< |a]Z+(H_Em)a‘ >

Then by the same reasoning as in the proof of Theorem 3 (with the roles of E(()N) and
1w{™) played by E,, and |¥,,), we find that

2Gij(2) = [Gm(2)h]i; + dij.

Now G(z) = £+ 3, e PEn=mNm) G, (), so the desired result follows. O

3.3 Arbitrary contour

There is a more general perspective in which the time-ordering operation used in Ap-
pendices 5.1 and 5.2 to derive the Green’s functions considered above is generalized
to an ordering operation on an arbitrary contour in the complex plane. This per-
spective adds significant value in the non-equilibrium setting, in which one considers
a time-dependent Hamiltonian. For such time-dependent problems, passage to the
frequency representation is not possible. Instead we consider kernels on the contour.

Let C denote a piecewise smooth contour in the complex plane (not necessarily
closed). Technically one should think of C not as a subset of C, but as a parametrized
path, v : I — C, where I = (s, $1) is some interval. Then for s,s" € I with s < §', we
define C(s, s’) to be the ‘sub-contour’ defined by restriction of v to the interval (s, s').
If s > s, we define C(s, s") to be the contour obtained from C(s’, s) by reversing its
orientation.

Additionally let H(z) denote an operator-valued function on a neighborhood of
C = ~(I). Here H(z) = a'h(z)a + U(z) is particle-number-conserving, and we say
that H (z) is an impurity Hamiltonian with a fragment specified by indices 1,. .., p if,
for every z € C, U(z) can be written as a polynomial of the aI, a; fori=1,...,p. As
above, since U (z) must conserve particle number, it follows that U (z) commutes with
a; and a; for j > p. It is convenient to denote z(s) := 7(s), and abusing notation
slightly we will write H(s) = H(z(s)).

As a technical point, we assume that [ (s) is piecewise continuous. Since the Fock
space is finite dimensional in the case of fermions, the meaning of this statement
is unambiguous. In the case of bosons, note that since H(s) is particle-number-
conserving, we can sensibly consider its restriction to each of the N-particle subspaces
(see Appendix 4), each of which is finite-dimensional. Then by the continuity of H(s)
we mean the continuity of all of these restrictions individually.
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Now define a (not necessarily unitary) evolution operator from contour time s’ € T
to s € I as the time-ordered exponential

U(s,s) = fr{e—i Jeo,on H(2) dz} '

This simply means that U(s, s’) is taken as the solution of the differential equation

~

05U (s,s') = —iz(s)H(s)U(s,s"), U(s',s")=1d. (3.1)

This initial-value problem indeed admits a unique solution in the bosonic case because
the ODE can be viewed as describing the evolution of an operator on each of the
(finite-dimensional) N-particle subspace separately.

From this definition it follows that

U(s,s"\U(s",s")=U(s,s)

for all s,s’,s” € I and moreover that

~

OgU(s,s") =i 2(s)U(s,s")H(s). (3.2)

Abusing notation slightly by pretending that we can invert s = s(z), we can more
cleanly write

A

D.U(z,2) = —iH(2)U(z,2), 0.U(z 7)) =iU(z,2)H(),

where 0, = (2(s))7'd,. We will sometimes adopt this notational convention, and the
meaning should be clear from context.

The following assumption is adopted to ensure that the Green’s function can be
defined in the bosonic case:

Assumption 8. We assume that for all s > s', U(s, s') is a bounded operator. More-
over, we assume that there exists s > s’ such that the operator norm of the restriction
of U(s,s') to the N-particle subspace decays exponentially in N.

Define the partition function
Z = Tr[U((s1, So)]-

Note that Assumption 8 guarantees that U(sy, sg) is trace class, so Z is indeed well-
defined. In order to define our ensemble, we must be able to divide by Z. Hence we
assume:

Assumption 9. Z # 0.
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We show in Appendix G how Assumptions 8 and 9 are naturally satisfied in the
major non-equilibrium setting of interest, which features the Kadanoff-Baym contour.

Then we define ‘pseudo-Heisenberg’ representations of the annihilation and cre-
ation operators via

a;(s) = Ul(so, s)a;U(s,s0), al(s) = U(sg,s)alU(s, so).

The contour-ordered, single-body Green’s function (which we call the Green’s function
for short when the context is clear) is a function G : I x I — C%*¢ defined by

—1
Gij(s,s) = — T [T{ai(s)al(s') }U(s1,50)].
where T is the contour-ordering operator, formally defined by
T

THai(s)al(s)} = {ai(s)aa’(sl)v §'<s

(a}(s’)ai(s), s’ > s.

In other words we can write G = G + G—, where

iG(s, ") = %Tr[U(sl, s)a;U (s, s’)a}U(s/, s0)]0(s — )

and

iG(s,8) = %Tr [U (51, s’)a}U(s’, s)a;U (s, s0)] (1 —6(s — §)).

ij
1
9(3)::{ , 8>

0, s<0.

Here

In the bosonic case, Assumption 8 guarantees that the traces needed for this definition
do indeed exist. For later reference, note that we can define a product of suitable
functions A, B : I x I — C%? (with an appropriate notion of multiplicative inverse,
at least formally) via

(AB)(s,s") = / A(s,s")B(s",s") 2(s") ds",
S0
chosen so that formally we have

(AB)(z,7) = /Z1 A(z,2")B(2", ') d2".

20
Notice that the appropriate identity §(z, ) is then given by §(z, 2/) = (2(s))"1d(s—5').
We remark that the zero-temperature and Matsubara Green’s functions discussed

in sections 3.1 and 7, respectively, can be recovered as contour-ordered Green’s func-
tions. By contrast, the real-time Green’s function at finite temperature considered in
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section 3.2 cannot be recovered directly as a contour-ordered Green'’s function, though
it can be obtained indirectly via analytic continuation of the Matsubara Green’s func-
tion. For this reason, diagrammatic expansion techniques at finite temperature are
limited to the Matsubara Green’s function and must be carried over to the real-time
Green’s function via analytic continuation. For further details, see [100].

One now wants to define the self-energy as

Y(z,2") =0, — h(2) §(2,2") — G 1(2,2).

However, this definition is not rigorous without further justification. Indeed, note that
G can be viewed as an integral operator on L*(I), and under reasonable assumptions
G is Hilbert-Schmidt, hence in particular compact. Therefore its inverse is guaranteed
to be an unbounded operator, if it can be constructed. Formally, one expects that
the i((s)) 10, in our definition of the self-energy will cancel an analogous term in
the formal inverse G~! and that the self-energy can be written as a sum of a static
and dynamic part as

(s, 8") = Bstat 0(s — §') + Bayn(s, s),

where Y4y, is a properly defined integral operator.

In our view the mathematical construction of the self-energy seems to be a non-
trivial matter, and we will sidestep it in this work. (By contrast, the construction in
the equilibrium setting is more straightforward in the frequency domain; see Appen-
dices 5.1 and 5.2.)

How then to discuss the sparsity pattern of the self-energy? Observe that formally,
we should have

(XG)(z,2') =1i0.G(2,2") — h(2)G(z,2') — I146(z, 2)
(GX)(z,2") = —i0.G(z,2") — G(z, 2" )h(2') — 1;0(z,2"),

or, more rigorously,

(XG)(s,8") = i(2(5)) " 10,G(s,8) — h(s)G(s,8) — I (3(s)) 1 d(s — &)

(GX)(s,8) i(2(8")104G(s,8") — G(s,8)h(s') — I (3(s)) 1 (s — ). (3:3)

Now instead of constructing the self-energy, we can define operators ¥G and
GY via (3.3) (in the sense of distributions), with the ‘¥’ appearing here merely as a
notation. Now the desired sparsity pattern of X is formally equivalent to the statement
that [XG];; = 0 (as a distribution on I) for i > p and [GX];; = 0 for j > p.

Theorem 10. With notation and assumptions as in the preceding, if Fl(z) 1S an

impurity Hamiltonian with a fragment specified by the indices 1, ..., p, then [£Gl;; =0
fori>p and [GX);; =0 for j > p.
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Remark 11. In the non-interacting setting p = 0, we recover the formulas
10.G(z,2') — h(2) G(z,2') = 1,0(z,2"), —i0.G(2,2") — G(z,2')h(2") = 1;6(z,7'),

where we have abused notation slightly in the manner described above. These for-
mulas seem to be non-trivial to establish by any other means. By contrast with the
equilibrium case, this formula cannot be established simply via a canonical transfor-
mation because it may not be possible to simultaneously diagonalize the h(z) for all z.
In fact, in [100], the non-interacting Green’s function is defined via this formula (sub-
ject to certain boundary conditions) and shown to give the appropriate perturbation
theory within the Martin-Schwinger hierarchy.

Proof. We prove only the first statement, as the second follows from similar argu-
ments. Recall

1
iGi(s, ") = ETI [U(sl, s)a;U((s, s')a;r-U(s', SO)} O(s —s').

Then compute, using Egs. (3.1) and (3.2),

i(2(5) 710G (s, 8) = %Tr [U(sl, ) H (s)a:U (s, 8 )alU(s, so)} 0(s — s
— =Tr [U(sl, s)a;H(s)U (s, s’)a}U(s/, so)] O(s — ')
+ (Z(s))_léTr [U(sl, s)aia;U(s, 30)} 6(s —¢')

= %Tr [U(sl, $)[ai, H(s)|U s, 3')a;U(s’, 30)} O(s — ')

+ (Z(s))_I%Tr [U(sl, s)aia;U(s, SQ):| d(s —§).

Now for i > p, [a;, U(s)] = 0, so [a;, H(s)] = [a;,a’h(s)a] = sz:1 hi(s)a;, by Lemma
2. Therefore

i(2(s)) 0G5, 8) = - Z [ s1,8)aqU (s, s’)a;r-U(s’, 30)} O(s —s')

N[

+ (2(s))” —Tr [ (sl,s)aia}U(s,so)} d(s — &)
()G

(s, ')]
+ (2(3))_1%Tr [U(sl, s)aia}U(s, 50)] d(s— 5.

= [h

Similarly,

i(2(s)) 710G (s, 8") = %Tr Ul(sy, s')a;U(s'7 $)VH (s)a;U (s, 30)] (1-6(s—¢5"))
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|
NI&

Uls1,)alU (s, 5)ai I (5)U (s, 50) | (1= 0(s = &)

= () T [Usn, 9)afail (s, )] o(s — )
_ _71'% [UGs1,8)las, H()U s, $)ajU (', 0)] 05 — )
— £Tr [U(sl, S)GECMU(& 50)} (s —5)

M&N

%’C hi(s)Tr [U(Sh s)al (s, 5/)‘1;‘(](8/’ SO)] b(s =)

~
I

_ (z’(s))l%Tr [U(sl, s)a}aiU(s, 30)] d(s—¢')
= [A(s)G (s, 8]
. -1 C t !
— (2(s)) ETr [U(sl, s)aja;U(s, 50)} d(s— ).
Therefore, since G = G* + G~, we have
i(2(s))0sGyj(s,s") = [h(s)G(s, 5]y

+ %Tr [U(sl, s)(aia; - Ca;ai)U(s, 30)] (2(s))10(s — &)
= [1(s)G(s, 8)]ij + 035 (2(s)) (s — &),

which completes the proof. O

3.4 Anomalous setting

Finally we will consider a sparsity result for the self-energy of anomalous impurity
problems. These are impurity problems in which the Hamiltonian does not conserve
particle number. Since the anomalous setting is of most interest for the study of
superconductivity in fermions, we will restrict our attention to the fermionic setting.
This allows us to avoid some further analytic difficulty since our rigorous definitions
in the bosonic case (in which the Fock space is infinite-dimensional) relied on particle
number conservation. It also eases the notational burden to keep track of ¢ to distin-
guish the bosonic and fermionic systems. In order to simply illustrate the points that
are novel to this setting, we further restrict our attention to the zero-temperature
equilibrium setting.

Now consider a self-adjoint Hamiltonian H on the fermionic Fock space F_; 4, and
we write H of the form

H=Hy+U,
where R X K X
Hy := Hxa + Hay + H)
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is the single-particle part of the Hamiltonian (no longer particle-number-conserving),
specified by its non-anomalous and anomalous parts

d d
. - 1
HNA = E hijajaj, HA = 5 E Aijaja;r-.

1,j=1 1,j=1

Therefore, up to a scalar multiple of the identity operator, Hy is given by

() (s 5)(0),

where we have abused notation slightly by using a to indicate both a row and a
column vector of operators. Without loss of generality we assume that A = (A;;) is a
complex antisymmetric matrix. (Note that then —A = Af, and since h is Hermitian,
—h = —hT.) Meanwhile, the interacting part U is itself a self-adjoint operator on
F_14, and we demand that it can be written as an even polynomial of the creation
and annihilation operators, which includes the particle-number-conserving U as a sub-
case. In the case that U can be written as a polynomial of the ag, a; fori=1,...,p,
we say that H is an anomalous impurity Hamiltonian, with a fragment specified by
the indices 1,...,p. As in earlier settings, the rest of the indices correspond to the
environment. Note that the evenness of the polynomial specifying U guarantees that
U commutes with a; and a; for j > p.

To determine the expectations computed at the end of the last section, it suffices
to determine the following Green’s functions, which are themselves desirable to know:

GP(2) = G (2)+ G (2)

1 1
= (P aiA—aTCI) + (P aT-A—aZ-CID
(ol — el ) + (o) il

1 1
= (Dgla] ——————al[®o) + (Po|al ——————af|B)

z— (H - Ey) ’ Y2+ (H — Ey)
GiMz2) = G (2)+ Gl (2)
1 1

= (Dgla;—————a;|Py) + (Pola;—————a;|P
<°|z—uf—ﬂﬁ” 0) <djz+U{ z @)

Gl (2) == GI"M(2)+ G (2)
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1 1
= (P ajA—a-CD + (P a‘A—aZ(I) ,
< 0| z—(H—Eo) ]| 0> < OIJZ+<H—E0) | 0>

where |®g) is the ground state of H and E, is the ground-state energy. The super-
scripts p and h stands for ‘particle’ and ‘hole’, respectively [14], so G' is called the
hole-hole Green’s function, GP" is the particle-hole Green’s function, etc.

Notice that the last two Green’s functions are actually redundant because GP'(z) =
—[GP*(—2)]T and G™(z) = [GPP(2)]T. We can further define the anomalous Green’s

function b
' Gl [(C7() G2)
) ‘—(Gppcz) Gph(z))

and the anomalous self-energy by

ho A
h

In fact we will show the following result:

Theorem 12. Suppose that H is an anomalous impurity Hamaltonian, with a frag-
ment specified by the indices 1,...,p. Then the anomalous self-energy 3 : C — C¥*¢
is (up to the resolution of removable discontinuities) of the form

$he(z) 0 hh(z)
0 0 0

SEP(z) 0 Sph(z)
0 0 0

3(z2) =

o O OO

Remark 13. Note that in the case p = 0 we recover the formula

co-[-(5 3]

for the non-interacting anomalous Green’s function. .

Recall from Lemma 2 that
HNAa J th]ak

and
HNA,CL] Zhjkak

Before proceeding with the proof of Theorem 12, we supplement this result with a
further simple lemma:
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Lemma 14. Let Hy = %Z?]‘ 1 Awala with A = (A;5) being a complex antisymmet-
ric matriz. Then

[Ha,al] =0, [H},a;] =0, [Ha, a;]= ZAk]ak, [H],al] = ZAJM

Proof. The first two identities are obvious, and the fourth follows from the third by
taking Hermitian conjugates and using the antisymmetry of A. To see the claimed
third identity, simply compute

N 1
Hpa; = 3 Z Aikajalaj
ik
= ISt At IS AL ataal
- 3 Z ikQ;Ojk — b Z ikQ; A5 Ay
ik ik
IS A g IS A s a2 EST AL aalal
— 5 Z Z-jai — 5 Zk ik5¢jak + 5 Zk ikajaiak
1 1 N
— 5 Z Akjaz — 5 Z AjkaL + CL]'HA
k k
Z Ak]—az —|— CL]‘IA{A.
k

]

Proof. (Of Theorem 12.) Throughout we will often use ( - ) to indicate the expectation
(Pol - [Po).
Now it suffices to show the following sparsity pattern

* 0 % 0 %k k%
*x 0 % 0 0000
cos@ - | * 0T swee - 0000
*+ 0 % 0 00 0 O0

We will only prove the first of these claims; the other follows by similar reasoning.
Note that this first claim is equivalent to the fact that each of the following equalities
holds along the last d — p columns:

G"™[z — h] — G™AT = 1,

—G"A + G"™[z + '] =0,
GPPlz — h] — GPM"AT =0,
—GPPA + Gz 4 nT) = 1.
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~ Now we begin the computations. In the following we assume that j > p. Since
(H — Ey)|®g) = 0, we have

1

G (2) = <®0|aima;(z — (H — Ey))|®o)
- <aia;>+<aim[ﬂ,a}1>
= {ou) + {or— s Uasall + oL )
= (qal +Z H—Ewa£>hkj+;<aimak>zjk
= (aal) + [th*h} + [GMTAT]
Similarly,
2GP(2) = (@l(z 4 (H - EO))@Wl_EO)ai@O)
:<@@+qﬁgb:égzgm
= (ala) + ((Hxa. ahma» (L ahmm
1 _
= (dla; +Z m i>hkj+zk:<akmai>Ajk

_ ot h hh,—
= (ala;) + [G PTh] o+ [GMTAT]
Therefore, adding our results and recognizing that (am}) + (a}a» = 0,j, we obtain

2Gif = 6y + [G™R] .+ [GMAT]

for all 5 > p, which implies our first desired result.
Next compute

Gz — <¢Oyaiﬁ%(2—(ﬁ—m)@o>
= ({aia;) + <aiﬁ[fl,aﬂ)
1 N 1 N
- <ala1> + <alz _ ([A{ _ EO) [HNA;%’D + <aZz _ (I:[ _ EO) [HA7aJ]>
1 1
(aaj) — ;< i ( L Eo)ak>hjk + ;(QZZ iy . Eg)ak> kj



= (aa;) — [G™FRT] 4+ [GMFA]

and
2GM() = (@ol(z 4 (H - Eo))ajm%@())
— {aya) + (A, aﬂmw
g + ([Flxa, aﬂm%) + (A, ]ﬁ @)
= {aja;) — zk:mkmamjk + Zk:m,tmaimkj

= (gja;) — [G"™7RT] 4+ [G"™A]

Adding our results and recognizing that (a;a;) + (a;a;) = 0, we obtain our second
desired result.
Next compute

G = (ol (e (A Eo))
= {ela}) + (el s i al)
= (ol +fol s sl + ol sl )
= )+ ol el + el B
= (ala}) + [G™Th], + [G™TAT]

and

G = (@l (= Bl )
= {afal) + () )
= o) + ({iva.af) — (;_Eo)abﬂ[ﬁi\,a;]H Tl
= {dfad) + Sl w;%ﬂ;_%)amk

- (a;f.ab [Gpp th [Gph,_ATL‘j’

yielding our third desired result.

207



Finally, compute

1
GEH(z) = (@glaf——
i (2) <0‘12_ H — Ejy)
1
1 T
{aiaj) + 1 z— (H — Ey)
1
= Aalaj) + (o] ————
z— (H — Ey)
1
1 T
= (ala;) — L A SE—
< /3 ]> zk:< Zz_<H
= (ala;) — [Gph’+hT}ij+

and

2GP7(2) = (Do|(z + (H — Ep))ay

P z+ (H
= {ajas) + ([H, ) — ([;;_ Eo)"
= (aja) + <[ﬁmﬂﬂﬁ
= (aja;) —Ek]akﬁ(g;_bﬂo
= (aja) = [G"RT] 4 [GPPRA]

yielding the last desired result.

a;(z — (H — Eo))|®o)

— Ey)

[GppHrA]
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Part VII
The dynamical mean-field theory

1 Introduction

Green’s function embedding refers to an extremely flexible framework for the em-
bedding of field theories arising from the Green’s function formalism. Many Green’s
function embedding theories can be viewed as specific ansatzes for the Luttinger-Ward
functional. Here we will focus on the dynamical mean field theory (DMFT) [37, 53,
106, 58|, or rather its extension to fragments consisting of several sites, known as
cluster DMFT (though we shall conflate the two under the umbrella of ‘DMFT").
DMFT relies on the solution of impurity problems (as considered in Part VI), which
specify the embedding of an interacting system into a non-interacting bath. The sys-
tem is divided into several fragments or clusters, and to each of these is associated an
impurity problem determined via a self-consistency condition that couples the frag-
ments on a global level. The method can be introduced in the classical setting (of
Euclidean field theory), though in this setting ‘DMFT’ is really a misnomer because
the mean fields are not dynamical. However, it is nonetheless the formal analog of the
original (fermionic) DMFT, so we retain the nomenclature. DMFT can be extended
to consider overlapping fragments and to include diagrammatic corrections.

1.1 Outline

As a warm-up, we describe in section 2 the framework of DMFT (and several ex-
tensions) in the setting of classical field theory. Then in section 3 we introduce the
fermionic DMFT. In section 4, we identify the key mathematical structures in the
algorithmic loop for solving the fermionic DMFT, and in section 5 we describe some
applications of this mathematical framework, e.g., to the well-posedness of the algo-
rithmic DMFT loop. Please note that sections 3, 4, and 5 are based on joint work in
preparation with Lin Lin and Reinhold Schneider.

2 Warm-up: DMFT in Euclidean field theory

2.1 Formulation of cluster DMFT

In this section we adopt the notation of Part ITI. Let G € R™*M be the exact Green’s
function

Gij = (i)
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Suppose that M = RL. Define diagonal L x L blocks of G via

* G2

We will index the blocks (‘clusters’) by the index c¢. Let Hy. = Hi.(¢.) be the
contribution to H; that depends only on ¢, := (gb(c VLA - - ,c;SCL)

Then consider the functionals ., F., ®., ¥, = VCDC, defined as previously but now
for the L x L problem with interaction H; ..

We define the (exact) hybridization A, via A, + A, — G =¥[G], i.e.,
A.=3.]G]— A+ G

In other words, A, is the L x L matrix such that A. + A, — G, under the Legendre
correspondence for the c-th cluster.
Since G, = V. (A, + A.), we have

Ae=S0[Ac+ A — Ao+ (mGrD) 7,

where ¥, := ¥ o VQ, and 7. : RMY — R is the projection onto the c-th cluster, so
G. = WCTGWC.
Recall that
G=(A-x)"

where ¥ is the exact self-energy, so in fact
A=Y [Ae+ A — Ao+ (m (A—%) 7 7T)
We will introduce an ansatz for ¥ in terms of the hybridizations A., and it is this
approximation that defines (C)DMFT:

Ee@z Av +T].

This yields a self-consistent set of equations for the IT',:
-1

R -1
Fc = Z,C [Ac + Ac] - Ac + 7TC (A - @ E;/ [AC/ + AC/}) 7TZ . (21)

=1

The (approximate) self-energy and Green’s function can then be retrieved from the
A. that solve these equations.
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2.2 Algorithmic approach

One iterative approach to solving the equations (2.1) consists of setting
~1

R —1
P+ — 5 (A, +AP] — A, + |7, (A -Px, [Ac, + AE@D T

=1

This is equivalent to the approach that is outlined in [96]. This is a fixed-point
iteration, which can be mixed and/or accelerated by standard methods.

2.3 Luttinger-Ward Perspective

There is a much simpler way to view DMFT as an approximation of the Luttinger-
Ward functional (and consequently the self-energy functional).
Suppose that we have solved (2.1) for the A., and define

R
Si=Pr.A+A), G=(A-2)", G i=nGCrl.

c=1

Then (2.1) reads
Ae=%,[A.+T]— A+ G, (2.2)

But we also know (from stationarity for the c-th cluster) that
Act Ae = T [Ac+ A = [V (A + A
Therefore, combining with (2.2) yields
G.=VQ. (A +A,).

Thus
E;/ [Ac/ + Ac’] - EC’ [GC] }

and

Now define a functional via

LM~ (S, [r G

c=1

Then evidently the G retrieved from CDMF'T satisfies

A _ G—l — ZDMFT[G]
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In other words, DMFT is equivalent to replacing the universal functional ¥[-] with
YPMETT. 1 in the Dyson equation.

Moreover, this self-energy is ®-derivable in that it can be viewed as the gradient
of an appropriate (replacement for) the Luttinger-Ward functional, to wit:

R
OPMFTIG) = 3" @, [r,GrT] .

c=1

2.4 Diagrammatic corrections to DMFT

We now outline a framework for considering diagrammatic corrections to cluster
DMEFT. In some sense, DMFT is good at treating local interactions, though a di-
agrammatic method could help take into account small long-range effects. More
specifically, the DMFT self-energy should take into account all diagrams in which
all the factors of G;; have indices living within a single cluster. When we add di-
agrammatic corrections, we do not want to double-count diagrams. Therefore we
define

SPMIT(G) = @D (2[Ge] — ZP[G.]) + ZP[G],

c=1

where ¥P[-] is the self-energy functional of the diagrammatic method with which
we are combining DMFT, and ¥2[-] is the functional that takes into account all
diagrams in which all the factors of G;; have incides living in the c-th cluster. For most
methods, XP[-] would simply be the self-energy functional for the lower-dimensional
L x L problem with interaction H; ..

Moreover, if the diagrammatic method (along with its lower-dimensional versions)
is ®-derivable, then we have the following ansatz form for the approximate Luttinger-
Ward functional:

QPFEOMIT[G) =N (@, [m.Gr} ] — @ [r.G7!]) + @P[G.

c=1

2.5 Overlapping DMFT

The block-diagonal ansatz for the self-energy seems to leave something to be desired.
For instance, no matter how much we increase the block size, off-block-diagonal entries
of G' never appear in any of the diagrams contributing to XPMFT[G]. In particular,
at the juncture between two clusters, we have entries adjacent to the diagonal that
do not contribute!

For now we will imagine the entries of ¢ as corresponding to sites in a one-
dimensional periodic system, but the following construction could be generalized to
an arbitrary lattice in any dimension.
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As before, we fix a block size L, though we no longer stipulate that L divide the
total number of sites M. However, in the periodic case, for simplicity we insist that
2L+1 < M. This implies that any two clusters of size L intersect only in a ‘connected’
patch. (If this were not the case, we would have to subtract off certain contributions
due to more complicated intersections later on.) This is not a restrictive assumption
because in applications we have that the cluster size is much smaller than the total
number of sites.

For a given self-energy diagram, we say that the range of this diagram is the
minimal size of a cluster C' C Z/MZ (i.e., a continguous patch of sites) such that
i,j € C for every factor of G;; that appears in this diagram. We want to take into
account every diagram of range at most L, and we will call the resulting approximate
self-energy functional the short-range self-energy (SRSE), denoted 5%,

Let i« = 1,...,n denote a ‘cluster shift,” and let =, : RM — RE denote the
projection onto the entries i,...,7 + L — 1 (mod M). We will use this indexing
convention for other objects (arising from the L x L problem with interaction U; )
without comment. Then define

ZW Sip [minGrlp]) mis

Notice that in this functional, every diagram of range L is counted once, every diagram
of range L — 1 is counted twice, etc., and every diagram of range 1 is counted L times.

Therefore, more generally, for ¢ = 1,...,L define m, : RM — R? to be the
projection onto the entries i,...,7+ ¢ — 1 (mod M), and define

E :7T Yig Wz,qGW ])Wi,qv

so the functional (@ counts every diagram of range g once, every diagram of range
q — 1 twice, etc. Then define

ESR e E(L) . E(L_l).
Evidently this functional counts every diagram of any range up to p exactly once.

One can imagine a similar construction for the nonperiodic case. Indeed, define

M—q+1

Zg%)nper[G] = Z ﬂ-z'j:q (Zi,q [Wi,qGWZq}) Ti,q>

i=1
and set
wSR G i=xE) D)

nonper nonper nonper-
Then X3¥ .. counts any diagram of ‘nonperiodic range’ at most L, where the non-
periodic range of a diagram is the minimal size of a cluster C' C {1,..., M} such

that 7, j € C for every factor of G;; that appears in this diagram. Note that for this
construction, we do not need to assume 2L + 1 < M.
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2.6 Diagrammatic corrections to overlapping DMFT

We can consider diagrammatic corrections to the SRSE in the same way as we did
before. Take the periodic one-dimensional case for specificity. Define

M
EqD[G] - Z 7TiT,q (Eivq [quGﬂiT,q] - ZEQ [m’qGﬂiT,qD Mg
i=1

and set
D+SR . D D

Lastly, observe that the remarks about the ®-derivability of (D+)DMFT carry
over to (D-+)SRFT with the obvious modifications. In other words, X5 can be viewed
as the gradient of the appropriate short-range Luttinger-Ward functional (SRLW)

®5Rand, if the diagrammatic method D is ®-derivable, we can say the same about
yD+SR

3 Fermionic DMFT

3.1 Basic definitions

For simplicity and mathematical convenience we confine our attention to the case of
fermionic many-body systems described by a finite-dimensional Fock space F, i.e., a
Fock space with finitely many creation operators ai, cee aj\/[. This setting can describe
lattice models such as the Hubbard model as well as tight-binding approximations
of continuum systems, and we view the set {1,..., M} as indexing ‘sites’ in our
model. For convenience we shall let a = (ay, ..., ay) denote the vector of annihilation
operators for the sites in our model. Recall the canonical anticommutation relations
T

a;a; + aja; =0, a;ra; + a}ai =0, ala;+ajal =0y
For further details on second quantization, refer to section 4 of Part I.

We remark that, more generally, one can reduce a continuum problem to this
setting via the choice of an orbital basis. To wit, in the electronic structure problem
one replaces the single-particle wavefunction space V := H' (R?®, £1) C L, (R3, +1)
with a finite-dimensional subspace Vp spanned by an orthonormal single-particle basis
D = {p1,...,onm}. Then one defines the N-particle space F5 = /\fil Vp and
considers the discrete Fock space F = Fp = @ﬁ:o FJ. The Fock space Fp can be
viewed as being induced by creation operators a;r corresponding to the orbital basis
functions ;.

We consider a Hamiltonian H on the Fock space F, namely a Hermitian linear
operator H:F — F. We write the Hamiltonian as

H=H,+V,
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where

N
I:IO = a'ha = Z hpqa;aq
ij=1
is the single-particle (or noninteracting) part of the Hamiltonian, specified by a Her-
mitian N X N matrix h, and V is the interacting part of the Hamiltonian, which is
an even polynomial in af, a. Though we need not define 1% explicitly for most of the
developments of this Part, we have in mind the two-body interaction

~ 1
V= 5 Z(pq|V|7’5) alasa,.

pqrs

In the setting of electronic structure, h,, and (pg|V|rs) are the matrix and tensor
elements for the one- and two-body interactions, respectively; section 4 of Part I for
more details. Nonetheless, for our present purposes we need only assume that 1%
commutes with the total number operator N = Z 1 aTal In this case we say that
H conserves particle number.

When discussing quantum many-body problems in this Part, we take the per-
spective a chemical potential u € R is specified in advance. In practical DMFT, the
chemical potential may be adjusted (concurrently with the solution of self-consistency
conditions for the method) to guarantee that a given total particle number constraint
is satisfied. In this Part, we ignore the details of chemical potential fitting and simply
assume that the desired chemical potential is given.

Now in the zero-temperature setting, we let F be the orthogonal projector onto
the lowest eigenspace of H-— ,uN , and we denote the corresponding eigenvalue (the
ground-state energy) by Ey. In the case in which the lowest eigenspace is simple, we
have Py = |U,) (U, where |Wo) is the unique ground state. If N|¥,) = N|¥,), i.e., if
the ground state is of definite particle number N, then we will sometimes write |¥)')
to emphasize this point. Then one defines the Green’s function (cf. 7 of Part I) as
follows.

Definition 1. With notation and conventions as in the preceding,'* we define the
zero-temperature Green’s function G : C — CM*M byt5

G(z) =GP (2) + GY(2),
where

1 - _ _ 1
G () = ST |ailz = [ = Bo) 'l R| , GL)() = ST [al (e + [H = Bo) aiy]

4Tn order to reduce notational burden, all definitions and results should be understood as being
stated with this caveat.

151n fact G is only rational, hence undefined at certain points in C, but we nonetheless shall write
the domain of such functions as C.
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Here Z = Tr[Py]. If the ground state |U)) of H — N is nondegenerate, we have
Gy (2) = (U las(z = [H = Eol) a9, Gy (2) = (W] (= + [H — Eo]) i ¥).
We call these two terms, respectively, the (/N + 1)-particle parts of the Green’s func-
tions.

Remark 2. Note carefully that we do not include any infinitesimal offset in for the
poles in our definition of the Green’s function; the choice of such offsets distinguishes
the advanced, retarded, and time-ordered Green’s functions from one another (see,
e.g., [77]). However, this additional structure is irrelevant to the DMFT loop, i.e., it is
sufficient for our purposes to think of Green’s functions merely as rational functions
without any such additional data. As such, the reader familiar with many-body
Green’s functions may think of our definition as conflating the advanced, retarded,
and time-ordered Green’s functions.

Next we consider the finite temperature setting, where we let 8 € (0,00) denote
the inverse temperature.

Definition 3. The Green’s function G : C — CM*M for inverse temperature f3 is
defined via

G(2) =GP (2) +G(2),

where now )
GE;H(Z) = Z e P Tr [ai(z —[H - )\])_la}P,\]
Xeo(H)
and 1
ij_)(z) = Z e Py [a;(z +[H — )\])_laiP)\] .
eo(H)

Here a(ﬁ ) denotes the spectrum of H , Py is the orthogonal projector onto the A-
eigenspace of H, and Z =}, e PATr[Py].

One sees that the zero-temperature definition is recovered in the limit § — oo.
Notice that the adjustment via chemical potential corresponds to the subtraction of
the scalar matrix ply from h. Throughout we will simply assume that the given h
has already incorporated any such chemical potential.

In the case of a noninteracting Hamiltonian, i.e., the case V =0, the corresponding
(noninteracting) Green’s function is denoted Gy(z), and we have the following result:

Lemma 4. In arbitrary temperature, Go(z) = (zIyy — h)™Y, i.e., Gy is the resolvent
of h.

Proof. This result follows from elementary manipulations (made easier by reducing
to the case of diagonal h via a suitable unitary transformation of the orbitals), but see
Remark (7) below for a quick proof from the point of view of impurity problems. [
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This motivates the definition of the self-energy as the difference of the pointwise
matrix inverses of the interacting and noninteracting Green’s functions:

Definition 5. The self-energy 3 : C — CM*M s defined (in arbitrary temperature)
by

N(2) = 2zl — h— G71(2). (3.1)
We shall sometimes abbreviate z = z1I,;, but sometimes it is useful to emphasize the

dimension of the identity matrix.
Note that (3.1) is equivalent to

G(z)= (2 =h—=X(2)) ",

hence h + X(z) can be interpreted as specifying the effective (frequency-dependent)
single-particle Hamiltonian yielding G(z) as its noninteracting Green’s function.
Observe, moreover, that (3.1) is equivalent to the Dyson equation

G(z) = Go(z) + Go(2)X(2)G(2),

which can therefore be alternatively taken as the defining property for the self-energy.

3.2 The impurity problem and the hybridization

To define the impurity problem we partition our sites {1,..., N} into two pieces: a
fragment or impurity (thought of as being small) and an environment. Let L denote
the number of sites in the fragment, indexed A = {1, ..., L} without loss of generality.
Let M — L is the number of sites in the environment, indexed B = {L+1,..., M}. Let
Fu~ C?" and Fg ~ C2"" denote the Fock spaces for the fragment and environment,
respectively, and let F = F 4 ® Fp =~ C2" denote the total Fock space.

We define an impurity Hamiltonian (relative to this partltlon) as an operator
H = a'ha +V as above satisfying V= VA ® Idz,, where VA is an operator on F4.

Define blocks of h relative to our partition by

hii hio
h = ,
( hoi oo )
where hy; is L x L, etc.

The self-energy has an special sparsity pattern in the case of impurity problems,
proved in Part VI, which we recapitulate here:

Proposition 6. For an impurity Hamiltonian as defined above, the self-energy (in
both zero and finite temperature) has the sparsity pattern

S = (50 )

where the upper-left block is L x L.
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Remark 7. In fact Lemma 4 follows in particular from Proposition 6 by considering
the case of a fragment of size zero. In this case, X = 0, so by (3.1), G(z) = (2 —h)~".

We now turn to discuss the hybridization function, or hybridization for short:

Definition 8. The hybridization A : C — CI*% associated to an impurity problem
is defined by
A(Z) = h12(2 — h22>_1h21.

Thus in fact the hybridization is a Schur complement derived from the matrix
z — h. The significance of the hybridization can be explained as follows. Recall that
the self-energy is given by

N(2)=2z—h—-G(2),
so, left-multiplying by G(z) and right-multiplying by (zIy; — h)™!, we obtain
G(2)2(2)(z —h)' =G(2) — (z — h)"".

We use the subscript indices 1 and 2 to denote appropriate blocks as done earlier for
the matrix h. By the sparsity result Proposition, taking the upper-left block of the
preceding equality yields

GH(Z)EH(Z) [(ZIN - h)il] 11 = GH(Z) - [(ZIN — h)il] 11"

By the Schur complement theorem, [(2Iy —h)~']y, = [z — hi1 — A(2)] ", so left-
multiplying by G11(z) and right-multiplying by [z — hy; — A(z)] yields

211(2) =z — hll - A(Z) - Gll(Z)_l, (32)

so the hybridization is an error term that measures the failure of the upper-left blocks
of the matrices 32, h, and G to satisfy the appropriate L x L Dyson equation. In other
words, we can interpret

hiy + A(z) + X11(2)

as specifying the effective single-particle Hamiltonian on the fragment that yields
G11(z) as its noninteracting Green’s function.

For concreteness, suppose that we have an eigenvalue decomposition of hoo, i.e.,
hoa®y = ®yAy, where Ay = diag(Ay, ..., Ay_r) is diagonal. Then we can write

A(2) = h1o®y(z — Ag) ' ®hoy = T(2 — Ay) T,

where T := h{2®5. Elementwise we have

M—L -
Ta'Ty
Aij(z) = Z z——;z

=1
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We have exhibited an ezact rational expression for the hybridization. Note that we
can alternatively write

M-L M—L
LIy Y,
(&)= s n= 2

=1 =1

where 7} is the [-th column of 7" and Y; := T;T}" is positive semidefinite of rank one.

3.2.1 Bath fitting

One can approximate the influence of the bath on the fragment by replacing A(z)
with an approximation A,ppox(2) of the form

K

Buppron(2) = 3 (3.3)

z—¢
=1 k

where X, = 0 (i.e., Xy is Hermitian positive semidefinite) and ¢, € R. (This form
defines the class S to be studied in detail below.) Note that a function of this
form can be interpreted as specifying the coupling of a fragment of size L to an
effective bath of size M’ = Zszl rank(Xy). Therefore one may attempt to reduce the
difficulty of solving a given impurity problem with hybridization A by approximating
Aapprox = A with M’ relatively small, i.e., small enough so that the size M + M’ of
the composite fragment /effective-bath system can be approached with solvers of high
accuracy, or even solved directly by exact diagonalization.

The sense in which one attempts to approximate A(z) is not the focus of this
work, but we will highlight the method of 73], which is naturally motivated by the
analytic framework. The method fixes a number K of poles and then decomposes
the optimization over approximate hybridizations of the form (3.3) into an outer
optimization over poles € = (g1,...,ex) € RX and an inner optimization, for fixed
poles €, over residues X >~ 0. To wit, one defines a loss for fixed poles € as

F(g) := inf Z Zzl—&?k_A 1)

k=
where {z} is a sampling of points in the complex plane, in practice chosen to be
a discretization of part of the imaginary axis. Then the quantity F(e), as well as
VF(g), can be computed via convex optimization over the Xj. The gradients are
used to implement an outer optimization over the poles €.

X1, X =08,

F

3.2.2 Chain Hamiltonian perspective

There is another perspective on approximating the influence of the bath on the frag-
ment. Again consider an impurity Hamiltonian of the form H = a'ha + V, where

hir Do
h = .
( har  hao >
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Suppose, for simplicity that h is of size (nL) x (nL). Then via, e.g., the block Lanczos
algorithm, one can compute a unique unitary matrix

(1. 0
(%),
where V € CM~-L)x(M=L) is ynitary, such that U*hU is tridiagonal, i.e.,

hi1 Do
Dy Ey D
U*hU = : L .
D:;_Q En—2 Dn—l

D :1—1 En—l
After a suitable canonical transformation of our creation and annihilation operators,
it follows that we can assume that h is of tridiagonal form.

The benefit of this perspective is that our Hamiltonian assumes the form of a local
one-dimensional Hamiltonian, or a ‘chain Hamiltonian,” if we identify our Fock space

with the n-fold tensor product )" (CzL). Hence tensor methods such as DMRG

can be fruitfully applied, even when the chain is relatively long (i.e., even when the
dimension 2" of the total composite Fock space is much too large to permit exact
diagonalization).

Moreover, this perspective suggests a physically intuitive framework for truncating
the size of the bath, i.e., simply truncating the tridiagonal matrix at a certain depth
n’ < n. Since ultimately one cares to compute only the fragment part of the Green’s
function (which determines the self-energy via (3.2)), the hope is that the influence
of the tail of the chain becomes negligible at a certain distance. More rigorous and
quantitative justification of such truncation remains an open question.

3.3 The (cluster) dynamical mean field theory

Consider a partition of the set C = {1,..., M} of site indices into P disjoint subsets
CW,...,C") which may be referred to as the ‘clusters.’'® We write L® := |C®)],
Throughout we shall write @;;1 A®) to indicate a block-diagonal matrix, with di-
agonal block corresponding to the indices C?) given by A®). For an M x M matrix
A, we let Acw) o) denote the appropriate submatrix of A. More generally we may
consider submatrices Az 7 for any Z, J C C, and we always denote Az := Az 7.

Before proceeding, we comment that DMFT is applicable to the setting in which
our global Hamiltonian is specified by

P
H=d"ha + Z 1428
p=1

1When we think the cluster as the impurity part of an impurity problem, we shall use the
terminology ‘fragment’ as above.
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where V® is an interaction on F (r) the Fock-space for p-th cluster, i.e., a Hermi-
tian particle-number-conserving operator that is written as a polynomial in a;, a, for
p € C). In particular, this form recovers the Hubbard model and several related
Hamiltonians as special cases. While DMFT cannot ‘see’ interaction terms that do
not live entirely within a single cluster, we shall discuss in section 5.3 the extension
HF+DMFT, which can include the effect of longer-range interaction.

3.3.1 The self-consistency condition

Now the dynamical mean field theory (DMFT)!” amounts to a block-diagonal ansatz

for the global self-energy:
P

Spurr(z) = P TP (2), (3.4)

p=1

where each X is determined in a manner to be described shortly. First, however,
observe that an ansatz for the global self-energy determines a global Green’s function
via the Dyson equation as

GglOb(Z) = (Z]M — h — EDMFT(»Z))il . (35)

Now for each cluster p, we consider an impurity problem specified by a frequency-
dependent single-particle matrix A") + A®)(z), where h") = h.(,, and by the impurity
interaction V(p), in the sense of section 3.2 above. If we view each of these impurity
problems as a many-body problem on a composite fragment/bath Fock space, then
we let ) denote the fragment block of the self-energy. (Recall that all other blocks
of the fragment-bath self-energy are zero by Proposition (6).) The hybridizations
A® are the unknowns of the method, and they are determined via the stipulation,
inspired by (3.2), that

E(p)(z) — »_p) _ A(P)(z) — G(p)(z)fl’ (3.6)

where G?) = [Ggl"b] o is the p-th cluster block of the global Green’s function.
Note that these equations must be solved self-consistently (and moreover are coupled
across p = 1,..., P) because the Green’s function blocks {G™} are determined by
the hybridizations {A®} via the progression

{aPy — Y — XpMFT
impurity problems ansatz (3.4)
—  GEP — {GW)}.
Dyson (3.5) extract blocks

I"Tn fact, when the clusters contain more than a single site, what we describe is often referred to
as the cluster DMFT.
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We shall call this map from G® [{A(q)}}, and moreover we denote the map A® —
»(®) defined by the solution the appropriate impurity problem by L) [A®)]. Hence
we may write our self-consistency equations somewhat more painstakingly as

AP (2) = 2 — ) — 2@ AP)](z) — (G(p)[{A(q)}](z))‘l ‘ (3.7)

Recall that to be a ‘physical’ hybridization, i.e., a hybridization that corresponds to
a closed fragment-+bath system, we must solve for A®) ¢ S{;@), i.e., A® must be of
the form (3.3).

We remark that the self-consistency equations (3.6) can be viewed as formally
equivalent to the ansatz

P
PpmET [G] = Z o) [Gc(p>; V(p)]

p=1

for the Luttinger-Ward functional, G is the global Green’s function and where the
quantity <I>(p3 [Gew; VP)] is the exact Luttinger-Ward functional for the cluster with
interaction V) or equivalently, the ansatz

P
ZDMFT[G] = @ E(p) [Gc<p); V(p)]

p=1

for the self-energy functional, where X(®) is the exact self-energy functional for the
cluster with interaction V®. The well-posedness of this formulation, however, re-
quires a rigorous construction of the fermionic Luttinger-Ward functional, which is a
topic of current debate; see [54, 32, 103, 42|.. In the simpler setting of the Euclidean
lattice field theory, see Part III for a rigorous construction of the Luttinger-Ward func-
tional, which in turn suggests a formal analog of DMFT in that setting, as described
in section 2 above.

3.3.2 The DMFT loop

Now we outline the ‘DMFT loop,” an iterative algorithm, which, if convergent, pro-
vides a solution to the self-consistency equations (3.6).

As previously mentioned, the hybridizations A® are the unknowns, and an iter-
ation of our loop amounts to a map from our current iterative guesses {A(p)} to a
new set of guesses {ASQW} Inductively assuming that A® ¢ Sf(p) forp=1,..., P,
we need only describe how to compute the the subsequent iteration’s hybridizations
AL, Motivated by (3.7), we simply define

A®) (2) =2z — h) _ (@) [A(p)}(z) — (G(p)[{A(q)}](z))‘l_ (3.8)

new
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If necessary for convergence, a mixing scheme may be employed across iterations. For
example, in simple mixing we would instead define

AP ()= (1—a)AP () + a [Z D w0 () - (G(P)[{A(q)}](z))_l] '

new

For simplicity we will stick to the case a = 1, though generalization of our discussion
to arbitrary « is straightforward.

Now it is trivial by construction that if AI(@)W = A® for all p (i.e., if the loop has
converged), then we have solved the self-consistency equations (3.7). But it is then
nontrivial that A%, € Sf(p) for al p, as is required to implement the next iteration via
the identification of each impurity problem with a composite fragment/bath system.
It turns out that in fact it is true (Corollary 20 below) that the A%, defined as
in (3.8) lie in Sfp), and we call this point the ‘well-posedness of the DMFT loop.’
See [52] for related work.

3.3.3 The DMFT loop with bath fitting

Although AP, defined as in (3.8) does indeed lie in Sf(p), the effective bath size
induced by these hybridization iterates may overwhelm the solvers used in practice
for the resulting composite fragment/bath systems. The reader should note that
Monte Carlo schemes (such as in [41]) can avoid explicit construction of any frag-
ment/bath system, but for so-called Hamiltonian-based DMFT schemes, in which
the fragment/bath system is constructed explicitly, it is necessary to introduce an
additional step into the iteration. That is, one approximates A%, with Ag’;)pmx of
reduced effective bath size as in section (3.2.1). This requires one to compute samples

of A%, at several points on the complex plane.

3.3.4 The DMFT loop with chain truncation

An alternative approach makes use of the chain Hamiltonian perspective of sec-
tion 3.2.2. Note that although it is obvious how to compute samples of Al(fé)w(z)
in terms of the values ) () computed directly from the impurity problems, it is not
immediately obvious how to compute the quantities X; > 0 and €, € R appearing in
the exact representation

X(P)
AP — Z k

new ®)
E 2T Ek

We shall see that a function of this form admits expression as a matrix continued
fraction as in

AP (z) = DY

new




where the continued fraction terminates at some finite, though potentially large, depth
n, i.e., terminates in the expression z — Efﬂ 1- Note that by repeated application of
the Schur complement theorem, we have

[ [ p® DY ]
D(()p)* E(()p) Dgp)

[h® + Ar(fé)w(zﬂ_l _ ,
pPs g®. pW

P (p)
| anl Enfl J11

hence A®)(2) is the Hybridization of an impurity problem specified by the single-
particle matrix

) D(()P)
D(p)* E(()p) Dgp)
P . — . .
DYy EY, DY),

for the composite fragment /bath system and fragment interaction V(®). Hence these
data specify a chain Hamiltonian for the impurity problem in the sense of section 3.2.

Likewise, if we can compute the continued fraction matrices D,(Cp ), E,Ep ) only up to
a given depth n’ < n, then these data exactly determine the truncation of the chain
Hamiltonian at depth n/. Truncating these chain Hamiltonians amounts to taking
the hybridization approximation Ag%)prox that exactly matches the continued fraction

of AL, up to its depth n'.

4 Mathematical structures

4.1 Function spaces of interest

To begin we set the notations H-, H%, and H%_ for L x L Hermitian, Hermitian

positive semidefinite, and Hermitian positive definite matrices, respectively. We also
write A = 0 and A > 0 for A € H? and A € HY_| respectively.

Now the discussion of section 3.2 motivates the consideration of the class Sf of
functions C — C**L which are Stieltjes transforms of discrete positive-operator-valued
measures (POVM) on the real line; more precisely

Sf:{f:C—MCLXL




In the following the dependence on L will often be omitted for simplicity, i.e., we
shall simply write SJLr when the meaning is clear from context. Note that SJLr is
the class of functions that can be realized as impurity hybridizations and is thus
worthy of our attention. Note that S is closed under addition and nonnegative
scalar multiplication. (Hence S% is a convex cone.) Furthermore S is closed under
congruence transformations, i.e., transformations of the form f — AfA* for fixed A.
Moreover, if f € 8% | then z — f(%) is also in SE.

To motivate the italicized long-form name for S%, recall that POVMs on R gen-
eralize ordinary measures to the operator-valued case, where the space of operators
is determined by a choice of Hilbert space (here simply CL). Heuristically POVMs
can be thought of as positive-semidefinite-valued densities dM(g) = X (¢) de, with the
discrete case recovered as M = >, X 0(- — ), where X, > 0 and 0 indicates the
Dirac delta. As we shall see, it is natural to consider the subbclass S& induced by dis-
crete ‘probability’ POVMs, i.e., POVMs satisfying fR dM(e) = 1d, defined precisely
by

St = {f:(C—MCLXL

Koy K
f(z)zz L X, =0, ZXk:]L,SkER}.

b
z—€
k=1 k k=1

Note that the closure of SL under congruence transformations by invertible matrices
A (the matrix analog of scaling) is the class

Sty = {f:(C—HCLXL

K X K
fe) =Y —* ,Xkao,ZXk>o,ekeR}.
= k=1

Z_
k=1 k

Motivated by the appearance in section 3.2 above of the expression z — h — A(z),
we also consider the classes

NPi={g:C—C"" : g(z)=2B—-C— f(2), BEH}, C e H", f eS8t}

N={g:C=C"" 1 g(z)=2—-C- f(z), Ac H}, Be H", f € 81},
Ni ={g:C=C"" : g(z)=2B—-C—[f(z), BEHL ,CeH" feS}.
We shall prove below (Lemma 16) that f € SJLr 4 if and only if the pointwise inverse
[t e NL| so we write (SJLFJF)_1 = N, . Similarly, (SlL)_1 = NE. Note moreover

that ST C —N{.

Moreover, as we shall see confirm below (Lemma 12), for any f € S,, S[f(2)] <0
for all z € H,, where H, is the (strict) upper complex half-plane and & indicates the
imaginary part of a matrix, i.e., S[A] = 5. (A — A"). It follows easily then that for
g €Ny, Slg(2)] = 0forall z € Hy. In fact, this fact can roughly be seen as a defining
property for these spaces, in a sense that we shall describe shortly. In light of this

observation, together with the elementary fact that S[A] = 0 if and only if S[A™!] X 0
(for all invertible A), the pointwise inversion relation is quite fundamental.
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CLXL

Now for broader context, the class of ( -valued) Nevanlinna functions is de-

fined by
NE = {g:H, — C"* analytic | S[g(z)] = 0 for all z € H, } .

Note that this notation is not standard but rather is chosen to be suggestive in the
current context. Indeed, it can be shown [31] that any g € N'L can be written

9(2) = Bz +C — /( 1;2)@\4(8),

where B € HY, C € H-, and M is a POVM on R such that fR T (e)

Hence M. Jf can in fact be thought of as the closure (taken in a suitable sense) of N

is convergent.

Meanwhile, one can recover the closure S_£ C —/\Tf via
St = {—g | g e NF, |b1|im f(ib) = 0},
— 00

and any f € S_f admits the representation

10 = [ (4 o) M)

for M a POVM on R such that fR Tre? ©) i convergent.

In this work, we will only need to work with functions in S and N specified by
discrete POV Ms; however, the number of poles needed to specify such functions may
be large, so it is natural to think of them as approximating functions in the closure.

4.2 Structure of Green’s functions

Though & was introduced as the class of physical hybridizations, in fact Green’s
functions, as defined in section 3.1, all lie in §; C S, as we shall now see. This is
essentially a recapitulation of the Lehmann representation (see, e.g., [77]).

Lemma 9 (Lehmann). If G is a Green’s function in the sense of Definition 1 (zero
temperature) or 8 (finite temperature), then G € S;.

Remark 10. In the zero-temperature case, assuming for simplicity a nondegenerate
ground state |UY), we derive

x x
G(2) = e e
O= 2 Semt X eom
EGO’(HNfl) 6EU(HN+1)

where
X5 = (W) |alPa| 0y, X = (0| Pal|T))

£,8]

226



In the finite—temperature case, we derive

x5 X5
—_'_ —_—
—(e=A) 2+ (e—A)

e ea(H) e,\eo(H)

G(z): =

where

_ 1 1
Xe(,\ L Ze ATy [azP CZTPA} ) XE(QJ = Ze_ﬁ)‘Tr [a;r-PEaiP)\} .

Proof. Consider an arbitrary many-body Hamiltonian H, i.e., an operator on JF, and
recall from Definition 1 that the zero-temperature Green’s function G : C — CM*M
is given by

Gij(2) = (U al(z + [H — Eo]) " as|0g) + (U |ai(= — [H — Eo)~'a}|¥7)),

where for simplicity of presentation we assume a nondegenerate ground state |¥).
Index the eigenvalues of H by ¢, and let P. be the e-eigenspace of H. Then we

can decompose
H= Y ¢P,
eco(H)

where o(H) is the spectrum of H. Moreover,

(z£[H - E)) ' = Z mfé,

eco(H)

Evidently the poles of G are given by ¢ € o(Hy+1) C o(H), where Hy., is the
restriction of H to the N =4 1-particle space.
Then we can write

1
Gij(z) = Z m(‘l’ma}ﬂaﬂ‘l’m
EEO‘(HN_l)
1 N Frg N
+ Z m@o |a; Peag[ Wy,
c€o(Hny1)

o X( ) X(+)
G(z) = e
() Z z+(5—E0)+ Z z— (e — Ep)’

e€o(HN_1) EEO’(HN+1)
where

XG) = (|l Pa 0y, XU = (0| Pal|T)).

€,iJ €,ij
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Now

(0ol Pail Wy = T [0y (wd|a} Poai

[ T
- T (ywmfgv\ajpgai)}

= Tr |af P 0) (9]

= <\I/{)V|ajpeaj|qj(])v>7

ie.,
X4 = X3,
and by similar reasoning X E(f]) = XE(L), ie., X% is Hermitian.

In fact, Xg(i) > 0. Indeed, let v € CVN. Then

v XOv =Y (W (vja) P (via) [ 95
ij

= (g'|c" Pec| ),

where ¢ := Zj vja;. But P, = 0, so c'P.c > 0, and U*Xa(f)v > 0. Similarly,

v XM =Y (WY (via)) Pe(vya]) W5

ij

= (T|d"P.d| 7).

where d := Zj vja}. Thus Xa(i) > 0, as claimed. It follows that G € S...
Moreover, the sum of the residues of G is equal to the identity. Indeed, this sum
is given by

> X+ > XY

cea(Hy_1) eco(Hny1)
= Y (WalPal v+ Y (W |aiPeal|0F)
eco(Hy_1) eco(Hyi1)
= Y (Wl P O + > (W |a; Peal| W)
e€o(H) eco(H)
_ <\1ng ai | Y P|a \pgy>+<\p{y a; | > P.|al \IJéV>
cca(H) c€o(H)

= (g |alai| Ug') + (Ug|asal|Wg)
= <\Ilév|a§ai + aia;r-|\llév>
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= (U]6:]0g)
= (Sz]

Similarly, in the finite temperature case, we have

x4 )
G L= e e
) ZAZWL(E—)\)jL z—(e—=N)’
e, €0 (H) e (H)
where . 1
Xoni = 7¢ T [G;PEGZ’P A} XL = A [aiPaa;PA} .

One can likewise show that X (f) = 0. ]

£

4.3 Pointwise inversion relations

We would like to study the pointwise inverses of functions in Sf. For f € Sf, write

and consider

) =1
Notice that if (i, ker(X}) is nontrivial (which holds in particular if 37, rank(X}) <
L), then f~! exists nowhere. Thus we assume that (), ker(X;) = {0}. Equivalently,
we assume that ), X > 0, i.e., we restrict our attention to f € S£+.

Now observe that f~! is a rational matrix-valued function. Thus the holomorphic
part h (i.e., whatever is left after subtracting off the poles) is polynomial. Since

as |z| — oo, it follows that f~!(2) = O(z) as 2 — oo. Thus h is affine, and in fact we

have
K ~1
h(z) =z (Z Xk) - C,
k=1

where C € CV*V is a constant matrix. In fact C' is Hermitian (because f — and
hence f~! as well — is Hermitian on real axis), and we will provide an explicit formula
later on. Now it fill further turn out that h— f~ € St . The first step in establishing
this is the following:

Lemma 11. Suppose that f € SE.. Then all of the poles of f~'(z) lie on the real
azxis.
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Proof. Also notice that for z = z +iy € C, S[z71] = — 77, S0 S [271 = 0 if and
only if 2 € R, and moreover, S [27'] < 0 for z € H, (the upper half-plane) and
Sz >0for z € H_.

Suppose z € H, and let v € C* be nonzero. Then

where a; > 0. Now

Now z € H, implies that z — e, € H, so S[(z — &) '] <0, and
S f(z)v] <0

with equality if and only if a;, = 0 for all k. Since (i, ker(X;) = {0} and v # 0,
we must have a, = v*Xpv > 0 for at least one k. This implies in particular that
v*f(z)v # 0 for all z € H, and all nonzero v € CF| i.e., that f(z) is invertible for
z € H,. Similar reasoning shows that f(z) is invertible for z € H_. Thus the only
poles of f=! are on the real axis. O

Note that from the proof of Lemma 11, we can further conclude:

Lemma 12. Suppose that f € St. Then S[f(2)] <0 for z € Hy and S[f(z)] = 0
for z e H_. If f € St , then we have S[f(z)] < 0 and S[f(z)] > 0 in these cases,
respectively.

We go on to show that the poles of f~! have residues of the correct sign:

Lemma 13. Suppose that f € Sir. The poles of f=% are simple with negative
semidefinite residues.

Proof. Let v € C* be nonzero. Then

K vt X
k
VR =—-) ———,
2 (emar
so —- by the fact that at least one the v* X is strictly positive — we have v* f'(z)v <
0 everywhere on the real axis, with infinite value at the poles. (Recall from the
previous lemma that all of the poles of f~! lie only on the real axis.) This means in
particular that f’ is negative definite on the real axis (except the poles). (Note that,
on the real axis, f and f’ take Hermitian values.)
Then consider zy € R which is a pole, i.e., for which f(zy) has a zero eigenvalue.
(Generically one expects f(zp) to have only a single zero eigenvalue at such points,
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but we need not assume this.) By shifting if necessary we can assume for simplicity
that zp = 0, and by changing basis if necessary, we can assume that f(0) has the

block structure b
0

where D is diagonal with nonzero diagonal entries. Further write

/ All Al?
0)=: A=
7(0) ( e ) |

so A < 0. Then Taylor’s theorem gives

1) =10+ o) = (DT e ) o)

Since A < 0, f(0) + zA — and hence also f(z) — is nonsingular for all z # 0
sufficiently small. Then for such z, by the Schur complement theorem we can see that

D! —D 1A A—l
- = 124129
Fes ( —Ap AnD™' 2T A + Apy Ay DT A Ay ) Ol

In particular, there exists a holomorphic function g(z) such that

170 0
1 . _ =
CRCELI Sl
Thus the pole at 0 is simple with negative semidefinite residue. (Generically one
expects the rank of the residue to be 1.) ]

We collect our results into the following proposition:

Lemma 14. Let f € St , written

o)=Y

Z—€k.

K
=1

k

Then the holomorphic part of f~ is given by h(z) = 2B — C, where

K -1 K
B= (Zxk> ,C=B (ngxk> B,
k=1 k=1

and moreover h — f~' € 8L, ie., f1 e NI,
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Proof. The only part of the proposition that we have not already established is the
explicit formula for the constant matrix C.
Since the holomorphic part of f~! is given by 2B — C, note that

d .y, \_ -2
TF ) = B0

as |z| — oco. (Note that here all limits are restricted to z € R.) Therefore

2B+ 0(e ™) = 2 () = —2f AP R)
Now
fH2) = 2B = C+ O™,
C = = lim [f7) +2f ) )]
- \zﬁiinoo 1) () + 21/ ()] fH(2)] -
Now B .

Then we can rewrite

1 -1
o= - i |28 2 4 )]
|z]—o0 z z
and observe that
-1 K
/ Z(Z> — B, 22[f(2) +z2f(2)] — —Zan
k=1
as |z| — o0o. Therefore C' = B (Zle st> B, as was to be shown. O

Lastly, we show a converse:
Lemma 15. Let g(z) = 2B — C — f(z), where f € 8%, B > 0, and C € H-. Then
-1 L
g eSS,

Proof. First we claim that ¢ is nonsingular outside of the real axis. By Lemma 12,
3[f] 2 0 on Hy and S[f] = 0 on H_. Since C' is Hermitian and B > 0, it follows
that Sfg] < 0 and [g] > 0 in these cases, respectively. In particular, g is nonsingular
outside of the real axis, as claimed, and the poles of g~! lie only on the real axis.
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Next notice that since f(z) — 0 as |z|] — oo and |z|B — +00 as |z| — o0, it
follows that g~'(z) — 0 as |z| — oo. Therefore the holomorphic part of the rational
function g~! must be zero.

It remains only to show that the poles of g~! are simple with positive semidefinite
residue. But by the reasoning of Lemma 13, it suffices to show that ¢’ = 0 (away from
its poles). But of course ¢’ = B — f’, and by the reasoning of Lemma 13, —f" > 0
away from the poles. This completes the proof. O

In particular, Lemmas 14 and 15 imply:

Lemma 16. f € SJI;JF if and only if f~1 € J\/'f+. Consequently f € SE if and only if
ftenNt.

4.4 Structure of the self-energy and the Hartree-Fock contri-
bution

We wish to understand the structure of the self-energy a little more carefully. Recall
that the self-energy is defined by

Y(2)=z—h-G'(2).

For simplicity we discuss only the zero-temperature case and assume a nondegenerate
ground state |®Y). Since G € Sy, it follows from Lemma 14 and Remark 10that
G7'(2) =2—C — f(z), where f € S, and

Gy = Y e B wPalU)) — Y (e~ Bo) Wy ol P05
EEO’(H}\]+1) 660’(]511\] 1)
= > (= E)(¥|a; Pal|W]) = > (e — Eo)(¥) |al Peas| ¥)))
eco(H) eea(H)
= <\Ifév a; Z (€—E0 a ‘IIN>
eco(H)

- <\1/gv al | Y (e—Eo)P. | a; \113V>.

eco(H)
Since H — Ey = Y eco(in) (€ — Eo) P, we obtain
Ciy = (g lai(H — Eo)af|¥§") — (Uy'al(H — Eo)a;|¥F). (4.1)

Now

X(2)=C—-h+ f(2),
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so Y is the sum of a function in §; and a constant Hermitian matrix, namely C'—h. We
call this this static part of the self-energy, and we suggestively define it X1 := C — h.
It is natural to attempt to derive a formula for this contribution, and indeed it will
turn out to be the Hartree-Fock contribution, which is the first-order contribution
(and in fact the only static contribution) to the self-energy in bold diagrammatic
perturbation theory (see Part II). Under the assumption that the interacting part of
the Hamiltonian is given by a two-body interaction, we will now recover the standard
formula for this term.
To wit, we assume that the interaction is given by

- 1
V= §Z(pq|‘/|rs) alasa,,

pgrs

and (pg|V'|rs) are the tensor elements for the two-body interaction, given in the setting
of electronic structure by suitable two-electron integrals. By defining antisymmetrized
matrix elements

{pa|Virs} == - [(pq|V|rs) — (pq|V|sr) — (qp|V|rs) + (qp|V|s7)],

we can also write

DN | —

Z{pq|‘/|7’s}aT alasa,.

pqrs
Note that
{pq|Virst = —{qp|V|rs} = —{pq|V|sr} = {qp|V|sr}.

Lemma 17. The self-energy can be written X(z) = Xpr + f(2), where f € S;, and
the static part of the self-energy, namely the Hartree-Fock contribution, is given by

[Xnr],; Z{ZQ‘V‘JT}DW

where the 1-RDM D = (Dy;) is defined by D = (U)|ala;|UY).

Remark 18. In the case (pq|V'|rs) = vpg0prd4s Where v is real-symmetric and D is real
(hence symmetric), we have

{pq’V’TS} = qu(spréqs - qudpséqra

hence recover the perhaps more familiar expression

EHF 52]§ Uzp pp U’Lj YR

In this last expression the first term is the diagonal Hartree potential, and the second
term is the Fock exchange operator.
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Proof. To simplify our expression for C, our first goal is to commute H - E, past

a} and a; in the first and second terms of (4.1), respectively. In so doing, it will be

useful to recall that standard fact

[]:Io,aj] = [aha, a th]ak,

which may be recovered easily via the canonical anticommutation relations.
In order to derive the commutator [V, a}], we likewise compute

a}f/ = Z{pq]V]rs}aT Tasar

pgrs

= —Z{pq|V|7’s}aL gajasar

pqrs

= —Z{pq|V|r5}a <]sar asa;aT>

pgrs

- = Z{pq|‘/|7’8}a ( jsOr — Qs <5jr - am}))

quS

— Va + = Z{pq|V|rs}aT T((S — 0jr0s)

pq?"s
= Va+ Z{pq|V|Tj}a gy — Z{pq|V|jS}a
pqr pgs
R 1 . .
= Vaj+ 7> [{palViri} — {palVjr}] afala
par

— Val ——Z{pql‘/lﬁ}aT aba.

par
Therefore .
afl = 5 > _{palVlir}ajala

pgr

It follows that

Zh;@aﬁ Z{pql‘/\ﬂ}aT aja,.

par
Then, using the fact that (H — E,)|¥Y) = 0, we can easily compute:
(Ui las(H — Eo)0al|Ug) = (W' |asal(H — Eo)[Wg') + (U§|a;[H , al]| U5
= (Vg'|a;[H, a]]| 7))

= D (U aiaf [0 )
k
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1 .
+ 5 2 palVlirkwd lasajafa, ),

pgr

and
(O |al(H — Eo)a;| W) = —(W|[H, al)a;[ W)
= —Z(\Ifév|a2ail\lfév>hkj

- —Z{pqlVlﬂ} (Ul alalara; [ W),

pgr

Then, by (4.1),

Z(Slkhkj—l— Z{pqlV!yr} (U |azalala, + afala.a;[WE).

pqr
Now
alaTaTar = 5ipa;a,, — aTa»aTar

= 5ipa;ar — ( iq a;a,) a,

= 5ipa;ar — &anTar — aLa;a a;,
SO

a;a, al Tar + aT TaraZ = 5,pa ar — 52‘an,%«,

and

1 | 1 .
Ciy = hij+ 5 ) palVIir}ou (¥ lafa, [ 03) — 5 > {palV |ir} i (W) aja [ W)

pgr pgr

Ly s 1 N
= hyj+3 > LiglV1jry (g laja, | ¥g') — 3 > {pilVIjry (g lafa, | ¥g')
qr pr

1 : : .
= hij+35 > WialV1jry = {ailV]ir}] (¥g'lafa, | ¥5")

qr

= hy + Z{iq|V|jr}(\IléV|a;ar|\IléV).

qr

Define the one-particle reduced density matrix (1-RDM) by
Dy = (U |ala, |00).

Then
Cij = hij + Y _{ig|V]jr} Dy,

qr
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5 Application to DMFT

5.1 Well-posedness of DMFT loop

We assume the notation of section (3.3) and let A® ¢ Sﬁm for p=1,...,P. Then
let 2 = 2(M[AP)] be the fragment block of the self-energy of the composite frag-
ment /bath system specified by the single-particle matrix 2”) +A® . By Lemma (17),
we have in particular that —X®) € Nf(m.
Recall that
GglOb = (Z —h - EDMFT(Z))il s

where Ypypr(z) = @;;1 2®)(z). Recall further that G := [G#P]
Schur complement theorem we have

o> SO by the

[GP1 = (G

1
[(ngb)fl}cm)p\c@ ([(ngb)*l}(,’\c’(p)) [(ngb)il]c\c(”)vc‘“ '

Now on the off-block-diagonal (G&°)~! simply coincides with —h, so we have

-1

-1
G(p) = (Z — h(p) — 2(1’) — hc(p)’c\c(p) ([z —h— EDMFT(Z)]C\C(p)> hc\c(p)’c(p)>

But recall from (3.8) that
Al(fé)w(z) — 5 — p k) _ C;(p)(z)—l7

so we have shown that

Lemma 19. The DMFT iteration (3.8) can alternatively be written

-1
AL (2) = hew evetn <[Z —h— ZDMFT('Z>]C\C(1>)) hevew e -

Corollary 20 (Well-posedness of DMFT loop). The AP, as defined in (3.8) lie in
SJLr(p) _

Proof. Now since —X®) ¢ ./\/’f(p), it follows that the map z — 2z — h — Xpypr(2) is in
N 1L<p). Hence the pointwise inverse

s ([Z —h— EDMFT(Z)]c\cm)_l

is in SlL(p). The congruence transformation by hew) c\cw) = hz\c(m o+ Which yields
AR, by Lemma 19, lies within Sf(p), as desired. O

237



5.2 Sparsity pattern of the hybridization for local models

The formula in the statement of Lemma 19 allows us to easily recover a constraint on
the hybridization, namely that the only nonzero block of the hybridization is the block
corresponding to the boundary of the cluster, in a certain sense. For hybridization
fitting in the sense of 3.2.1, this constraint allows us to fit hybridizations in a smaller
space.

Now we can think of the hopping matrix h as defining a graph on the vertex set
C={1,..., M}, in which two vertices ¢, j are connected if and only if h;; # 0. Then
the boundary 0Z of a subset Z C C is the subset of vertices in Z that share an edge
with some vertex in C\Z. We define Z° := Z\0Z. Then we can state:

Corollary 21. Consider AL as a 2 x 2 block matriz via the partition of the in-
dices C'P) into [C(p)}o and OC®). Then the only nonzero block is the diagonal block

[Ar(fé)w] , which is given by
oc(»)

—1
(AR, (2)] sow = hocw o ([2 —h— EDMFT(Z)]C\am) hevcw) o -

Proof. The proof follows from Lemma 19, together with the observation that, due to

the construction of the graph induced by h, h[c(p)]o acw = 0. []

5.3 Definition and well-posedness of HF+DMFT loop

Suppose that our Hamiltonian is of the more general form
P
H=a"ha + Z VP 4 VLR7
p=1

where Vig indicates the long-range part of the interaction. For simplicity we let all
interaction terms be of two-body form, in which case one can assume without loss of
generality that

~ 1 .
VIR — 1 Z{ZJ|VLR|kl}aja}alak,

ikl

where {ij|V*®|ki} = 0if i, j, k,1 € C® for some p and moreover
{ig|VER IR}y = —{ga| VIR IRy = —{ig|VER (IR} = {5 VIR (k)

for all 4, 5, k, L.
Then, motivated by section 4.4, the Hartree-Fock plus DMFT (HF+DMFT)
method is specified by replacing YXpypr in the DMFET loop with the quantity

2HFJrDMFT = ZHF—LR + ZDMFTa
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where Ypupr 18 defined as before and

[EHF-LR]ij = Z{iQ|VLR|jT}D§qI~Ob

qr

for DEP = DEoP[GEP) ig defined in terms of G#P(z) = [, DA yig pelob =

[ - @M(¢g), where y is the chemical potential. Here G&°P is the global Green’s func-
tion retained from the previous iteration.
Then it is immediate from repeated arguments that

~ -1 .
A (2) = how o\cw) ([Z —h— EDMFT(Z)]c\am) hevew e,

where h 1= h+ Yur.Lr- Hence in particular the hybridization iterates stay within S, .

239



Part VIII
Strictly correlated electrons in second
quantization

1 Introduction

In this Part, we consider a convex relaxation of the fermionic Gibbs variational prin-
ciple (also considered in Part V). In fact we consider a succession of two relaxations.
The first of these relaxations (note: we shall come to the second later on) is motivated
by its asymptotic tightness in the limit of infinitely strong Coulomb repulsion, called
the limit of strictly correlated electrons (SCE). The formalism of SCE that we consider
can be seen as a second-quantized analog of the first-quantized formalism heretofore
considered in the literature |95, 94, 20, 66, 26|, which has been motivated largely by
its relevance to the widely-used Kohn-Sham density functional theory (DFT) [44, 50].

For ground-state electronic structure calculations, the success of DF'T hinges on
the accuracy of the approximate exchange-correlation functionals. Although tremen-
dous progress has been made in the construction of approximate functionals [82, 8,
55, 81], these approximations are mostly derived by fitting known results for the uni-
form electron gas, single atoms, small molecules, and perfect crystal systems. Such
functionals often perform well when the underlying quantum systems are ‘weakly cor-
related,” i.e., when the single-particle energy is significantly more important than the
electron-electron interaction energy. In order to extend the capability of DFT to the
treatment of strongly correlated quantum systems, one recent direction of functional
development considers the limit in which the electron-electron interaction energy is
infinitely large compared to other components of the total energy, i.e., the SCE limit,
which provides an alternative route to derive exchange-correlation energy functionals.
The study of Kohn-Sham DFT with SCE-based functionals is still in its infancy, but
such approaches have already been used to treat strongly correlated model systems
and simple chemical systems (see e.g. [75, 22, 40]).

Here we recapitulate some relevant background from Part 1. A system of N
interacting electrons in a d-dimensional space can be described using either the first-
quantized or the second-quantized representation. In the first-quantized represen-
tation, the number of electrons N is fixed, and the electronic wavefunction is an
anti-symmetric function in A" L2(R% C?), which is a subset of the tensor product
space ®" L2(R% C?). Here C? corresponds to the spin degree of freedom. In first
quantization, the anti-symmetry condition needs to be treated explicitly. By contrast,
in the second-quantized formalism, one chooses a basis for a subspace of L?(R%; C?).
In practice, the basis is of some finite size L, corresponding to a discretized model
with L sites that encode both spatial and spin degrees of freedom. The electronic
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wavefunction is an element of the Fock space F = C2". The Fock space contains
wavefunctions of all possible electron numbers, and finding wavefunctions of the de-
sired electron number is achieved by constraining to a subspace of the Fock space. In
the second-quantized representation, the anti-symmetry constraint is in some sense
baked into the Hamiltonian operator instead of the wavefunction, and this perspective
often simplifies book-keeping efforts. Due to the inherent computational difficulty of
studying strongly correlated systems such as high-temperature superconductors, it is
often necessary to introduce simplified Hamiltonians such as in Hubbard-type models.
These model problems are formulated directly in the second-quantized formalism via
specification of an appropriate Hamiltonian.

To the extent of our knowledge, all existing works on SCE treat electrons in the
first-quantized representation with (essentially) a real space basis. In this Part we
aim at studying the SCE limit in the second-quantized setting. Note that gener-
ally Kohn-Sham-type theories in the second-quantized representation are known as
‘site occupation functional theory’ (SOFT) or ‘lattice density functional theory’ in
the physics literature [93, 60, 21, 97, 23]. A crucial assumption of this Part is that
the electron-electron interaction takes the form Z; =1 UpqgTpTlg, which we call the
generalized Coulomb interaction. (The meaning of the symbols will be explained in
Section 2.) We remark that the form of the generalized Coulomb interaction is more
restrictive than the general form 25 ars=1 qursd;d;&sdr appearing in the quantum
chemistry literature, to which our formulation does not yet apply. Assuming a gener-
alized Coulomb interaction, we demonstrate that the corresponding SCE problem can
be formulated as a multi-marginal optimal transport (MMOT) problem over classical
probability measures on the binary hypercube {0, 1}£. The cost function in this prob-
lem is of pairwise form. Hence the objective function in the Kantorovich formulation
of the MMOT can be written in terms of only the 2-marginals of the probability
measure. In order to solve the MMOT problem directly, even the storage cost of the
exact solution scales as 2¥, and the computational cost also scales exponentially with
respect to L. Thus a direct approach becomes impractical even when the number of
sites becomes moderately large.

1.1 Contributions

Please note that this Part is based on [47] (joint work with Yuehaw Khoo, Lin Lin,
and Lexing Ying). Based on the recent work of Khoo and Ying [48], in this Part we
propose a convex relaxation approach for MMOT that imposes only certain neces-
sary constraints satisfied by the 2-marginals. This can be considered as the second
relaxation in our succession of relaxations of the fermionic variational principle. The
relaxed problem can be solved efficiently via semidefinite programming (SDP). While
the 2-marginal formulation provides a lower bound to the optimal cost of the MMOT
problem, we also propose a tighter lower bound obtained via an SDP involving the
3-marginals. The computational cost for solving these relaxed problems is polynomial
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with respect to L, and, in particular, the semidefinite constraint is only enforced on a
matrix of size 2L x 2L. Numerical results for spinless and spinful Hubbard-type sys-
tems demonstrate that the 2-marginal and 3-marginal relaxation schemes are already
quite tight, especially when compared to the modeling error due to the Kohn-Sham
SCE formulation itself.

By solving the dual problems for our SDPs, we can obtain the Kantorovich dual
potentials, which yield the SCE potential needed for carrying out the self-consistent
field iteration (SCF) in the Kohn-Sham SCE formalism. To this end we need to show
that the dual problem satisfies strong duality and moreover that the dual optimizer is
actually attained. We show that a straightforward formulation of the primal SDP does
not have any strictly feasible point, and hence Slater’s condition cannot be directly
applied to establish strong duality (see, e.g., [17]). By a careful study of the structure
of the dual problem, we prove that the strong duality and dual attainment conditions
are indeed satisfied. We also explain how the SDP relaxations introduced in this
Part can be applied to arbitrary MMOT problems with pairwise cost functions. We
comment that the justification of the strong duality and dual attainment conditions
holds in this more general setting as well.

1.2 Related work

In the first-quantized formulation, for a fixed real-space discretization the computa-
tional cost of the direct solution of the SCE problem scales exponentially with respect
to the number of electrons N. This curse of dimensionality is a serious obstacle for
SCE-based approaches to the quantum many-body problem. Notable exceptions to
the unfavorable computational scaling are the cases of strictly one-dimensional sys-
tems (i.e., d = 1) and spherically symmetric systems (for any d) [94], for which
semi-analytic solutions exist.

In [9], the Sinkhorn scaling approach is applied to an entropically regularized
MMOT problem. This method requires the marginalization of a probability measure
on a product space of size that is exponential in the number of electrons N. Thus the
complexity of this method also scales exponentially with respect to N. Meanwhile,
a method based on the Kantorovich dual of the MMOT problem was proposed in
[20, 74]. However, there are exponentially many constraints in the dual problem.
Furthermore, [20] assumes a Monge solution to the MMOT problem, but it is unknown
whether the MMOT problem with pairwise Coulomb cost has a Monge solution for
d = 2,3. Moreover, if it exists, the Monge solution is hard to evaluate in the context
of the Coulomb cost.

Recently, Khoo and Ying proposed a semidefinite relaxation-based approach to
the MMOT problem arising from SCE in the first-quantized setting [48]. This is the
first approximation method for the general SCE problem with polynomial complexity
with respect to the system size. The relaxation avoids exponential scaling by directly
handling only the 2-marginal distributions (known as the pair densities in the physics
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literature), which are subjected to certain necessary joint representability constraints.
In particular, the method provides a lower bound to the SCE energy. Furthermore,
by proper treatment of the 3-marginal distributions, an upper bound to the SCE
energy is recovered as well. Numerical results indicate that both the lower and upper
bounds are rather tight approximations to the SCE energy.

In the second-quantized setting, our semidefinite relaxation-based approach for
finding a lower bound to the SCE energy is also related to the two-particle reduced
density matrix (2-RDM) theories in quantum chemistry [24, 71, 69, 70]. However, the
MMOT problem in SCE only requires the knowledge of the pair density instead of
the entire 2-RDM. The number of constraints in our formulation is also considerably
smaller than the number of constraints in 2-RDM theories, thanks to the generalized
Coulomb form of the interaction.

1.3 Outline

In Section 2, we describe the Hamiltonians under consideration and derive an appro-
priate formulation of Kohn-Sham DFT based on the SCE functional, which is in turn
defined in terms of a MMOT problem. In Section 3, we solve the MMOT problem
by introducing a convex relaxation of the set of representable 2-marginals, and we
prove strong duality for the relaxed problem. In Section 4, a tighter lower bound is
obtained by considering a convex relaxation of the set of representable 3-marginals.
In Section 5, we comment on how a general MMOT problem with pairwise cost can be
solved by directly applying the methods introduced in Sections 3 and 4. We demon-
strate the effectiveness of the proposed methods through numerical experiments in
Section 6, and we discuss conclusions and future directions in Section 7.

2 Preliminaries

2.1 Density functional theory in second quantization

Our goal is to compute the ground-state energy of a fermionic system with L states.
With some abuse of terminology, we will refer to fermions simply as electrons. Also for
simplicity we use a single index for all of the states, as opposed to using separate site
and spin indices in the case of spinful systems. Double indexing for spinful fermionic
systems can be recovered simply by rearranging indices, e.g., by associating odd state
indices with spin-up components and even state indices with spin-down components.

In second quantization, the state space is called the Fock space, denoted by F.
We shall now recapitulate some of the relevant background on second quantization
from section 4 of Part I and meanwhile set some notation for this Part.

The occupation number basis set for the Fock space is

{|S17 s 3L>}si€{0,l},i:1,...,L7
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which is an orthonormal basis set satisfying

<Si17 R SiL|Sj17 SRR SjL) = 6i1j1 T 5iLjL' (2'1)

A state ) € F will be written as a linear combination of occupation number basis
elements as follows:

W= > (st,...,so)lsn..sp), G(sn...s) €C (2.2)

Sl,...,SLG{O,l}

Hence the state vector |¢) can be identified with a vector ¢ € C2", and F is isomorphic
to C2". We call |¢) normalized if the following condition is satisfied:

@y=" > |s1,...,s) =1 (2.3)

51»~~-75L€{071}

We also refer to |0) = |0,...,0) as the vacuum state.
The fermionic creation and annihilation operators are respectively defined as

il [s1, .. sn) = (—1)Z50(1 = 5,) [s1, ., L= 8.y 80)

. 1 (2.4)
ap|s1,...,sL) :(—1)Zq:15qsp|sl,...,1—sp,...,sL), p=1,...,L.
The number operator defined as n, := d;&p satisfies
N |S1, ..., SL) = Sp|s1,...,80), p=1,...,L. (2.5)

The Hamiltonian operator is assumed to take the following form:

H= Z tpgllg + prnp + Z Vpg Nl (2.6)

p,q=1 p,q=1

Here t € CY*1 is a Hermitian matrix, which is often interpreted as the ‘hopping’ term
arising from the kinetic energy contribution to the Hamiltonian. w is an on-site term,
which can be viewed as an external potential. v € C'*F is also a Hermitian matrix,
which may be viewed as representing the electron-electron Coulomb interaction. Note
that n, = &;f,dp = NNy, hence without loss of generality we can assume the diagonal
entries t,, = v,, = 0 by absorbing, if necessary, such contributions into the on-site
potential w. Following the spirit of Kohn-Sham DFT, one could think of ¢, v as fixed
matrices, and of the external potential w as a contribution that may change depending
on the system (in the context of DFT, w represents the electron-nuclei interaction
and is therefore ‘external’ to the electrons) We remark that the restriction of the
form of the two-body interaction Z 1 UpgNipTy is crucial for the purpose of this
Part. In particular, we do not con81der the more general form Zp grs=1 qursa;f)a;asar
as is done in the quantum chemistry literature when a general basis set (such as the
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Gaussian basis set) is used to discretize a quantum many-body Hamiltonian in the
continuous space. In the discussion below, for simplicity we will omit the index range
of our sums as long as the meaning is clear.

The exact ground state energy Fj can be obtained by the following minimization

problem: R R
Ey = inf H — uN |¢) . 2.7
o= At (O = 1) 1)

Here the minimizer |¢)) is the many-body ground state wavefunction, and N := >
is the total number operator. u, which is called the chemical potential, is a Lagrange
multiplier chosen so that the ground state wavefunction [¢)) has a number of electrons
equal to a pre-specified integer N € {0,1,..., L}, i.e., such that

(| N|gp) = N. (2.8)

It is clear that ,uN is an on-site potential, and without loss of generality we absorb p
into w, and hence write H- ,uN as H in the discussion below.
The electron density p € R” is defined as

Whigh) = 3 (s, s0)Psp p=1,..., L, (2.9)

S15-++3SL

which satisfies > p, = N. Note that
(] Z wpiy [¢) = Z wppp = Wpl. (2.10)
P P

Then we follow the Levy-Lieb constrained minimization approach [56, 59| and rewrite
the ground state minimization problem (2.7) as follows:

Ey :piEI};‘N {; PpWp + (W Hlpnﬁb (Y] Zt g + vaqnpnq |v) ) }

— pienij{W[p] + Frulpl},

(2.11)

where

Frolpl :: inf ¢| Zt qa aq + Z UpgNpTig |0) - (2.12)

Py=rp,lb) €

Here the notation 1 — p indicates that the correspondlng infimum is taken over
states [¢) that yield the density p in the sense of Eq. (2.9), and the domain Jy of p

is defined by
pZO,prZN}- (2.13)

p

jN = {pGRL
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Note that the external potential w is only coupled with p and is singled out in the
constrained minimization. It is easy to see that for any p € Jy, the set {|) € F :
|1)) — p} is non-empty, as we may simply choose

Z \/p_p (p)> ) st = Opg-

q

Therefore the constrained minimization problem (2.11) is in fact defined over a
nonempty set for all p € Jy.

The functional Fyp[p], which is called the Levy-Lieb functional, is a universal
functional in the sense that it depends only on the hopping term ¢t and the interaction
term v, hence in particular is independent of the potential w. Once the functional
Fro[p] is known, Ej can be obtained by minimization with respect to a single vector p
using standard optimization algorithms, or via the self-consistent field (SCF) iteration
to be detailed below. The construction above is called the ‘site occupation functional
theory’ (SOFT) or ‘lattice density functional theory’ in the physics literature {93, 60,
21, 97, 23|. To our knowledge, SOFT or lattice DFT often imposes an additional
sparsity pattern on the v matrix for the electron-electron interaction, so that the
Hamiltonian becomes a Hubbard-type model.

2.2 Strictly correlated electron limit

Using the fact that the infimum of a sum is greater than the sum of infimums, we can
lower-bound the ground state energy in the following way:

Fuulp] > 1nf qp\thqa*dqlw + mf wyzupqn,,nq 1) =: T[p] + Eucelp], (2.14)

where the functionals T'[p] and Ey.[p| are defined via the last equality in the manner
suggested by the notation. The first of these quantities is called the kinetic energy,
and the second the strictly correlated electron (SCE) energy. The SCE approximation
is obtained by treating T'[p]+ Fscc[p] as an approximation for the Levy-Lieb functional.
Though in general it is only a lower-bound for the Levy-Lieb functional, this bound
is expected to become tight in the limit of infinitely strong interaction. We do not
prove this fact in this Part (though we demonstrate it numerically below), but we
nonetheless refer to this approximation as the SCE limit by analogy to the literature
on SCE in first quantization [95, 94].

Due to the inequality in Eq. (2.14), we have in general the following lower bound
for the total energy, which we shall call the Kohn-Sham SCE energy:

Ey > Fxssce := inf {Wp] + T[p] + Escelp]}- (2.15)
pEIN

The advantage of the preceding manipulations is that now each term in this infimum
can be computed. Specifically, Wp] is trivial to compute, T'[p] is defined in terms of a
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non-interacting many-body problem (i.e., a problem with Hamiltonian only quadratic
in the creation and annihilation operators), for which an exact solution can be ob-
tained via the diagonalization of ¢ [77]|. Finally, as we shall see below the SCE term
(and its gradient) can be computed in terms of a MMOT problem (and its dual). Thus
in principle, it would be possible to take gradient descent approach for computing the
infimum in the definition (2.15) of Exs.scE-

2.2.1 The Kohn-Sham SCE equations

In practice, to compute the Kohn-Sham SCE energy we will instead adopt the self-
consistent field (SCF) iteration as is common practice in Kohn-Sham DFT. It can be
readily checked that Eg.[p] is convex with respect to p. By the convexity of W{p],
T|p|, and FEye[p], the expression in Eq. (2.15) admits a minimizer, which is unique
unless the functional fails to be strictly convex. We assume that the solution is
unique and FEg.[p] is differentiable for simplicity, and we derive nonlinear fixed-point
equations satisfied by the minimizer as follows.

For suitable p, define the SCE potential via

Usce[p] = VPESce[p]7 . (216>

and we will discuss how to compute this gradient later. Now assume that the (unique)
infimum in Eq. (2.15) is obtained at p*, which is then in particular a critical point of
the expression

Wlpl + T[p] + Escelp)- (2.17)

But then p* is also a critical point of the expression obtained by replacing Fg..[p] with
its expansion up to first order about p*, which is (modulo a constant term that does
not affect criticality)

Glp] = Wlpl + Tlp] + vsce[p™] - p = T'[p] + (W + vsce[p*]) - p. (2.18)

Hence - means the inner product, and we are motivated to try to minimize G[p] over
p € Jn. But we can write

G[p] = inf 1/J|th aaq|1/1>

[Y)—p

where
hlp] := t + diag(w + vsce[p])-

Here diag(-) is a diagonal matrix. Then

inf Glp] = inf 1/)| Z hpglp*labiy |¢) .

pPEIN [Y)EF = ()=, (| N|p)=
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The latter infimum is a ground-state problem for a non-interacting Hamiltonian and
is obtained [77| at a so-called Slater determinant of the form

W)y =él ¢l 10). (2.19)

Here the CL are ‘canonically transformed’ creation operators defined by
ch=>"dlom, (2.20)
P

where ® = [p1 - pn] = [pp] € C*V is a matrix whose columns are the N lowest

eigenvectors of h[p*]. We assume the eigenvectors form an orthonormal set, i.e. ®*® =
IN.

Moreover, one may directly compute that the electron density of |1)) as defined in
Eq. (2.19) is given by

= (Ylnp¢) = Z|90pk| (2.21)

i.e., p = diag(®P*). Hence the optimizer p* of Eq. (2.15) solves the Kohn-Sham SCE
equations:

(t + diag(w + vsee|p]))or = xor, k=1,...,N. (2.22)

p = diag(®P*). '
Here (eg, ¢r) are understood to be the N lowest (orthonormal) eigenpairs of the
matrix in the first line of Eq. (2.22).

Eq. (2.22) is a nonlinear eigenvalue problem and should be solved self-consistently.
The standard iterative procedure for this task Works as follows. (1) For the k-th
iterate p*), form the matrix h[p*], and compute ®*) by solving the corresponding
ergenproblem. (2) Define p**V := diag(®®d®*)*)  (3) Tterate until convergence,
possibly using mixing schemes [3, 87, 64| to ensure or accelerate convergence.

Once self-consistency is reached, the total energy can be recovered by the relation

N

Exssce = Z €k — UscelP] - P* + Escelp]s (2.23)
k=1

as can be observed by adding back to G[p*] the constant term discarded between
equations (2.17) and (2.18).
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2.2.2 The SCE energy and potential

The problem is then reduced to the computation of Fy.[p] and its gradient vgee|p].
To this end, let us rewrite

= inf g E UpaSpSal(S1,. .., 8

[¥)—p S1,.-,SL, e qlw ' >| (224)
= inf E E Upg S S1,.--,8L),

nel(p) = < pa a1 51)

where I1(p) is the space of joint probability mass functions on {0, 1}%. The 1-marginals
(1)

iy~ are defined in terms of p via

pD(sp) = > plsi,...,s), (2.25)

1,50 \{sp}

and they satisfy
:ug(Jl)(s) = (1 - Pp)550 + pp5817 § = O; 1. (226)
(1)

Considering the py, ’ alternately as vectors, we also write (by some abuse of notation)

p) =1 = pppp) " (2.27)

Note that the last line of Eq. (2.24) is obtained by considering |¢)(sy,...,sr)|? as a
classical probability density u(sy,...,sz) € II(p). (The marginal condition derives
from the condition |¥) — p.)

Define the cost function C': {0,1}* — R by

C(s1,...,80) = vaqspsq. (2.28)

Then our SCE energy may be written

Ewelpl = inf >~ C(sy,....s0)p(s1,...,sp) = inf (C,p), (2.29)

rell(p)

where the angle bracket notation is introduced to indicate the suggested inner product,
i.e., the inner product of L2({0, 1}*). This is precisely the form of a MMOT problem,
namely, minimization of a linear functional of a joint probability measure subject to
constraints on all of the marginals of the measure [80]. Note that the dimension of
the feasible space for this problem is exponential in L, rendering infeasible any direct
approach based on the formulation as a general MMOT, at least for L of moderate
size.
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Nonetheless, we remark that in this exact formulation, V,Es.[p] is the derivative
of the optimal value of a convex optimization problem (in particular, a linear program)
with respect to a variation of it constraints. This quantity can be obtained in terms
of the variables dual to the varied constraints [17]. In the setting of MMOT, these
dual variables are known as the Kantorovich potentials [104]. We will discuss the
duality theory of our SDP relaxations in detail later on.

Despite the fact that it is possible to formulate our problem as a general MMOT
problem, doing so loses the important structure of our pairwise cost. To wit, recall
that the diagonal entries of v are set to zero, C' can be written

C(s1y...,81) = vaqspsq =: ZC’pq(sp, Sq)-

P#q P#q

Hence the sum can be taken over p # ¢. Accordingly, the objective function of (2.24)
can be written as
Egelp] = inf 3 (Cyg p13y), (2.30)

g
rell(p) e

where angle brackets are now used to indicate the suggested inner product, i.e., that
of L?({0,1}?), and where the 2-marginals ,uz(,zq) are defined implicitly in terms of u by
marginalizing out all components other than p, q, i.e., by

'uz(ﬂ?(spv Sq) 1= Z p(s15 .-, 8L) (2.31)

815,50 \{Sp,Sq}

Later we also identify pﬁ) with the 2 x 2 matrix

Hpq = (2) (2) ) ( . )
Hpq (17 0) Hpq (L 1)

and we do likewise for Cp,. Using the matrix notation (and the symmetry of C,,), it
follows that
Eyolp] = inf Tr[Cpu?)], (2.33)

I Pq
peIl(p) oyt

where “Tr’ indicates the matrix trace.

At first glance, it might seem that one may achieve a significant reduction of
complexity by directly changing the optimization variable in Eq. (2.30) from p to
{,ul(;%]) zﬁ 4—1- However, extra constraints would then need to be enforced in order to
relate the different 2-marginals; i.e., the two-marginals must be jointly representable
in the sense that all of them could simultaneously be yielded from a single joint

probability measure on {0, 1}%.
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3 Convex relaxation

In this section, we show that a relaxation of the representability condition implicit
in Eq. (2.30) allows us to formulate a tractable optimization problem in terms of the

{,u;zq)}i =1 alone. In fact, this optimization problem will be a semidefinite program
(SDP).

3.1 Primal problem

We now derive certain necessary constraints satisfied by 2-marginals { ,upq L -1 that
are obtained from a probability measure p on {0, 1}*. In the following we adopt the
notation

s=(s1,...,s1) € {0,1}*.

Then for any such s, let eg : {0,1}% — R be the Dirac probability mass function on
{0, 1}* localized at s, i.e.,
es(s’) = 55’5/.

Note that we can also write es as an L-tensor, i.e., an element of R?*2X*2 via
6S2651®"'®65L7

where we adopt the (zero-indexing) convention eq = [1,0]", e; = [0,1]".

Any probability measure on {0, 1}¥ can be written as a convex combination of the
es since they are the extreme points of the set of probability measures; in particular
we can write a probability density p € II(p) as

= Zases, where Zas =1, ag > 0. (3.1)

S

From the definitions of the 1- and 2-marginals (2.25), (2.31), it follows that
Z as €s,, upq Z as €, ® €5, = Z g espe;rq. (3.2)

Now define
M({as}) = Zas | fed el (3.3)

Then by Eq. (3.2), M is the matrix of 2 x 2 blocks M, given by

{diag(ufa”), p=q,

M 2
15, p#q.

pq —

251



Accordingly we write M = (M,,) € RCD*CL Then let C = (C,,) € REL*CL) he
the matrix of the 2 x 2 blocks C,, defined above, which specifies the pairwise cost on
each pair of marginals'®. Observe that the value of the objective function of Eq. (2.33)
can in fact be rewritten as

> Tr[Cpepl)] = Tr[CM).
P#q

Then the MMOT problem Eq. (2.33) can be equivalently rephrased as

Esolp] = minimize Tr(CM)
MGR(2L)X(2L), {as}sE{O,l}L
€s,
subject to M = Z Qs leg --eq, ], (3.5)
S eSL

M,, = diag(p(V) forall p=1,...,L,
Zas =1, as>0 forall se {01}~

s

Note that in our application to SCE, we have fixed

1 _
) _ Pp
o [ Pp ]

in advance, i.e., ,uj(ol) is mot an optimization variable.

At this point, our reformulation of the problem has not alleviated its exponential
complexity; indeed, note that {as}seqo 1)z is a vector of size 2&. However, the reformu-
lation does suggest a way to reduce the complexity by accepting some approximation.
In fact, we will omit {as}scqo 132 entirely from the optimization, retaining only M as
an optimization variable and enforcing several necessary constraints on M that are
satisfied by the solution of the exact problem.

First, note from the constraint (3.5) that M is both entry-wise nonnegative (writ-
ten M > 0) and positive semidefinite (written M > 0). Second, the fact that the
l-marginals can be written in terms of the 2-marginals imposes additional local con-
sistency constraints on M. Indeed, with 1, € R? denoting the vector of all ones, we
can write

ety =i, p#q, (3.6)
from which it follows that
Mpq12: [1;pp:| ’ p7q:17"‘7L' (37)
p

18Without loss of generality, one can assume C,, = 0.
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Then we obtain the relaxation

Euolp] > E[p] := minimize  Tr(CM) (3.8)

sce MeR((RL)x(2L)
subject to M = 0,
My, >0 forall p,g=1,...,L (p#q),

M 12 = (1 fOI' all P, q 1’ (p 7£ Q)a
M,, = dlag( V) forall p=1,...,L.

(1) +

Again, pp,’ is not an optimization variable. It is actually helpful to reformulate the
primal 2-marginal SDP (3.8) as

E5%P[p] =  minimize  Tr(CM) (3.9)

MER<2L)X(2L)

subject to M =0, (3.10)

M, >Oforallp,q:1 L (p<q), (3.11)

M, 12—,up for all p,¢g=1,...,L (p <q),(3.12)

MT12: ) forall pg=1,....L (p <q),(3.13)

M,, = dlag( V) forall p=1,...,L. (3.14)

Note that this formulation is equivalent to (3.8), given the symmetry of M (implicit
in the notation M > 0). However, the new formulation removes a few redundant
constraints and will help us derive a more intuitive dual problem. The problem (3.9)
will be referred to as the primal 2-marginal SDP, or the primal problem for short.
Note that the optimal value of the primal problem is in fact attained because the
constraints (3.10)-(3.14) define a compact feasible set.

Reflecting back on the derivation, we caution that replacing Fy.[p] with ESP[p]
comes at a price. Since we only enforce certain necessary conditions on M, the 2-
marginals that we recover from M may not in fact be the 2-marginals of a joint
probability measure on {0,1}~. Thus E5%[p] should in general only be expected to
be a lower-bound to Fy..[p], though we will see that the error is often small in practice.

3.2 Dual problem

As detailed in Section 2.2.1, in order to implement the SCF for Kohn-Sham SCE
it is necessary to compute V,Eg.[p]. After replacing the density functional Fy|p]
with the efficient approximation E5IP[p], the same derivation motivates us to compute

V ,E5%p]. This quantity can obtained by examining the convex duality of our primal

2-marginal SDP.

We let Y > 0 be the variable dual to the constraint (3.10), Z,, > 0 be dual to
(3.11), ¢y be dual to (3.12), 1), be dual to (3.13), and finally let X, be dual to (3.14).
Note that Z,, € R**? and ¢,,, 1, € R? for each p < ¢, and X, € R?*? for each p.
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Then our formal Lagrangian is of the form

L (M Y { pg> ¢Pq? ¢pq}p<q7 {Xp}) )

where the domains of M is the set of symmetric 2L x 2L matrices (equivalently, it
is convenient to think of M as depending only on its upper-block-triangular part),
and the dual variables are as specified above (i.e., only Y > 0 and Z,, > 0 are
constrained), and more specifically we have (omitting the arguments of £ from the
notation)

L = T (CM)—Te(Y M) (3.15)
- 22 Tr ZT pq + ¢pq ( gl2 — qu()l)) + ¢I;|:1 (MI;ZIQ - “511))}
p<q

- ZTr [M,, — diag(u ())]).

It is helpful to realize the identities

GpgMpgla = Tr (My[Lag)]) . g M1y = Tr (Myg[th15]) -

Then, recognizing that C' = CT and Y = Y (so that C), = Cg, and Y, = Yg,),
minimization over M of the Lagrangian (3.15) yields the dual problem

.. T 1 T 1
By 2T i) 23 (o + )
subject to Y =0,
Zpy > 0 for p <gq, (3.16)
Coq — Yog — Zpg — dpgly — Loty =0 for p < ¢,(3.17)
Cop — Ypp — X, =0. (3.18)

Observe that the variables Z,, can be removed by combining constraints (3.16) and
(3.17) to yield

Cpq = Ypg — ¢pq1;— - 12770;1 > 0.
Moreover, X, can be removed simply by substituting X, = —Y},, into the objective
function (recall that C,, = 0). These reductions yield

maximize 22 Gpq - u(l) + g - u(l) Z (s,s) pg) (s) (3.19)
Y, {¢Pquwpq}p<q

p<q
subject to Y =0, (3.20)
bpqly + Loth), < Cpy — Yy for p < q. (3.21)

Here we think of Y,,(s,s) as the (s,s) entry of the 2 x 2 matrix Y,,, and likewise

,uz(,l)(s) is the s-th entry of ,u;(,l).
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The dual problem may be interpreted as follows. Observe that for Y fixed (e.g.,
fixed to its optimal value), the maximization problem decouples into a set of indepen-
dent maximization problems for each pair of marginals. We think of 6’pq = Cpy — Yy
as defining an effective cost function for each pair of marginals. Then the decoupled

problem for a pair p < ¢ is exactly the Kantorovich dual problem in standard (i.e., not

multl marginal) optimal transport, specified by cost function C’pq and marginals 1y ),

[104]. In other words, after fixing Y, our problem decouples into independent
standard optimal transport problems for each pair of marginals. Nonetheless, these
problems are in turn themselves coupled via the optimization over Y > 0.

Recall that we wanted to compute V,E5P[p]. Assuming that strong duality holds,

as shall be established later, the optimal value of the dual problem (3.19) is in fact
as being dfacf?ined in terms of p.) Hence we can compute derivatives by evaluating
the gradient of the objective function (3.19) with respect to p at the optimizer
(Y, {dpgs Upgtpzq)- (If the optimizer is not unique, then in general we will get a
subgradient [91].)

To carry out this program, first note that - uél) = §,r[—1,1]7. Therefore the
partial derivative of the objective function (3.19) with respect to p, yields

equal to E2[p]. (Recall that here we think of the 1-marginals p" = [1 — Pps Pl "

aE:;tP
—22% = Grg(0)] +2 ) [Wpr(1) = U (0)] = [V (1, 1) = Y, (0,0)].

q>r p<r

If one extends the definition of ¢,,, ¥p, to p > ¢ via the stipulation ¢,, = 1y, then
one has
OB (0]

sce

s = D l0n(1) = 0ry(0)] = (1, 1) = ¥, (0,0))

DPFT

3.3 Strong duality and dual attainment

In order to faithfully compute the SCE energy and potential via the dual prob-
lem (3.19), we need to verify that the dual problem satisfies strong duality, i.e.,
that the duality gap defined by the difference between the infimum of Eq. (3.9) and
the supremum of Eq. (3.19) is zero. In fact, since the domain of the primal problem is
compact, Sion’s minimax theorem [51] immediately guarantees that the duality gap
is zero. We state this result as a lemma:

Lemma 1. The primal and dual problems (3.9) and (3.19), respectively, have the
same (finite) optimal value.

However, in order to compute the SCE potential, we actually require not only that
the duality gap is zero, but also that the supremum in the dual problem is attained.
One might hope to verify Slater’s condition [17]|, which provides a standard method
for verifying both strong duality and such ‘dual attainment’ simultaneously.
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The trouble is that Slater’s condition requires the existence of a feasible interior
point M, i.e., a point M satisfying M > 0 and M,, > 0 for all p # ¢. This scenario
is in fact impossible since for example the vector

(17 -1 0 --- 0] eR* (3.22)

lies in the null space of any feasible M, hence M > 0 never holds for feasible M.
Instead of using Slater’s condition, we will prove dual attainment via a very careful
study of the structure of the dual problem.

Theorem 2. The optimal value of the dual 2-marginal SDP (3.19) is attained. By
Lemma 1, this optimal value is equal to the optimal value of the primal 2-marginal
SDP (3.9).

Proof. Without loss of generality we assume
O<p,<1l, p=1,...,L. (3.23)

To see why this assumption can be made, observe that if p, € {0,1} for some p,
then attainment for the dual problem (3.19) can be reduced to attainment for a
strictly smaller dual 2-marginal SDP. We leave further details of such a reduction to
the reader.) Also, for later reference, we let F'(Y, {¢pq, Upg}p<q) denote the objective
function (3.19), and we let D denote the feasible domain defined by the constraints
(3.20), (3.21).

Now to get started, observe that if we fix Y > 0 and view (3.19) as an optimization
problem over {¢,,, V¥pq }p<q Only, the resulting problem is in fact a linear program. Let
us call this the Y-program, more specifically:

maximize 237 (6 s+ V1) = D Vo5, )18, (5)
D,S

{¢pq7wpq}p<q p<q

subject to qﬁpql; -+ 12%2 < Cpy — Yy, for p <q.

In fact we may consider the Y-program for any matrix Y, and this will slightly
simplify some discussion later. Observe that each Y-program is feasible, and the
optimal values f(Y) of all Y-programs are finite. Since they are linear programs, this
means that the optimal values of the Y-programs can be attained. Thus for each Y,
there exist ¢ (Y), 15, (Y) for p < ¢ which optimize the Y-program, i.e., attain the
value f(Y). By construction f(Y') is concave, hence continuous, in Y.

Now let dy = f(0), so d* > dy, where d* is the optimal value of the dual problem

(3.19). Hence the feasible set of (3.19) could be refined to S N D, where
S:={Y =0: f(Y)>do},

without altering the optimal value. Now if S were compact, then the lemma would
follow. To see this, note that since d* < oo (which follows from weak duality), we
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could take an optimizing sequence (Y ¥, {(bpq ,wp];) }p<q) for (3.19), where Y®) € SND.
Then by compactness we could find a subsequence of Y*) converging to some Y*.
By the continuity of f, then f(Y*) = d*. Then it would follow that the optimum is
attained at the point (Y™, {¢5 (Y™*), 05, (Y™)}p<q)-

Unfortunately, S is not compact, but we will find a further constraint that does
yield a compact feasible set without altering the optimal value. Then the preceding
argument will complete the proof.

To further constrain the feasible set, we will observe a transformation of Y that
preserves the value of f(Y), then ‘mod out’ by this transformation. To this end, first
note that via the discussion of Kantorovich duality following (3.19) we can in fact
write

L
ZTr ppdiag( :“p "" Z OTpg(Cpq — Yy,
pg=1
where OT,,(A) is the optlmal cost of the standard optimal transport problem with

cost matrix A and marginals ,ul(,l), u(gl).

Then let P € RCD*(=1) be defined by

-1,
-1, 1,
P = -1, . , (3.24)
1,
I —15]
and let its columns be denoted P; for : = 1,..., L — 1. Then we claim that
fY)=f(Y +Pv" +vB) (3.25)
for any Y, v € R?!, and any i = 1,..., L — 1. To prove this, write
v = [U;...U;]T,
where v, € R? for ¢ = 1,..., L. Then observe that, via the discussion of Kantorovich

duality following the statement (3.19) of the dual problem, we can in fact write

fY) Z Tr Yppdlag( (1) + 2 Z OTp4(Coq — Ypq),

p=1 p<q

where OT,,(A) is the optimal cost of the standard optimal transport problem with
cost matrix A and marginals p, ), ,u(l).

Then compute

L
FOC+PoT) = = 30T [Ypdiag ()] — Tr | 130/ diag(u{")

p=1
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+ Tr [12v;1diag(ugfl)} + 2 Z OT,y(Cpg — Yig)
p<q,p¢{ii+1}

L
+ 2 Z OTzq(qu - Yz - 121};)

q=1+1
L

+ 2 Z OT11,4(Cig1,q — Yigr,4 + 121);)-

q=i+2
Now

Tr 1ov; diag(uﬁ-l))} = v, Tr | ool diag(u))| = vi - pi)s

and moreover it is not hard to see that
OT,y(A+ Loa") = OTyy(A) + 2 - )

for any A € R?*2 z € R?, hence

L
FY 4+ PoT) = =" Tr [Vydiag(ud)] — v " +via - )
p=1
L L
+ 2ZOqu(Cpq — Ypo) — 2 Z Yq - Mle) +2 Z Uq - ’u((11)
p<q g=i+1 q=i+2

1 1
= FO) = v = v

Similarly

L
FOY +0PT) = =3 T [Yydiag(ul)] - Tr |v1] diag(")|

p=1

+ T o1 diag(u)] 42 Y0 OTy(Chy — V)
p<a @ lii+1}
i—1
+2) OTy(Chi — Yy — 115

p=1

+2) 0T, 1 (Cpitr — Ypip1 +0pl5)
p=1

1 1
= fY)+u- ,uz(* ) v - /éﬁ-

Since the identities

FO 4+ Py = FV) = v = v pihs FOH0BT) = fO) e v )
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hold for arbitrary Y, the claim Eq. (3.25) is proven.
Then from Eq. (3.25) it follows that

fY)=f(Y +PB+B'PT) (3.26)

for arbitrary B € RE-1*CL),
Now let Q € RCL*(I+1) be defined by

w1 0 0 Wo
_ |0 w P 11 1
Q_ : ) wn _5 |:_1:|7 w2_§127
0 e Wi Wo

and observe that () is chosen so that each column of () is orthogonal to each column of
P. Moreover P and @ both have full rank, so it follows that R := [Q, P] is invertible.
Then for fixed Y, consider

Y otup [ QYQ QTYP
Y_RYR_(PTYQ PTYP )

We aim to choose B such that

. R 0 0 0 Q"BTPTP
RA(PB+B PR = ( PTPBQ PTPBP ) * ( 0 PTBTPTP

cancels Y on all but the top-left block. Using QTP = 0 (and PTQ = 0), one can
readily check that such a choice is given by

—_B = (PTP)flffm(QTQ)leT + %(PTP>1}“/22(PTP>1PT_

By the identity (3.26), it follows that we can further restrict the feasible set by
intersecting with

S = {Y . R'"YR = ( 3 8 ) =0, f(Y)> do}. (3.27)

In fact S’ is compact, and the proof is complete pending the proof of this claim, to
which we now turn.
Observe that for (Y, {¢pg, ¥pq}p<q) feasible, we may multiply Eq. (3.21) from the

left by (,u,(gl))T and from the right by u,(ll) to obtain

Cbpq ) Mél) + 7»qu ) Nél) < (N;(Jl))T[Cpq - Y;WJ] (#((]1))
= (uél))T[Cpq - qu]T (,u;(gl))



= T (G = Yl ) (1))

By substituting this inequality into the objective function F(Y, {¢pg, ¥pgtp<q) as de-
fined in (3.19), we see that

F(Y,{bpg, Ypg}p<q) < Tr(CM) — Tr(Y M).

for (Y, {¢pq: ¥pq tp<q) feasible, where

a,, o ddiae(m’).  p=g
" () (), p#4

It follows then that
FY) < Tr(CM) — Te(Y M).

In fact M can be written M = Q]T/[/ Q' where M = 0. This can be verified directly
by taking

M=|_1[p - po 1+diag([1—pF --- 1—=p7 0]),

with
pp=1—2p, p=1...,L.
Note that M = 0 by the assumption (3.23). Hence

FOY) <Te(CM) — Tr(QTYQM).

Now since M = 0, there exists a scalar K > 0 such that if Y = 0 and Q'Y Q £ K,
then f(Y) < do. But Q'Y Q is the upper-left block of RTY R, so it follows from the
definition (3.27) of S’ that that

S/c{Y:RTYR:(g1 8),05,451(},

from which it follows that S’ is compact, and the proof is complete. n

Remark 3. Note that the proof of Theorem 2 guarantees that the domain of the
dual problem (3.19) can be restricted to Y of the form ¥ = QYQ', yielding a
‘reduced’ dual problem in which Y replaces Y as an optimization variable. In fact,
one can also verify directly that any M feasible for the primal problem (3.9) satisfies
MP = 0, hence the domain of the primal problem can be restricted to M of the form
M = QMQT, likewise yielding a reduced primal problem.
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But despite this apparent symmetry, the latter observation need not imply the
former in a more general SDP setting, and the arguments given in the proof of The-
orem 2, which use more of the specific structure of our problem, do appear to be
necessary to the proof of dual attainment for this problem.

Moreover, observe with caution that the dual of such a reduced primal problem
is not the reduced dual problem!

4 Tighter lower bound via 3-marginals

In this section, we further tighten the convex relaxation proposed in Section 3 with a
formulation that additionally involves the 3-marginals.

One defines the 3-marginals u,(j])r (for p,q,r, distinct) induced by a probability
measure g on {0, 1}F via

(3)

upqr(spvswsr) = Z M(Sla" '7SL)‘ (41)

817"'7SL\{SP75(I787'}

There is no 3-marginal analog known to us of the semidefinite constraint that can
be enforced using the 2-marginals. However, we can nonetheless use the 3-marginals
to enforce additional necessary local consistency constraints. Indeed, the 2-marginals
can themselves be written in terms of the 3-marginals via

:upq 81’7 Sq Z :U’pqr SP’ Sqa ST) (42)

Accordingly, we will include K = {K,, } for distinct p, ¢, as optimization vari-
ables for the 3-marginals. Note that based on Eq. (4.1) we can enforce that K is
symmetric, by which we mean that

Kpgr(8ps 8¢5 8¢) = Kop)o(g)o(r) (Sa(p) 1 So(q)s Scr(r))

for any permutation o on the letters {p,q,r}. If we were to extend K, by zeros
to p,q,r not distinct, then we could think of K € RELXCLXCRL) a5 a symmetric
3-tensor, with (p,q,r)-th 2 x 2 x 2 block given by K,,. In principle the imposition
of symmetry removes some redundancy in the specification of K.

Then we arrive at the following 3-marginal SDP:

minimize Tr(CM) (4.3)
]\/‘[E]R(QL)X(QL)7 KcR((2L)x(2L)x(2L)
subject to M > 0,

My, >0 for p # q,
Mygly = piV forp%q,
M,, = dlag( V) for all p,
K >0, K symmetric,
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M, sp,sq E pgr sp,sq,sr) for p, ¢, r distinct.

Note that the blocks K, for p, g, not distinct are superfluous and can be discarded
in an efficient optimization.

For simplicity, we omit discussion of the duality of (4.3). Since only linear con-
straints have been added, most of the interesting features from the mathematical
viewpoint have already been discussed above. Indeed, as in Section 3.2, we may de-
rive the dual of the 3-marginal problem (4.3), and we may certify as in Section 3.3
that the 3-marginal problem satisfies strong duality and dual attainment.

5 General MMOT with pairwise cost

As has been suggested both explicitly and via the notation, almost all of our discussion
of relaxation methods for MMOT can be applied to general MMOT problems with
pairwise cost functions. The main caveat is that specific references to the fact that the
1-marginal state space has two elements should be suitably generalized. For clarity, we
now recapitulate our methods for the general MMO'T problem with pairwise cost. The
reader interested in general MMOT should still see the earlier sections for derivations,
discussions, and proofs. Here we only summarize the methods.

We will consider a problem with L marginals, written ,ul(,l) forp=1,..., L. These
quantities are fixed in advance and never varied in the following discussion. We let
N, be the size of the state space of the p-th marginal, so u,(}) is a probability vector
of length N,. Note that the marginals need not all have the same state space, i.e.,
N, can depend on p. We write the p-th state space as &}, := {1,...,N,}. Then the
joint state space is given by X := H;;:l », and we write Prp for the p-th projection
X — X,. Suppose that we are given a pairwise cost function C,, € R"*Na for each
pair p # ¢ of marginals. (Without loss of generality we assume C,, = 0.) Then we
consider the problem

Ir%in Z Z Cpq(spy sg)pe(s1, ..., s1), s.t. (Prp)#,u:,uél), p=1,...,L.
Hep(x )sl, ,SL)EX Pyg=1

(5.1)
Here p : X — R can be thought of as an L-tensor whose p-th index ranges from
1,...,N,. Again, the objective function of such a MMOT problem can be rephrased
in terms of the 2-marginals:

L
min Tr(Cpqul(f])), s.t. (Pr,)#u = uél), p=1,...,L, (5.2)

HEP() p#q

where the 2-marginals ,ul(fq) are here implicitly defined in terms of the optimization
variable .
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Then we introduce the 2-marginal primal SDP

minimize  Tr(CM) (5.3)

M eRNtot X Ntot

subject to M = 0,
My, >0 forall pg=1,...,L (p%q),
My, = pl (1) forallpq—l L (p#q),
M, = dlag( ) for all p=1,. ,L

Here Ny, = Zﬁzl N, and 1; denotes the vector of ones of length k. The dual of
(5.3) is given by

maximize 22 (dpq - u(l) + Ypq - u(l) Z (s,$) M;l) s) (5.4)

Y, {bpq,¥pq}r<q p<q
subject to Y =0,
Qﬁpql}q + ]-prl—l);] < Cpg = Yy for p<g.

In (5.4) is it understood that Y € RNwt:*Net and moreover ¢,, € R™?, ¢, € RNa.
By generalizing the discussion of Theorem 2, we have strong duality for the 2-
marginal SDP, hence the optimal values of (5.3) and (5.4) are equal, and moreover
the dual problem admits a maximizer. (The primal problem admits a maximizer
trivially because the feasible set is compact.)
Finally, we turn to the 3-marginal primal SDP

minimize Tr(CM) (5.5)
MeRNtot X Not | K cRNtot X Ntot X Ntot
subject to M » 0,

M,, > 0 for p #q,

Myly, = i) for p # .

My, = diag(j, (DY for all p,

K >0, K symmetric,

Moy (Sp, Sq) = ZKPQT(SP’ Sq, Sr) for p, g, rdistinct.

Sr

For simplicity we omit the concrete formulation of the corresponding dual problem,
but we note that strong duality and dual attainment can be proved by methods similar
to those applied in the 2-marginal case.

6 Numerical results

In this section, we numerically demonstrate the effectiveness of the proposed methods
on model problems of strongly correlated fermionic systems.

263



6.1 One-dimensional spinless model

Here we consider a 1D spinless Hubbard-like model defined by the Hamiltonian of
Eq. (2.6), in which we take

1 if |CZ p| =1,
tog = 6.1
e {0 otherwise (6.1)

and consider two different cases of v, with next-nearest neighbor (NN) interaction,

U2 iflg—pl=1,
Upg = U/40 if |¢ —p| = 2, (6.2)

0 otherwise
and next-next-nearest neighbor interaction (NNNN)

vu/2  iflg—pl=1,

U/20 if jg—p| =2
Uy — / ?!q pl=2, (63
U/200 if |¢ —p| =3,

0 otherwise.

The reason why we omit the obvious scenario of the nearest neighbor (NN) interaction
is that in such a case, we find that our convex relaxation becomes numerically exact
and hence we consider the case to be not representative. We do not have a proof yet
to explain why our convex relaxation scheme can be numerically exact.

We will compare the Kohn-Sham SCE energies yielded by our methods with one
another, as well as with the exact ground-state energy (2.7), which is computed via
exact diagonalization (ED) in the OpenFermion [72] software package. The MMOT
problems arising in Kohn-Sham SCE and their SDP relaxations are solved in MATLAB
with the CVX software package [39].

We refer to the exact self-consistent Kohn-Sham SCE solution obtained by solving
the original linear programming (LP) problem for MMOT as the ‘LP’ solution. Hence
the tightness of the Kohn-Sham SCE lower bound (2.15) itself can be evaluated by
comparing the exact energy with the LP energy, while the tightness of our SDP
relazations of the relevant MMOT problems (which, in turn, yield lower bounds for
the Kohn-Sham SCE energy) can be evaluated by comparing the LP energy with the
2- and 3-marginal SDP energies. We refer to these two sources of error, respectively,
as the ‘Kohn-Sham SCE model error’ and the ‘error due to relaxation.’

In Figs. 33(a) and 34(a), we plot E/U with respect to U for v as in Egs. (6.2) and
(6.3), respectively. In these experiments, L = 14 and N = 9. The energy differences
of the Kohn-Sham SCE solutions from the exact energy are plotted in Figs. 33(b) and
34(b). It is confirmed numerically that the LP energy lower-bounds the exact energy,
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and in turn the SDP energies lower-bound the LP energy. While the 3-marginal SDP
lower bound is noticeably tighter than the 2-marginal SDP lower bound, the error
due to relaxation is dominated by the Kohn-Sham SCE model error in both cases.

Since the effective potential is of interest in Kohn-Sham DFT, in Fig. 35 we plot
the SCE potential (2.16) at self-consistency in the case of v as in Eq. (6.3). It can
be seen that the 3-marginal SDP performs better than the 2-marginal SDP in this
regard, as one might expect. (However, note carefully that although it is guaranteed a
priori that the 3-marginal SDP provides a lower bound on the energy that is at least
as tight as that of the 2-marginal SDP, no such comparison is theoretically guaranteed
in advance for the effective potential.)

To study the scaling of energy in the thermodynamic limit L — oo, in Fig 36(a),
we plot E'/U as a function of L by fixing U = 5 and a filling factor of N/L = 2/3.
In Fig 36(b), we plot the total runtime of our methods on a MacBook Pro with a
2.3GHz Core I5 CPU and 16GB of memory.

4 06 : :
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Figure 33: Spinless 1D fermionic lattice model with v as in Eq. (6.2), L = 14,
N =9. (a) E/U as a function of U. (b) Difference between the exact energy and the
Kohn-Sham SCE energies obtained from the unrelaxed LP and the SDP relaxations.

6.2 Two-dimensional spinful model

We consider a 2D generalized Hubbard type model defined by the Hamiltonian

L-1

7 S S

H=- E E (a¢+1,j;oai,j;a T 04 jy1,00i5:0 + hc.
bi=loe{t,l}

(6.4)
L L-1
HU DY gy + VO (g iy + fijaaiig)
1,j=1 4,j=1
Here 7, ; := N+ + Mij, . As discussed in section 2, although the creation and

annihilation operators in Eq. (6.4) involve two spatial indices and one spin index, one
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N =9. (a) E/U as a function of U. (b) Difference between the exact energy and the

Kohn-Sham SCE energies obtained from the unrelaxed LP and the SDP relaxations.
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Figure 35: The effective potential for the spinless 1D fermionic lattice model with
vasin Eq. (6.3), U =5, L = 14, N = 9. The relative ¢? errors for the 2- and

3-marginal formulations (compared to the unrelaxed LP formulation) are 1.2 x 1072

and 2.7 x 1073, respectively.

may of course order the operators with a single index by defining

bG-1p+i = Qigty  bG-1)Ltivre = Qigyl-
The new creation operators are fixed as the Hermitian adjoints of these new annihila-
tion operators. The term associated with U is the on-site electron-electron interaction,
while V' specifies the nearest-neighbor electron-electron interaction. In the standard
Hubbard model, we have V' = 0. (However, in the case V' = 0, the MMOT problem
arising in the SCE framework becomes a trivial problem, since the interaction terms
associated with different sites are decoupled.) Fig. 37 shows the energies for the gen-
eralized Hubbard model on a 3 x 3 lattice, with V' = 0.05 U and U ranging from 1.0 to
19.0. The number N of electrons is set to be 12. Here energies are obtained from the
exact solution, the exact Kohn-Sham SCE solution obtained by linear programming
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Figure 37: Spinful 3 x 3 Hubbard model with N = 12.

(LP), and the approximate Kohn-Sham SCE solution obtained via the 2-marginal
SDP relaxation. We find that the Kohn-Sham SCE formulation becomes asymptot-
ically accurate when U becomes large. Furthermore, the error due to relaxation is
much smaller than the Kohn-Sham SCE model error. Fig. 37(b) further shows that
the energy difference between the LP and 2-marginal SDP solutions is approximately
constant with respect to the on-site interaction strength U.

7 Conclusion
In this Part, we have considered the strictly correlated electron (SCE) limit of a

fermionic quantum many-body system in the second-quantized formalism. To the
extent of our knowledge, the setup of the SCE problem in this setting has not ap-
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peared in the literature. Mathematically, the SCE limit requires the solution of a
multi-marginal optimal transport problem over certain classical probability measures.
We propose a relaxation that enforces constraints on the 2-marginals of these mea-
sures, and the relaxed problem can be solved efficiently via semi-definite programming
(SDP). We prove that the SDP problem satisfies strong duality and moreover that the
dual solution is attained, despite the fact that the primal problem does not possess
a strictly feasible point. We consider a tighter relaxation involving the 3-marginals
and discuss how our methods can be applied to completely general multi-marginal
optimal transport problems with pairwise costs.

The relaxed formulation is not exact and provides only a lower bound to the SCE
energy. Hence it is meaningful to compare the error due to relaxation with the Kohn-
Sham SCE model error, i.e., the disparity between the Kohn-Sham SCE energy and
the exact energy of the solution to the quantum many-body problem. Our numerical
results for various fermionic lattice model problems indicate that the former can be
much smaller than the latter, hence our convex relaxation scheme can be considered
to be effective. On the other hand, as indicated in, e.g., [67], Kohn-Sham SCE is only
the zero-th order approximation to the quantum many-body ground state energy in
the limit of large interaction. Hence the SCE functional and SCE potential should be
considered more properly as an “ingredient” for designing more accurate exchange-
correlation functionals. From such a perspective, just as the exact formulation of SCE
is only a model, it may even be appropriate to consider the relaxed SCE formulation
as a model itself. It can capture certain strong correlation effects and can be solved
efficiently.

One immediate extension of the current work is to include finite-temperature ef-
fects via entropic regularization. In fact, entropic regularization may be relevant
for another reason as well. During our numerical studies, we observed that the self-
consistent iteration for Kohn-Sham SCE (not the convex optimization problem solved
within each iteration) can be difficult to converge. The convergence behavior may de-
pend sensitively on the filling factor, the lattice size, and the form of the interaction.
Such difficulty can arise for both the exact SCE formulation solved via linear pro-
gramming and the relaxed formulations solved by SDP. Preliminary results show that
entropic regularization can help make the loop easier to converge. We are not aware
of any reports of such issues in the literature, and we plan to study such behavior
more systematically in future work.
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Part IX
Variational embedding for quantum
spins and fermions

1 Introduction

In this section we strengthen and broaden the convex relaxation considered earlier
in Part VIII. Recall that in Part VIII, we actually considered a sequence of two
relaxations: the relaxation from the exact problem to exact SCE and the relaxation
of exact SCE to approximate SCE (via relaxation of MMOT'). We referred to the errors
accrued in these two steps as the model error and the relaxation error, respectively.

In this Part we consider a relaxation of the quantum Gibbs variational principle
(for quantum spin systems in addition to fermionic systems) which takes inspiration
from the relaxation of MMOT introduced in Part VIII but acts directly on the exact
variational principle, i.e., there is no analogous ‘model error.” (Moreover, there is
no analogous restriction to ‘generalized Coulomb interactions.”) As such these re-
laxations can be viewed as unrelated to the SCE formalism, though they may be
motivated by our method for SCE.

In addition to providing variational lower bounds for the ground state energies
of quantum ensembles, these relaxations can be viewed as embedding methods in the
spirit of, e.g., the density matrix embedding theory [49] and the dynamical mean-
field theory.!® As far as we know, however, our relaxations are the only variational
quantum embedding methods.

1.1  Outline

Please note that this Part is based on joint work in preparation with Lin Lin. In
section 2, we introduce the variational embedding method for quantum spin systems.
In this section 3, we introduce the analogous method for fermionic systems. In order
to consider this analog, we must generalize our perspective from section 2 to the
setting of star-algebras. In section 4 we show preliminary numerical results for these
methods. We close in section 5 with a discussion of convex duality, which clarifies the
embedding perspective on our methods.

19Gee Part VII for detailed discussion of DMFT.
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2  Quantum spins

2.1 Preliminaries

Let « = 1,..., M index the sites of our model, and for each site i let X; be the
classical state space (discrete, for simplicity). For each site, the quantum state space
is Q; := C%i, and the global quantum state space is

M
Q=) Qi~C",
i=1

where X = sz\i1 X;. Let H; denote a Hermitian operator ¢); — @, and let H;;
denote a Hermitian operator @; ® @); — @; ® Q;. We will use the hatted notation
H; to denote the operator Q@ — Q obtained by tensoring H; by the identity operator
on all sites k # i, and likewise we identify lﬁ[ij with the operator Q@ — Q obtained by
tensoring H;; with the identity on all sites k& ¢ {7, j}. Then we consider a Hamiltonian
H: Q9 — Q9 of the form

Remark 1. We shall introduce several examples of interest in the case X; = {—1,1},
i.e., the case of quantum spin—% systems. To this end, first recall the Pauli matrices:

. (01 s (0 —i . (1 0
=\10) 7 \i o) 72 \o —1)

which, together with the identity I, form a basis for Hermitian operators on C2.
Now let 07/* € H(®,C?) ~ &, H(C2) be obtained by tensoring a copy of ¢*/¥/>
for the i-th site with the identity I on all the other sites. Given a graph structure
on the site indices (with adjacency indicated by ‘~’), we define two model Hamiltoni-
ans of interest—the transverse-field Ising (TFI) Hamiltonian and anti-ferromagnetic
Heisenberg (AFH) Hamiltonian—as follows:

I:[TFI = —hZUf - ZU;ZUJZ', (2.1)

i~vj

Hppn = Z (070} +olo? + o70}] . (2.2)
i
In the TFI Hamiltonian, h € R is a scalar parameter.

We are interested in the computing the ground-state energy
Ey — mf{<c1>|ﬁ|c1>> L |D) € O, (B|d) = 1},

which can be equivalently recast as
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Ey,= inf Tr[H ,
o= Jof [H p]
where D(Q) denotes the set of density operators on Q (i.e., positive semidefinite linear
operators @ — Q of unit trace). Assuming that there exists a unique ground state
|®g), the infimum is attained at p = |®g)(Py|. Now we can write

Eo = inf Tr [Hip:| + Tr[H;ipiil |, 23
’ {pij}i<; EQM,(Q) (Z [ p] Z [ Jpj]> ( )

1<J

where QM,(Q) denotes the set of collections {p;;}i<; of representable quantum two-
marginals, i.e., those collections {p;;} which can be obtained as reduced density op-
erators of a single p € D(Q) via the partial trace, as in

pij = Tra, iyl

where i < 7.

To clarify, here we view p as being equipped with labels 1,..., M for its indices
as P = Pij.ipjrjnrs a0d for any subset S C {1,..., M}, ps = Trg, . myps[p] denotes
the reduced density operator obtained by tracing out the indices contained in S,
with the remaining labels maintained. We comment that the partial trace pg may be
equivalently defined as the unique operator on ), ¢ @); such that Tr [Apg] = Tr[Ap] for

all operators A on ®),c5 Qi (alternatively viewed as operators on Q by tensoring with
the identity). This perspective illustrates the relationship between marginalization
in the quantum spin setting (i.e., computing the partial trace) and the more abstract
notion of marginalization that is necessary for the treatment of fermions in section 3
below.

For convenience, we denote p;; = py; ;1 for ¢ < j as above. It is convenient to then
define p;; for ¢ > j via the stipulation that o;;p;;05 = pji, where o;; : @Q; ® Q; —
Q); ® @Q; is the linear operator defined by 0,;(¢; ® ¢;) = ¢; ® ¢;. Finally, we remark
that the one-marginals p; = Tryy A\ [p] are determined by the two-marginals via
pi = Trg;y[pi;], and this dependence is meant to be understood implicitly in (2.3). We
will occasionally denote p;; := p;.

2.2 Local consistency constraints

Now it is of interest to determine necessary conditions satisfied by collections in
QM,(Q). By enforcing a set of necessary conditions as a proxy for membership in
QM,(Q), we can obtain a lower bound on the ground state energy.

To begin with, the p;; are themselves density operators on Q; ® @, i.e., p;; = 0
with Tr[p;;] = 1. Moreover, we must have Tr;[p;;] = Tr;/[p;;] for all ¢ and j, j* # 4, and
we must have o;p,;0;; = pj. These constraints define the set of locally consistent
quantum two-marginals. Call this set LQM,(Q). In practice we define auxiliary
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variable p; for the one-marginals, constrained to satisfy p; = Tr;[p;;] = Tr;[pj;]. The
constraints Tr[p;;] = 1 for all ¢, j can in fact be enforced by enforcing Tr[p;] = 1 for
all 4, since Tr[p;;] = Tr[Tr;[pi;]]-

Note that the local consistency constraint Tr;[p;;] = p; is equivalent to ensisting
that Tr[Ap;;] = Tr[Ap;] for all operators A on Q; (considered also as operators on
Qi ® Q; by tensoring with the identity). This perspective highlights the connection
to the abstract local consistency constraints appearing in the discussion of fermionic
systems in section 3 below.

2.3 Global semidefinite constraints and the two-marginal SDP

We can derive a further constraint, more global in nature, as follows. Consider oper-
ators O : Q — Q (not necessarily Hermitian) of the form O = 3. O;, where each O;
is a one-body operator on Q, i.e., obtained by tensoring an operator O; on (); with
the identity. Now Ot0 = 0, so

Tr [p OTOA} >0 (2.4)

for any p € D(Q). We will expand the left-hand side to obtain a constraint on the
quantum two-marginals, which can be phrased as a semidefinite matrix constraint.
First compute

0 < Tr [pOATOA}
o0,
= ZTr[pZOO}%—ZTr[pUO ®O}

i#]
Now without loss of generality, we can identify X; with {1,...,m;} where m; = | X;|,
hence we can think of O; as an arbitrary complex matrix O; = (O; i), -1, . We will

use square brackets to indicate entries of an operator as in [O;] = Oukl Note that
the two-marginal p;; is an operator Q; ® Q; — Q; ® Q;, so we denote its ((k,p), (I, q))
entry by [pijlipiq for k,1=1,...,m; and p,q = 1,...,m;. Finally, for i # j, observe
that

0l@0;] = [O1ulOs]
kp,lq
- O*lkO Jpq
Then we expand the ¢ # 7 sum to obtain

ZTI [pij O;r & Oj} = Z i i [pijlig.kp [OZ ® Oj]

kp,l
i#j i#j kl=1pg=1 i
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= ZZ Z Pz] lg,kp zlkOJpq

z;é] k,=1p,q=1

= Z Z Z - z] pz] lg, prZ lkijq

1,j=1 k,l=1p,q=1

Next expand the ¢ sum:

;Tr [piojoi] - Ziz il [O*o]

i k=1 ¢=1

=D 3 3) SN
i k=1 q=1

= Zizpz kozlkalq
i k=1 q=1

_ Z Z Z 01 Pi) gk Ok Oi pq

i k,l=1p,q=1

— Z ZZ: Z 513511, Pi koz lkapq

4,=1k,l=1 p,qg=1

Therefore we have derived

Z Z Z 0550 [pilqr + (1 = 0i5) [Pislig.hp) Ok Ojpg > 0.

1,j=1 k,l=1p,q=1
We can think of O;,, as a vector O € Hf\il Cmixmi ~ CXZ1mE - The choice of such O
was completely arbitrary. Therefore we have proved that the (Zf\il mf) X (Zi\il mf)
matrix G(Q) = G(Q)[{p”}lgj] defined by

2
G = 0i0lpilan + (1= 65) [piiliqp

is positive definite. This matrix can be thought of as a linear operator G
1Y, cmxmi — [TM, €™ (One can readily check that G is Hermitian.) For a
quantum spin system, we have m; = 2 for all 7, so this is a semidefinite constraint on
a (4M) x (4M) matrix, which is (relatively) efficient to enforce.

At last we have derived a semidefinite relaxation, which we shall call the two-
marginal SDP:

E((]Q) = inf (Z Tr [H;pi] + ZTr iiPij > )
{p1]}1<]

{pij}i<;€ELQM,(Q): G i<j
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The relaxation yields the energy lower bound Ey > E(()Q), as well as a minimizer p®
that is expected to approximate the exact two-marginals.
The two-marginal SDP can be written, in expanded form, as

minimize Tr [H;p;| + Tr [Hy; p; o5
{pi}; {pij}i<j ZZ: { p] ; [ Jpj] ( )

subject to  p;; =0, i, 7=1,..., M,
pi = Tegyloils pj=Telpyl, 47 =1,.... M,
Trlp) =1, i=1,..., M,
G{pij}i<s] = 0.
Although there are several ways to write constraints yielding the same feasible set,

the dual SDP is actually influenced by the choice of constraints used to define this
set. The choices made here will yield interesting dual structure, to be explored below.

—~ o~ —~
©O© 00 J O
—_ — ~— —

2.4 Abstract perspective on the global semidefinite constraints

More abstractly, it is useful to think of G = G[{p;;}] as being composed of blocks
Giij|pij] (indexed by marginal pairs ¢, j), defined by

Tr Pi O;aOz‘,ﬁ] ) :]

(Gislpig)) s =
P T |py 0L, @ Oj,ﬁ] i # ],

where {O; .}, is basis for the set of one-body operators on site 7. (Note that this
collection is of cardinality m?.) By considering o as a multi-index o = (k,[) and
choosing (O@(k’l))k, p = Ok O 1o be the ‘standard unit vectors’ in C™*™i we exactly
recover our former explicit representation of G[{p;;}|.

Remark 2. (Restricted operator sets.) The more abstract perspective suggests a
natural framework for further relaxation. Suppose that for each i =1,..., M, we are
given a linearly independent collection {Oz‘,a}aeL_ of one-body operators for the i-th

site, where Z; is a given index set. Then we can define G = G[p®] in terms of blocks
as above, where the block Gy;[p;;] is a |Z;| x |Z;| matrix, defined once again by

Tt [, 01,,0i5] i=j

(Gijlpiil)as =
B . )

" Tr | pij (Ola ® Om)} i F

for « € Z;, B € Z;. In principle one can consider restricted index sets with |Z;| < m?

containing only the most physically important operators. Such restricted structure

will correspond to interesting structure from the perspective of the dual problem to

be considered below.
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Remark 3. (Quasi-local constraints.) In order to improve the efficiency of the semidef-
inite introduced above, one could enforce the semidefiniteness of certain principal
submatrices of G. E.g., for each k, one could define a submatrix G*) of G by re-
stricting the block indices 7, j to those satisfying d(i, k), d(j, k) < dmax, Where d is
an appropriate notion of distance between indices (e.g., graph distance for a lattice
model) and dy.y is a locality parameter. Then one enforces G®)[{p;;}] = 0 for all k.
For constant d,., suitably large, in principle such constraints could achieve good per-
formance while maintaining linear scaling in M of the SDP problem size for suitably
local Hamiltonians, by omitting p;; from the optimization variables for d(, j) > dmax-

2.5 Higher constraints

A tighter SDP relaxation can be derived by considering a set {p;jx }i<j<k of quantum
three-marginals as the optimization variable. One may enforce the suitably defined
local consistency constraints, denoted {pi;k}icj<r € LQM;(Q), then defining vari-
ables p;; in terms of the p;;;, via partial traces, additionally enforce G[{p;;}i<;] = 0.
We refer to the corresponding semidefinite relaxation as the three-marginal SDP.

To derive further semidefinite constraints, we have to keep track of the four-

marginals. Suitable necessary conditions can derived by enforcing Tr [,0 OTO] > 0 for

all O of the form O = 2“, OAM, where the (A)”/ are two-body operators. As such one
may define the four-marginal SDP, and so on. Note that, e.g., the four-marginal SDP
can in fact accommodate more general Hamiltonians, i.e., Hamiltonians including
additional four-body terms.

2.6 Cluster perspective

In order to systematically improve the accuracy of the two-marginal SDP, instead
of considering higher marginals we may alternately consider increasing cluster size.
Formally, such considerations will yield problems can still be accommodated as special
cases of our previously introduced setting. However, the difference in perspective is
noteworthy, and the generalization to the case of overlapping clusters (considered in
the next section) is not accommodated as such a special case.

Suppose that our site index set is written as a union of cluster index sets C,, i.e.,

Nc
{1.....my=Jc,
v=1

where the cluster index sets C, are disjoint. Then one can define

v, =[] X;

ieC,
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to be the classical state space for the y-th cluster. Then by considering the clusters
now as sites with classical state spaces Y, and following the derivation of thw two-
marginal SDP, we may derive the cluster two-marginal SDP, relative to the cluster
decomposition {C,}. Note that this problem may be viewed formally as a two-
marginal SDP ; however, the distinction makes sense when we think of the limit of
expanding clusters for a problem that is otherwise fixed. Higher-marginal cluster
SDPs can be derived similarly.

2.7 Overlapping clusters

The treatment of overlapping clusters is more delicate. Suppose again that

Nc
{1.....my=Jc,
v=1

but now relax the assumption that the C, are disjoint. Since the overlap of two
clusters might even be a single site of the original model, we can no longer just
‘coarse-grain’ clusters and forget all of their intra-cluster structure. In particular,
imposition of necessary local consistency constraints demands a bit more care.

Now the primary objects in our relaxation will be the two-cluster marginals, de-
noted p.s := pc,uc; for v < 0. Each p,s is an operator on the quantum state space
specified by the union of sites C, U Cs, which may of course be smaller in size than
|C,| + |Cs|. Then the one-cluster marginals p, := pc, (which we sometimes also
denote by p,.) are obtained in terms of the two-cluster marginals via

Py = Tl"a;\q [Pw} y  Ps= Tl”cw\c(; [Pw] .

These identities yield consistency constraints analogous to the local consistency con-
straints introduced earlier. However, we can also include the overlap constraints by
introducing the variable p(y5)n(ys) representing the marginal corresponding to the set
(C,UCs)N(CyUCy), for all v < 6, v < ¢, constrained by

PHON(Y'§) = Tr(cyuq;)\(cw,ucé,) [Pw] = Tl“(cw,ucé,)\(cvmcg) [/Jyw] .

Note that these constraints are nontrivial only if the intersection (C,UC5s)N(C,UCy)
of cluster pairs is nonempty.

To complete the discussion of the overlapping cluster two-marginal SDP, we need
to derive the semidefinite constraint. This is derived by observing the necessary

condition Tr [p OATOA} > 0 for all O of the form O = > N OAV , where OAV is a one-cluster

operator, i.e., an operator on (§§iec7 Q);, interpreted also (abusing notation slightly)
as an operator on @ by tensoring with the identity on all sites outside of C.
In fact, given a collection of one-cluster operators {O, 4}, ez, for the ~-th cluster

(i.e., operators on @), Qi), we build G[{p;s}] blockwise by defining
(Gw [Pwé])aﬁ =Tr [P’Yé O'Ty,aéé,ﬁ]
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for « € Z,, f € Zs, and v < § (extending to v > § by hermiticity), where O%a is on
operator on ®iecyu05 (); obtained from O, , by tensoring with the identity operator
over all sites in Cs\C,. For example, if C, = {1,2} and Cs = {2, 3}, then we can
represent O%a = 0,0®1, and O~5,5 = I, ® Oy g (recall that here O, , is an operator
on @1 ® Q2 and Os 3 is an operator on () ® Q3).

The semidefinite constraint is, as before, G[{p,s}| > 0. The resulting SDP can
accommodate Hamiltonians of the form

H=> H,+> Hyg,
¥

y<68

where I:I7 and fLﬂ; are one-cluster and two-cluster operators, respectively.
Suitable analogous relaxations with higher overlapping cluster marginal constraints
may also be derived.

2.8 Translation-invariant setting

In this section we describe how translation-invariant structure can be exploited in a
natural way in our semidefinite relaxation framework. For simplicity we focus only
on the case of the two-marginal SDP for a translation-invariant Hamiltonian in one
dimension. Extension to higher dimensions is straightforward.

For the purposes of this section it is convenient to adopt a zero-indexing convention
for our site indices (usually denoted by i, j), i.e., we index our sitesas i = 0, ..., M —1.
We obtain a translation-invariant Hamiltonian by assuming that H; = H, for all i
and F[ij = [:[0,]'4 for all i < 7. In turn we are guaranteed translation-invariance of the
ground-state density operator (note: symmetry-breaking cannot occur for systems of
finite size). In particular, we have p; = po for all ¢ and p;; = po ;—; for all i < j, and
it follows that we can constrain the matrix G = G[{p;;}] to be block-circulant, so
that the block G;; depends only on i — j (mod M). Hence all of the information of
G is contained in the first row of blocks, and moreover G can be block-diagonalized
by taking the blockwise discrete Fourier transform of the first row of blocks. Indeed,
these diagonal blocks are obtained as

1 = 27k
Gr = — exp | t—— | Gy,
k i jgo p( Vi ) 0j
k=0,...,M — 1, where we use ‘¢’ to denote the imaginary unit to avoid confusion

with our indexing notation. Now the constraint GG = 0 is equivalent to the constraint
that Gy >~ 0 for all k. Hence we arrive at the periodic two-marginal SDP:

M-1
minimize Tr [Hopo] + Z Tr [Ho;po;]
pos {pojtj=o,...M—1 =
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subject to  pg; =0, 7 =0,...,M—1,
Po = Tr{J}[p0]]7 Po = TT{O}[/OOJ']? ] = 07 s 7M - 17
Tr[po] = 1,

2mgk
Zexp( )Goj[poj]_o, k=0,....,M—1.

Notice that we have economized significantly on optimization variables, and, more-
over, we have exchanged a semidefinite constraint of size ~ M for M semidefinite
constraints of size constant in M. Moreover, a careful implementation of a solver for
this SDP should be able to exploit the FFT in the implementation of the semidefinite
constraints.

2.8.1 Periodicity constraints

If our sites are obtained as composite sites representing non-overlapping clusters (as
discussed in section 2.6) and if, moreover, our Hamiltonian is translation-invariant
with respect to these underlying sites, then we can impose further constraints to en-
force the internal translation-invariance of our cluster marginals. To wit, in addition
to our optimization variables {pSs} for the two-cluster marginals, we can define addi-
tional optimization variables {pg;} for the two-site marginals and then enforce, for all

i € Co,j €{1,..., M}, that poj_i = Treouos,\(id) [pg{ 5(].)] , where () is the index
of the cluster containing site 7. We refer to these additional constraints as periodicity
constraints.

3 Fermions

3.1 Preliminaries

The fundamental objects in fermionic second quantization are the creation operators
ai, ey a}rw and their Hermitian adjoints, the annihilation operators a;, which act on

the Fock space F and satisfy the canonical anticommutation relations

{CL,L‘,(I; :51]7 {CLZ,CLJ}—{CL“ ]}_O
where {-, -} denotes the anticommutator. One defines the number operators by
n; == a;-fai and the total number operator by N := Zf‘il ;.
These objects can be concretely realized via the identification of Hilbert spaces
F~ QY2 ~C*, under which the annihilation operators correspond to quantim

o1
spin-; operators as

00

f 2R z
a; ~> 0" ® ®0®(10

i—1 factors

)@[2®...®[2‘
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This identification of operators defines the Jordan-Wigner transformation (JWT).
Note that the JWT depends on the ordering of the states in the sense that permuting
the states before the JW'T is not equivalent to permuting the tensor factors after the
JWT.

After specifying a particle-number-conserving Hamiltonian H, ie., a Hermitian
operator on the Fock space which commutes with N , and a fixed particle number N,
we are interested in computing the N-particle ground state energy

Eo(N) = inf { (W|H 1) : [¥) € F, (lw) =1, (W[ N]w) } .

It is equivalent to solve

Eo(N) = inf Tr [I:Ip} ,

pED(F) : Tr[Np]=1

where D(F) indicates the set of density operators on the Fock space (i.e., positive
semidefinite Hermitian operators F — F of unit trace).

Observe that although F can be identified with a quantum-spin state space, the
creation operators are not one-qubit operators in the sense of quantum spin systems,
nor are hopping operators ag a; + a}ai generically two-qubit operators. Moreover, the
complexity of such operators after the JWT can depend unphysically on the ordering
of the sites. Hence most second-quantized problems of interest (with the exception
of local one-dimensional models) simply do not fit into the framework of variational
embedding introduced above for quantum spin systems.

To illustrate this point and provide some concrete examples, we now describe sev-

eral Hamiltonians of interest in this setting. Of particular note is the Hubbard model,

whose states we enumerate via the orbital-spin index (i,0), where i = 1,..., M,
o=t A
H=—t> Ayalaj, + U i, (3.1)
ijo i
where A;; is the adjacency matrix of a graph with vertex set {1,..., M}, e.g., a square
lattice.

More generally, one can consider a ‘generalized Coulomb model’ of the form

H = Z hijaioajg —+ Z Uijﬁiaﬁjﬂ

ijo ijoT

which includes in particular the Hubbard model and variants with longer-range in-
teractions. In fact, via certain choices of orbital bases such as the recently introduced
Gausslets [105], electronic structure problems in the continuum can be mapped to
second-quantized Hamiltonians of this form. As we shall see, the generalized Coulomb
model is accommodated naturally within the framework of fermionic variational em-

bedding.
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Broading our view further still, consider a general two-body Hamiltonian H, writ-

ten as 1

H= Z hijajaj + 5 Z Uijklaj-a;r-alak.
ij ijkl

Electronic structure problems in first quantization can mapped to such Hamiltonians
via an arbitrary choice of orbital basis {¢;} for (a subspace of) L?(R?), where d is
the physical dimension. If the basis functions have compact support, then v;j;; can
be nonzero only if both supp(¢;) N supp(¢r) # O and supp(¢;) N supp(¢p;) # 0. It
will follow that after a suitable choice of overlapping clusters (chosen so that each
pair of intersecting basis functions ), such Hamiltonians can also be accommodated
within fermionic variational embedding. We leave investigation of ab initio quantum
chemistry problems by these means to future work.

In order to define a convex relaxation of the fermionic Gibbs variational princi-
ple that is analogous to our relaxation for quantum spin systems, we adopt a more
abstract (and indeed general) perspective in section 3.2, allowing for the derivation
of a suitable two-cluster-marginal SDP in 3.3. We will in fact see in section 3.4 that
our relaxation is tight for noninteracting Hamiltonians, i.e., Hamiltonians that are
quadratic in the creation and annihilation operators. This feature has no analog in
the quantum spin setting because there is no related notion of noninteracting sys-
tems. Then in section 3.5, we will describe how one can translate our abstract convex
optimization problem into an explicit SDP that can be implemented on a computer.

3.2 Abstract perspective

The fundamental objects of interest in the abstract perspective is the algebra of
operators on the Fock space. In fact, the Fock space itself plays no direct role in
the following developments, nor does any global JWT. Marginalization will make use
of the notion of a subalgebra subordinate to each cluster. It is in the details of how
these subalgebras lie within the global algebra that the quantum-spin and fermionic
cases differ.

Now let

A:: <176L1,...,CLM,CL11-,---7(1;[\4>

denote the unital star-algebra over the complex numbers?®® generated by the cre-
ation and annihilation operators subject to the canonical anticommutation relations
{ai,&}} = 6y, {a;,a;} = {ai,a;} = 0. (Throughout we will use angle brackets to
denote such generated algebras.) We let n; = ajai denote the corresponding number
operators and let N = >; ; denote the total number operator.

20Recall that a star-algebra over C is essentially an associative algebra over C in which one can
take adjoints, where the adjoints satisfy their usual algebraic properties. We will use no deep results
from the theory of star-algebras but nonetheless find the perspective to be clarifying. In specific, it
is useful to view our algebra of fermionic operators independently from any Fock space on which it
acts, and in fact the notion of the Fock space does not play any explicit role in our developments.
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In fact the algebra A comes equipped with a Z,-grading, i.e., we can write A as a
direct sum of vector spaces A = A°®.A°, where A° and A° denote the sets of even and
odd operators, respectively. An operator is even (resp., odd) if it can be written as a
sum of even (resp., odd) monomials in ay, ..., ay,al, ... ,a}ru. (The reader can check
that this notion is well-defined.) The Z,-grading refers to the fact that A4°A4° C A°,
A°A° C A°, A°A° C A°, and A°A° C A°.

For any subset C' C {1,..., M}. Let A¢ denote the subalgebra

Ao = <{1} U{ai,al @ ic c}>,

and let the even and odd components Af, and A2 be defined accordingly. Suppose
that our site index set is written as a union of cluster index sets C.,, i.e.,

Ne
{1....my=Jc,
v=1

where the cluster index sets C, are disjoint, for simplicity.

We comment that, in contrast to our exposition for the case of quantum spins,
we shall directly work with general clusters (as opposed to clusters consisting of a
single site). The reason is that in the quantum spin setting, it was possible to view
non-overlapping clusters as single sites (with enlarged local state spaces). Such a
reduction is not natural in the fermionic setting. Hence we retain the index notation
7,6 for clusters and i, j for individual sites (of which the clusters are comprised).

Now our structural assumption on our Hamiltonian H € A is that it can be
written as a sum of one-cluster and two-cluster operators, i.e., as

=0+ S Hy
Y

y<9

where ItA[7 € Ac, and }AIW; € Ac,ucs-

Note carefully for context that the subalgebra A¢. corresponds in our earlier set-
ting of quantum spin systems to the subalgebra of operators on ®iec7 Q;, viewed as
operators on Q by tensoring with the identity. Clearly, even by viewing the fermionic
system as a spin system via JW'T, this subalgebra is inequivalent to the fermionic sub-
algebra above defined. The reader should keep this perspective on the developments
of section 2 in mind as we transpose them to the fermionic setting.

Next we turn to defining our notion of a statistical ensemble and its marginals.
For this task we turn to the language of star-algebras. The role of our full ensemble is
played by the state, a linear functional w : A — C such that w(1) = 1 and w(ATA) >0
for any A € A. In our setting (which is finite-dimensional), the action of a state can
be viewed as nothing more than tracing against a density operator on the Fock space,
as can be verified readily via the Riesz representation theorem. However, the abstract
perspective will be useful in defining the notion of a marginal because if we try to
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directly borrow the corresponding notion from the setting of quantum spins, i.e., the
partial trace, then we find ourselves in need of a global JWT to proceed.

We let €2 denote the set of states on A. Then in star-algebraic language, the
N-particle ground-state energy FEo(/N) minimization problem is naturally recast as

Eo(N)= inf  w(H). (3.2)

weQ:w(N)=N

Next, our notion of a marginal in this setting is simply the restriction of a state
to a subalgebra. That is, for a subset C' C {1,..., M}, we define the marginal w¢ via

we = w|ag-

Of course, we is itself a state on Ac. We let Q¢ denote the set of states on Ac.
Notice that, as follows immediately from the definition, the sets 2, Q¢ are convez.

Note that in the quantum spin setting of section 2, the action w(fl) of the state
corresponds to the trace Tr[Ap] against the density operator p. For A an oper-
ator on ;.- @i, we have we(d) = w(A) = Tr[Ap] = Tr[Apc], ie., our notion
of marginalization—applied to a cluster subalgebra in the quantum spin setting—
precisely recovers the partial trace operation.

3.3 The two-cluster-marginal SDP

In this section we shall derive an ‘abstract SDP’ without describing how it can be
realized on a computer. Later, in section 3.5, we will describe how to achieve such
realization (which makes use of JWTs only for each pair of clusters). For simplicity,
we will only derive a relaxation that analogizes the (nonoverlapping) two-cluster-
marginal SDP. Further analogs can be derived by straightforward (though perhaps
tedious) modifications of the arguments presented below.

For simplicity we denote the one-cluster marginals by w, := wc, and the two-
cluster marginals by w.s := wc,ucs. Note carefully from the definitions here that
Wys = Wsy © Ac ucs — C and that w,, = wy : Ac, — C. Our one- and two-cluster
marginals evidently satisfy the local consistency constraints

Wy = Wyslag s Ws = Waslag,

via nested restriction.
Now, by analogy to (2.4), our semidefinite constraint will be derived from the
observation that for any A € A of the form A =73 A,, where A, € Ac, for all v,

0<w(ATA) =w

ZA

Zfls
5
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Therefore the two-cluster marginals satisfy
was (AI,/L;) Z 0
Y9

for all choices of {A, évgl for which AW € Ag, for all 7.

More specifically, for each cluster v consider a list {fl%a} of operators in Agc. ,
acly

possibly (but not necessarily) spanning the space of all operators in A¢. . (Compare
to the perspective of section 2.4 on the global semidefinite constraints in the quantum
spin setting.) Then one obtains G [{w,s}] = 0, where G = (G.s) is specified blockwise
by

(Grslwne]) 0 = wos (AL,QA&B) :

In fact, G = G[{w,s}-<s] depends only on w.s for v < § because the lower triangular
part can be obtained from the upper triangular part via hermiticity.

Then we have derived the following relaxation of the variational principle (3.2),
in which the w, and w,;s are considered as optimization variables:

EP(N) := minimize Zw,y <I:1'7> + wa; (I:LY@> : (3.3)
gl <6

{w"/}v{w'yé}’y<6
subject to  wys € Qoyues, 1<7v<d <N,
w,y:w,y(;‘ACﬂ{, w(g:wfyglAC(s, 1§’}/<5§NC,

N = Zw'Y<N’Y);
G [{w%}vﬁ] = 0,

where N7 = iec, Ti denotes the y-th cluster number operator. Since the constraints
are convex, we have specified an abstract convex optimization problem. Now that we
know that this relaxation makes sense in principle, our hope is to express it later as
a concrete semidefinite program.

It is computationally useful to realize a simplification. Physical fermionic Hamil-
tonians are always even (including the anomalous, or particle-number-nonconserving,
Hamiltonians that arise in effective descriptions of superconductivity), and hence one
expects the action of a physical state on an odd operator in fact always yields zero.
Hence

(Grs [Wvé])ag = Wy <AL,aA5,ﬁ>

is zero unless A%a and Ay 4 are either both even or both odd. It follows that we can
reduce the size of the semidefinite constraint by splitting our operator lists into even

and odd subsets which we denote {Ae } and {flo } , respectively. Then we
a€Zs acly

’y?a 77‘1
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define separate matrices G° and G° blockwise by

(G%O[wwd])aﬁ = Wys <[A?y{2r [Ag,/,g]) : (34)

Then we may equivalently substitute our semidefinite constraint G > 0 with two
semidefinite constraints G*/° >= 0, each of half (assuming that complete operator lists
are chosen) the original size.

3.4 Exactness for noninteracting problems

In this section we assume that H is noninteracting, i.e., of the form H= Zij h_ijaZaj,

where h = (h;;) is Hermitian. We want to show that in this setting E(()Z)(N) = FEy(N),

i.e., the relaxation just introduced is tight, under the meager further assumption that

for each ¢ € {1,..., M}, the operators a;, azT are contained in some cluster’s operator

list.

Indeed, under this latter assumption it is not hard to see that the matrices

M M

D(wiigy) = (w{i,j}(aiaj)). _and D(wgigy) = (W{i,j}(az‘a})) | appear as princi-
3] = )=

pal submatrices of G°[{w,s}], where the two-site marginals wy; ;3 are suitably obtained

in terms of the two-cluster maginals w,s by appropriate restriction. Note that by the

fermionic anticommutation relations, in fact D'(wy; j3) = In — D(wy ;3). Hence for

any feasible solution to our SDP, we have 0 < D(wy; ;) = Iy. Then it follows that

E(SQ) (N) is itself an upper bound for the optimal value Ej(NN) of the following (further
relaxed) SDP:
FEy(N) := minimize  Tr[hD)]

DeCMxM
subject to 0=D =<1y,

Tr[D] = N.

But it is not hard to show that Ej(N) = vazl Ai(h), where \;(h) indicates the i-th
lowest eigenvalue of h. But as is well known for noninteracting problems, this is
precisely the value of Eo(N). Hence we have shown Eo(N) > ESY(N) > E}(N) =
Ey(N), from which it follows that E{”(N) = Ey(N).

For many problems one also expects asymptotic tightness in the limit of strong in-
teraction. For example, in the t — 0 limit of the Hubbard model, the sites completely
decouple, and we conjecture that our SDP is tight in this scenario.

3.5 Concrete perspective

We want to figure out how to represent w.s in concrete terms. Note that w.s is defined
by its action on Ac,ucs. It is at this point that we introduce for computational
purposes the JWT, though only for restricted fermionic algebras. After specifying
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ordering the sites of C,, U Cy, i.e., a labeling map k.5 : C, UCs — {1,..., L5} where
L5 := |C,UC5|, the corresponding JW'T fixes an algebra isomorphism J,s5 : Ac.,uc; —

End <®f:”‘1s (C2> ~ 2" and we define cZ?i) € End <®f:”‘f C2> to be the image of a;
under this isomorphism for ¢ € C,, U C5. More specifically, the transformation 7 is

specified by setting j'yé‘(an—él @) = ¢’ where
Y

7

. 01
G =08 - ®o®| o 4 QL - ®I.
~———— ————
(i—1) factors (L5—1) factors
) ) . 1 0 .
Here o, is the usual Pauli matrix o, := 0 -1 ) Notice that the case v = ¢

makes perfect sense according to the above definitions, though we will also introduce
the alternative notation J, := 7.

Moreover, Fy5 := J,50w,507.5' is a linear functional on End (®fo C2> satisfying

F,s(Id) = 1 and F,;(ATA) > 0 for any A € End (@fﬁ (C2>. It follows (via Riesz
representation) that there exists a unique p,s > 0 with Tr[p,s] = 1 such that F,;(A) =
Tr[Ap,s] for all A € End (®1L:”f C2>. That is to say, wys(A) = Tr[Ap,s] whenever

~

A = J,5(A). Again, we introduce the alternative notation p, = p,, for conceptual
clarity.

Motivated by the preceding, we shall replace our optimization over states wys :
Ac,uc; — C with optimization over density operators p,; € End (@ZL:”f (C2>. Cru-
cially, the correspondence between states and density operators has relied on a sepa-
rate JWT for each pair (v, d), not a single global JWT that maps the global fermionic

state to a global density operator.
Under this correspondence Gi{so[wm;] as defined (3.4) can be obtained as

(Gf/go[pvéDaﬁ =Tr ([\7% (Af/g)]T [\775 (Ag/ﬁoﬂ p75> ’
where we abuse notation slightly by identifying Gi{so [ps] with G%O [ws)-

In order to write down a concrete realization of the optimization problem (3.3),
the hurdle that remains is to encode the local consistency constraints w., = w.s| Ac,
and ws = wys| Ag, for v <4, which require us to ‘marginalize’ our fermionic states.

To see how to do this, we first assume that the labeling map r.5 satisfies £.,5(C) <
k~s(Cs) in the sense that every element of the left-hand side is less than every element
of the right-hand side. (In the case of overlapping clusters, the relevant generaliza-
tion ensures that r.5(Cy) < k4s([Cy U Cs]\C,).) For simplicity we also assume that
Kyslc, = Ky for all v < 4, and from now on we think of the labeling maps x5 as
fixed. It is always possible to choose a labeling that satisfies these assumptions.
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Then it follows from the definition of the JWT that any element A = \775(121) of
Jvs(Acy) is of the form

A=B®Id =BRL® - ® I,
————

|Cs| factors

1Cs]
®;-3 ¢

where B = 7,(A) € End <®f:”1 C2>. Then

WVJ(A) = Tr[Apys] = Tr[Bp,],

where p,, := Tr._ ;(c,)[pys]. Meanwhile, we have J.(A) = B, and w,(A) = Tr[Bp,).
Hence the constraint w, = w.s] Ac, for v < 0 is equivalent to the stipulation that
Tr[Bp,] = Tr[Bp,] for all B, i.e., that

py = Trw 505 [Pral-
Meanwhile, for any A = J.5(A) where A € Ag, is even, we can write

A:IQ®®IQ®B,
~————

|C, | factors

where B = J5(A) € End (®ZL:51 (CQ>. Hence for all A e Ag,, we derive as above that
ws(A) = Tr[Bps), where ps := Tre s(c5)[P4s). But for Ace Ag,, as mentioned above

~ ~

we can assume w-5(A) = ws(A) = 0 (because this identity is a necessary condition
satisfied by the exact marginals) and hence also that Tr[Bp;] = 0 = Tr[Bp;] for
all B € J5(Ag,). Thus the constraint ws = ws|a., for v < 0 is equivalent to the
stipulation that Tr [Bps] = Tr[Bps| for all B, i.e., that

ps = Tr5(cs) [Pro]-

Finally, note that the constraint Tr[p.s] = 1 can simply be encoded, given our first
local consistency constraint, by Tr[p,] = 1. Then we obtain the following concrete
realization of (3.3):

E(g?)(]\[) ‘= minimize ZTr [\77 (Iﬂ) pA,} + ZTr []75 (I:Iw;) pwg] ,
v N<d

{pv}v{p'yé}w<6
subject to  pys =0, 1<vy<d <N,

Py = Trma(cé)[p%]? ps = Trma(cv)[p%]v v <9,
Tr[p,] =1, v=1,..., N,

VOE R ()]
G [{p’w:}v@} = 0.
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Figure 38: TFI model on periodic 12 x 1 lattice. Approximate energies are computed
via the two-cluster-marginal relaxation. Note that ‘p.c.” indicates the inclusion of
the periodicity constraints introduced in section 2.8.1, and ‘overlap’ indicates that
the choice of overlapping 2 x 1 clusters, i.e., {1,2},{2,3},{3,4},...,{11,12},{12,1}.

4 Numerical results

All numerical results were computed in MATLAB with CVX [39]. We limit our ex-
periments to problems that are small enough to validate by exact diagonalization.
In particular, we will illustrate numerically the fact that all of our relaxations must
yield lower bounds for the exact energy. As discussed in section 5.3 below, a more
scalable implementation should be possible, but such an implementation (as well as
an accompanying numerical study of properties of larger systems, e.g., approaching
a thermodynamic limit) will be left to future work.

4.1 Transverse-field Ising model

First we consider the transverse-field Ising (TFI) model (2.1) on a periodic 12 x 1
square lattice, comparing results of the two-cluster-marginal SDP for various cluster
sizes. We also test the periodicity constraints of 2.8.1 and the case of overlapping
clusters. The results are shown in Figure 38.

Next we consider the TFI model on a periodic 4 x 3 square lattice, comparing
results of the two-cluster-marginal SDP for various cluster sizes. The results are
shown in Figure 39.
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Figure 39: TFI model on periodic 4 x 3 lattice. Approximate energies are computed
via the two-cluster-marginal relaxation.

Energy error per site

Exact energy per site | 1 x1 | 2x1 | 2x1,p.c.|2x1,overlap | 3 x 1, p.c.

—1.7958 0.6017 | 0.0634 0.0462 0.0159 0.0048

Table 1: AFH model on periodic 12 x 1 lattice. Approximate energies are computed
via the two-cluster-marginal relaxation. Note that ‘p.c.” indicates the inclusion of
the periodicity constraints introduced in section 2.8.1, and ‘overlap’ indicates that
the choice of overlapping 2 x 1 clusters, i.e., {1,2},{2,3},{3,4},...,{11,12}.

4.2 Anti-ferromagnetic Heisenberg model

Here we consider the anti-ferromagnetic Heisenberg model (2.2) on a periodic 12 x 1
square lattice, comparing results of the two-cluster-marginal SDP for various cluster
sizes. We also test the periodicity constraints of 2.8.1 and the case of overlapping
clusters. The results are shown in Table 1.

In Table 2 we show results for the AFH model on a periodic 4 x 3 lattice for
various cluster sizes.

4.3 Hubbard model

Finally we consider the Hubbard model (3.1) on a non-periodic 8 x 1 lattice with
particle numbers N = 6,7,8,9, 10 and interaction strengths U € [0,12]. In Figure 40,
we plot results for the two-cluster-marginal relaxation with 1 x 1 clusters C; := {(i, 1
), (4,4)}. Observe that the for large U, the energy error (even before normalizing by
U) is decreasing in U.
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Energy error per site

Exact energy per site | 1 x 1 clusters | 2 x 1 clusters | 1 x 3 clusters
—2.4561 1.0439 0.3937 0.0410

Table 2: AFH model on periodic 4 x 3 lattice. Approximate energies are computed
via the two-cluster-marginal relaxation.
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Figure 40: Hubbard model on non-periodic 8 x 1 lattice. Approximate energies are
computed via the two-cluster-marginal relaxation with 1x 1 clusters C; := {(4, 1), (¢,
)}. Note that the energy errors in the cases N = 6 and N = 7 coincide with the errors
in the cases N = 10 and N =9, respectively.
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5 Duality and the effective Hamiltonian perspective

For simplicity, we consider duality only for the two-marginal SDP in the quantum
spin setting, and it will be convenient to take the ‘abstract perspective’ of section 2.4,
with possibly restricted operator sets as in Remark 2. Duality in other settings can
be approached by similar means.

5.1 The quantum Kantorovich problem

In preparation for our discussion of the duality of the two-marginal SDP, we first
introduce the notion of the quantum Kantorovich problem, which is a direct quantum
analog (and in fact generalization) of the Kantorovich problem of optimal transport.
The analogy is defined by replacing probability measures with density operators, a
cost function with a cost operator é, and classical marginalization with quantum
marginalization (i.e., the partial trace). Given operators p; € End(Q;) for i = 1,2 of
unit trace, we may define the optimal quantum Kantorovich cost via the SDP

K[C'; 1, = inimize Tr|C
QKI[C'; pur, po] Jninimize r[Cr]

subject to 7T >0
p = Trygy (], po = Tryy[m).

Note that if 411 % 0 or pig # 0, then since 7 = 0 implies that Try;[7] = 0, the problem
is infeasible, i.e., QK[C'; 1, p2] = +o0o. Hence without loss of generality one may
assume that p; > 0, i.e., that the u; are indeed density operators on @);. Nonetheless,
the slightly relaxed perspective will be of some use below. In fact, conversely, the
program s feasible whenever i1, us = 0 because in this case m = 1 ® s is a feasible
point.

There is a notion of quantum Kantorovich duality that analogizes the usual notion,
as follows. Let the Hermitian operators A € End(@;) and B € End(Q2) be dual
variables for the first and second marginal constraints, respectively. These will be the
‘quantum Kantorovich potentials.” Dualizing these constraints yields the Lagrangian

Lok (m, A, B) = Tr[Cn] 4+ Tr[A(p1 — Trigy[7])] + Tr[B(pe — Trypy ()]

still constrained by 7 = 0. Using the fact that Tr[A Trp[7]] = Tr[(A ® Id)7] and
Tr[B Trypy[7]] = Tr[(Id ® B)7], we obtain

Lok(m, A, B) = Tr[Ap| + Tr[Buso] + Tr[(C — A® Id — Id ® B) 7.

Now for fixed A, B, we have

inf Tr[(C —A®Id-1d® B)7n] =

>0

{a C—A®Id—1d® B =0

—o00, otherwise.
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Hence we have derived the Kantorovich dual problem

maximize Tr[Au] + Tr[Bus) (5.1)

A,B Hermitian

subject to A®Id+1Id® B < C.

Strong duality holds by Sion’s minimax theorem (together with the compactness of
the feasible set of the primal problem).

Let m be the minimizer for the primal problem, ad suppose that the dual problem
admits a maximizer (A, B). Thenlet M =C — A®1d —1d ® B, so

Tr[Mn| = Tr[Cr| — Tr[(A® 1d)7] — Tr[(Id @ B)n] = Tr[Cn] — Tr[Ap | — Tr[Bus] = 0,

by primal and dual optimality. But = > 0, so we can write 7 = Y " p; ¢;¢F where
pi > 0, and Tr[Mn] = > p;¢rM¢;. But also M = 0, so p; ¢ M¢p; > 0 for all
i=1,...,m. Then since Tr[Mn] = 0 it follows that ¢;M¢; =0 for alli =1,... ,m,
and since M > 0 this means that M¢; =0 forallt=1,...,m

Therefore 7 is a convex combination of orthogonal projectors onto mutually-
orthogonal, degenerate ground state eigenvectors of the Hamiltonian C' — A ® Id —
Id ® B. This observation lifts the corresponding observation in the classical setting
on the support of the Kantorovich coupling, i.e., that m;; > 0 only if ¢; + ¥; = ¢,
where m = (m;;), ¢ = (¢;) and ¢ = (¢);) are the Kantorovich potentials, and ¢ = (¢;;)
is the cost matrix.

In fact, one can consider a regularization of the primal problem by a von Neumann
entropy penalty (scaled by ), for which the solution can be shown to be of the form

1
Wﬁ:Z—Bexp[ B(C —As®1d —1d ® Bg)],

where Az and Bg are the unique operators chosen to yield the desired marginals
1, po. In the ‘zero-temperature’ limit 3 — oo one expects m3 — m, Ag — A, and
B/B — B.

5.2 Partial duality

Now we turn to the discussion of duality. Referring to (2.5), we first consider a partial
Lagrangian obtained by dualizing only the constraint (2.9):

Ly ({pi} {5}, X) ZTI" Hip]+ > Tr [Hpis) = Tr (G[{pi;}] X)),

1<j

whose domain is defined by X € C(Zim)<(Zim?) Hermitian positive semidefinite
and {p;}, {p;;} satisfying constraints (2.6), (2.7), and (2.8).
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Now

Tr (G{p;}] X) = ZTI iilpis) Xii)
= Z Z Tr [Pz ] (Xu‘)ﬁa
+ Z > T [Pij (Oj,a ® Ojﬁ)] (Xji)pa

i#j af

- Z Z Tr [piO;[,aOiﬂ] (Xii)/a’a
af

%

+ Z Z {Tr [pij <O;’r,a ® Oj:ﬁ)} (Xji)ga

i<j of
+ Tr |:le (O;B (%9 Oi,a):| (Xl])a,@}
Now by the hermiticity of X we have (X;;)sa = (Xij)ag, and we also have the identity

Tr [p]-i (O;[ﬁ ® Oi,a)} =Tr [pl-j (Om ® O;,B)] )
Therefore

Tr (G[{pi 1 X ZTY Xii) pil —I—ZTY Xij) pijl

1<j

where we have defined the functions Y; : CEXEl — End(Q;) and Y;; : CHEXIEL —
End(Q; ® Q;) by

Yi(M) =Y M.50!,0i5, Yi;(M)=
af

+h.c.,

> Mas (Ol ® 055)
af

where ‘h.c.” denotes the Hermitian conjugate. Note that if M is Hermitian, then
Yi(M) is Hermitian as well, hence Y;(X;;) and Y;;(X;;) are Hermitian operators.

By applying Sion’s minimax theorem [51] and then separating the infimum over
{pi},{pi;} into an outer infimum over {p;} (subject to constraint (2.8)) and an inner
infimum over {p;;} (subject to constraints (2.6) and (2.7)), we may rewrite the two-
marginal SDP energy as

E(Q) = su inf F X, 1), 5 9
" Xi% {pi}: Tr[p;]=1Vi ( {p }) ( )

where
.F(Xy {pz ZTT H }/z( zz pz +ZQK ig — g (ij), Pis p]] (53)

1<J
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This is the form of a concave-convex maxmin problem. The effective domain of the
minimization over {p;} is in fact specified by the constraints Tr[p;] = 1, p; = 0 for
all 7, because if p; ¥ 0 for some 7, then at least one of the quantum Kantorovich
problems in the expression for F (X, {p;}) is infeasible, i.e., of infinite optimal cost.
The significance of this form is that for fixed X, {p;}, the two-marginals p;; have
been entirely decoupled from one another in the evaluation of F (X, {p;}). Moreover,
for each pair i < j, we see the emergence of an effective Hamiltonians HT(X;,) =
H; —Y;(X;;) and Hfjﬂ(Xij) = H;; — Yi;(X;;) on Q; and Q; ® Q;, respectively. Notice
that the new contributions to these effective Hamiltonians are linear combinations
of operators of the form O;aOi’ﬁ and O;a ® O, g, respectively. Thus we see how our
choice of effective operator lists is reflected in the richness of our class of possible
effective Hamiltonians.

5.3 Computational significance of partial duality

From the computational point of view, the partial dual perspective is of no small
importance. Although general results guarantee that the complexity of solving the
two-marginal SDP (2.5) is only polynomial in M, direct solution (by, e.g., interior-
point methods) may still scale quite poorly in practice. One might hope that the
complexity should be limited only by O(M?) per iteration, i.e., the cost of diagonal-
izing a matrix of size proportional to M, since the SDP constraint (2.9) concerns a
matrix of size proportional to M. However, since the semidefinite matrix G is entan-
gled with further equality constraints, the best guarantees for interior-point methods
are far more pessimistic. One can interpret our discussion of duality thus far as re-
vealing a special structure of these equality constraints that allows us in principle
to design methods achieving a cost of O(M3) per iteration. (We remark that simi-
lar considerations could be expected to achieve a cost of O(M) per iteration for the
quasi-local two-marginal SDP with fixed d.« as discussed in section 3, though we
omit details for simplicity.)

Though we will leave implementation along these lines to future work, we will
describe how one can compute gradients of F (X, {p;}), enabling the application of
projected gradient ascent-descent methods. For fixed X, {p;}, let (Aj;, Bf;) be the
unique dual optimizer (assuming that it exists) for the Kantorovich dual formulation
of QK[H,; — Y;;(Xi;); pi, p;]. Then it follows that

oF * *
3_/%()(7 {pi}) = He = Vi(Xiw) + Y _Ap + ) By

i>k i<k
(Note that if the dual optimizer is not unique, one only gets a supergradient.) One
may take a gradient descent step for p; in the direction of the traceless part of 37};’ ad-

justing the step size if necessary to guarantee that p, = 0. Moreover, letting pj; be the
primal solution of the Kantorovich problem indicated by QK[H;; + Yi;(Xi;) ;5 pis pjl,

293



we have

9T o) = — O O ool 2T 1) = L @0,0) 03]
St X ) = ~T0LOws ). G (X, o)) = =Tr | (0L, © 0ss) 3.
(If the primal optimizer is not unique, one only gets a subgradient.) After taking a
gradient ascent step in X, one may project onto the feasible domain {X > 0} by
diagonalizing X and zeroing all negative eigenvalues.

Efficient methods for solving the primal and dual quantum Kantorovich problems
(beyond black-box SDP solvers) will be explored in future work. In particular, prelim-
inary results indicate promise for a quantum analog of the classical Sinkhorn scaling
algorithm, for which the computational cost per iteration is roughly given by the cost
of diagonalizing certain operators on Q; ® Q.

5.4 Full duality

We now turn to deriving the full dual to the original two-marginal SDP. For now
we proceed formally, postponing a discussion of strong duality until the end of the
section. First introduce dual variables A; € R for the constraints Tr[p;] = 1 appearing
in the minimization within (5.2), and then exchange supremum and infimum to obtain
the problem:

sup inf {Z (1= Te[p]) + F (X, {pi})}

x>0, {pi}

— aw { S A+ { ST [(Hs = Yi(Xa) — Al +

X=0,X

Z QK[H;; — Yi(Xij) 5 pis py] }}

i<j

Now by substituting the Kantorovich dual expression (5.1) for QK and then exchang-
ing maximization and minimization, we obtain the problem:

imi Ai + inf Tr [(H; — Yi(Xu) — Xi)pi
o e St { ST (= V() A
b+ X (B |
1<j 1<j
subject to A,’j RId+Id® Bij = Hij — Y;j(Xij)y 1< j,

X = 0.

Now the expression within the infimum in the objective function can be rewritten

ZTT <Hi —Yi(Xi) — N + ZAij + Z sz‘) P

J>i Jj<i

I
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so carrying out the infimum within the objective function, we arrive at the full dual:

maximize 1"\
_Xto7 )\ERIM, {Aij}, {BZ]}
subject to  H; — Vi(Xy) = N+ > A+ > Bjp=0, i=1... M,
§>i j<i
A @1d+1d® B;; = Hij —Yi(Xy5), 1<i<j<M,
X >0,

where the optimization variables A;; € End(Q;) and B;; € End((Q),) are understood
to be Hermitian.

Strong duality can be understood as follows. Though we have taken an indirect
path, the same dual problem could have been derived by directly dualizing the original
primal problem (2.5) in the usual fashion. Since the feasible domain for {p;}, {pi; }i<;
in this problem is compact, Sion’s minimax theorem applies, and strong duality holds.
The question of whether the dual optimizer is attained is more subtle and will be
deferred to future work, though see Part VIII for the discussion of strong duality in
a similar setting.
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Appendices

A Proof of Isserlis-Wick theorem

Proof. For any b € R, define
Zo(b) = / 2o AvtbTT o (A1)
RN

Clearly Zy = Zy(0). Performing the change of variable 7 = x + A~'b, we find
Zo(b) = 2" 470 7. (A.2)

Observe that, for integers 1 < ay,...,a,, < N,

amZ()(b> —12TA
e L T A.
by, -+ Oby,, ’b:o /szx 17 Bam v (A.3)

Combining with Eq. (A.2), we have that

m
a %bTAflb

<:L‘Oé1 Tt 'IOém>O = ab . 8b € b:O. (A4)
Now write the Taylor expansion
LT A =~ 1
T A1 T A-1p\"
e? = E_O on (b A b) . (A.5)

Since the expansion contains no odd powers of the components of b, the right-hand
side of Eq. (A.4) vanishes whenever m is odd. If m is an even number, only the term
n =m/2 in the Taylor expansion will contribute to the right-hand side of Eq. (A.4).
This gives

o 1pT Ab 1 o T g—17)\™/2
———¢2 = b*A™'b . A6
Dby - Oba, . om0 2772(m/2) Dby, - Obe, ( ) (A.6)
Now one can write
am B o™
abal .- 'abam - gm bgl <. 8mpb5p
where the indices i, ..., 3, are distinct and Z;’:l m; = m. Then to further simplify

the right-hand side of Eq. (A.6), we are interested in computing the coefficient of the
bt - bg;” term of the polynomial (b” A='b)"/2. Expand (b" A='b)"/? into a sum of
monomials as
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m/2
(bTA_lb>m/2 = Z H(A_l)jukibjibki'
1K seeesdm 2,k 2 =1
Thus each distinct permutation (ji, k1, . .., jm/2, km/2) of the multiset {ov, ..., oy, }*
contributes Hm/ *(A~1), 1, to our desired coefficient.

Since om
BB — e
Omibg, - Omwbg, 1 By = MMy
we obtain from Eq. (A.4) and Eq. (A.6)
m/2

mal---my!
(Tay -+ Tay )y = T2 Z H )jikis (A7)

(315K15 5T j2:km y2) =1

where the sum is understood to be taken over multiset permutations of {ay, ...,y }.

Now every permutation of Z,, can be thought of as inducing a permutation of
the multiset {a1,...,a,,} via the map (l1,...,0,) — (q,...,qq,). By this map
each multiset permutation of {ai,...,q,} is associated with m4!---m,! different
permutations of Z,,.

Moreover, every permutation of Z,, can be thought of as inducing a pairing on
7., by pairing the first two indices in the permutation, then the next two, etc. For
example, if m = 4, then the permutation (1,4, 3,2) induces the pairing (1,4)(3,2).
By this map, each pairing on Z,, is associated with 2™/2(m/2)! permutations of Z,,
since a pairing does not distinguish the ordering of the pairs, nor the order of the
indices within each pair.

Finally, observe that if we take any two permutations of Z,, associated with
a pairing on Z,, and then consider the (possibly distinct) multiset permutations
(41, k1, -y Jmy2, kmy2) and (j1, kg, . .. ’jvlw/2’ k;n/Q) of {aq,...,a,,} associated to these

permutations, then in fact Hm/Q( ik = Hm/z( D)
Thus we can replace the sum over multisets in Eq. (A.7) with a sum over pairings

m/2
on Z,,. Each term must be counted 2ml(—”;1/2) times because each pairing on Z,,
: P

induces 2™/2(m/2)! permutations of Z,,, each of which is redundant by a factor of
my!---my!. This factor cancels with the factor in Eq. (A.7) to yield

<ZL’a1 e .l’a7n>0 = Z H (A_l)ai,oca(i)‘
o€ll(Zm) i€Zm/o

Recalling that G° = A~!, this completes the proof of Theorem 2. O

Remark 4. In field theories, the auxiliary variable b is often interpreted as a coupling
external field.

21For instance, if oy = 1,00 = 1,3 = 2, there are only three distinct multiset permutations:
(1,1,2), (1,2,1), and (2,1,1).
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B Proof of skeleton decomposition

Proof. As suggested in the statement of the proposition, let I'® be the maximal
insertions admitted by I', where we do not count separately any insertions that differ
only by their external labeling (see Remark 25). Let h and h(k be half edges such

that I' admits the insertion '™ at (hgk), hgk ). Let el ,62 ) be the external half-edges

of the truncated Green’s function diagram I'*®) paired with h h2 ), respectively, in

the overall diagram TI'.

First we aim to show that the I'®) are disjoint, i.e., share no half-edges. In this
case we say that the I'®) do not overlap. In fact we will show additionally that the
external half-edges of the T'® do not touch one another (i.e., are not paired in I'),
and accordingly we say that the I'®) do not touch.

To this end, let 7 # k. The idea is to consider the diagrammatic structure formed
by collecting all of the half-edges appearing in ') and T'® and then arguing by
maximality that I'¥) and T'®) cannot overlap or touch, let this structure admit ')
and I'® as insertions.

We now formalize this notion. Let HY) and H®) be the half-edge sets of ') and
I'®) | respectively, and consider the union HU* = HO) U H®) together with a partial
pairing IIV*) on HUR ., a collection of disjoint pairs in HU*) defined by the rule
that {hy, hy} € TIUK) if and only if {hy, ho} € Iy and hy, hy € H(Y *). In other words,
the structure (HU*) 11U0*)) is formed by taking all of the half-edges appearing in ')
and T'® and then pairing the ones that are paired in the overall diagram I'.

Let EU*) be the subset of unpaired half-edges in H*), i.e., those half-edges that

do not appear in any pair in IIU*) . Since all half—edges in '™ besides egk), egk) are

paired in the diagram I'®), we must have EG® < {el?) e e e},

Lemma 5. |EU*)| = 4.

Proof. We claim that |EU®)| is even. To see this, we first establish that |HUR)| is
even. Notice that a truncated Green’s function diagram (in particular, ') and I'®))
contains an even number of half-edges (more specifically 4n, where n is the order
of the diagram). Thus |HY| |H®| are even. Moreover, ') and T'® share a half-
edge if and only if they share the vertex (or interaction line) associated with this
half-edge, in which case I'¥) and I'® share all four half-edges emanating from this
vertex. Thus the number |H) N H®| of half-edges common to I'V) and I'®) is four
times the number of common interaction lines, in particular an even number. So
|HUR| = |[HO)| + |H®| — |[HU) 0 H®)| is even, as desired. Now any partial pairing
on HU* includes an even number of distinct elements, so the number of leftover
elements, i.e., |[EU*)|, must be even as well, as claimed.

Next we rule out the cases |EU®| € {0,2}.

Suppose that |EU*)| = 0. Then the structure (H*® TI0R) defines a closed sub-
diagram of I', disconnected from the rest of I'. Since I' is not closed, the sub-diagram
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cannot be all of I'. This conclusion contradicts the connectedness of I".22

Next suppose that |EU*)| = 2. Then the structure (H* T10*)) has two unpaired
half-edges, hence defines a truncated Green’s function diagram I'*) that contains
both TU) and I'® and admits both as insertions. But since I'0) £ I'®) TG jg
neither ') nor I'® (i.e., the containment is proper). This conclusion contradicts the
maximality of I'0) and I'®). O]

From Lemma 5 it follows that EU*) = {el ,eg ),eg ), egk)}. (And moreover we
have e( ) eé ), eg ), egk) are distinct, which was not assumed!) This establishes one of
our original claims, i.e., that the external half-edges of ') and I'®) do not touch (i.e.,
are not paired.)

We need to establish the other part of our original claim, i.e., that the half-edge
sets HU) and H® are disjoint. To see this, suppose otherwise, so I'¥) and I'®) share
some half-edge h. Smce '@ £ T® one of HY) and H® does not contain the other,
so assume without loss of generality that HY) does not contain H®, so there is some
half-edge ' € H®\HU). Since I'® is connected there must be some path in T'*
connecting h with #’.?2> Now I'U) can be disconnected from the rest of I' by deleting
the links {egj), hﬁ”} and {e;j), héj)} from the pairing IIp, so evidently our path in I'®)
connecting h and A’ must contain either (egj ), h(j) )o (eéj), hgj )) as a ‘subpath.” But
then either eg ) or eé 7 i paired in '™ hence also by I1U*) | contradicting its inclusion
in FUA).

In summary we have shown that the F(k) are disjoint, i.e., share no half-edges,
and that the external half-edges of the I'®) do not touch one another i.e., are not
paired in I'. We can define a truncated Green’s function diagram I'y by con81der1ng
I', then omitting all half-edges and vertices appearing in the I'®. Since the I'®) are
disjoint and do not touch, this leaves behind the half-edges h(k) h(k) for all k, which
are now left unpaired. Then we complete the construction of I'y by adding the pairings
{h } In short, we form Iy from I' by replacing each insertion I'® with the edge
{h1 , 2 } Eq. (4.2) then holds by construction, for a suitable external labeling of
the T,

Moreover, we find that I'y is 2PI. It is not hard to check first that I'y is 1PI.
Indeed, the unlinking of any half-edge pair in Iy that is not one of the {hgk) , hgk)} can
be lifted to the unlinking of the same half-edge pair in the original diagram I'. Since
I' is 1PI, this unlinking does not disconnect I'. Re-collapsing the maximal insertions
once again does not affect the connectedness of the result, so I's does not become
disconnected by the unlinking. On the other hand, the unlinking of a half-edge pair
{hgk), hgk)} were to disconnect I'y, then necessarily the unlinking of either {eyC A }

or {eék), hék)} would disconnect I', which contradicts the premise that I' is 1PI.

22Interestingly, if one were to try to construct a unique skeleton decomposition for closed connected
diagrams, i.e., free energy diagrams, this is the place where the argument would fail; see section 4.9.

23By such a ‘path’ we mean a sequence of half-edges (hi,ha, ..., hom_1,h2y) in '™ such that
hi = h; hom = R'; hy, hyy1 share an interaction line for I odd; and hy, hyy1 are paired by T'(%).
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Thus I'y is 1PI, and two-particle irreducibility is equivalent to the absence of any
insertions. But if I'y admits an insertion containing either hgk) or hgk), then this
contradicts the maximality of the insertion I'® in I'. Moreover, if Ty admits an
insertion containing none of the hgk), hgk), then this insertion lifts to an insertion in
the original diagram I, hence this insertion (i.e., all of its interaction lines and half-
edges) must have been omitted from I's (contradiction). We conclude that I's admits
no insertions, hence is 2PI.

Finally it remains to prove the uniqueness of the decomposition of Eq. (4.2). To
this end, let Ty € F and T®) € 5" for k = 1,..., K, and let {hgk), hgk)} be distinct
half-edge pairs in I'y for £ = 1,..., K. Then define I' via Eq. (4.2). The uniqueness
claim then follows if we can show that the I'®) are the maximal insertions in I'.

Suppose that T'®) is not maximal for some k. Then by definition the diagram I”
formed from I' by collapsing the insertion I'®) admits an insertion containing hgk) or
hék) (assume hgk) without loss of generality). In fact let I'*™ be a mazimal insertion
containing hgk). Note also that I still admits the I'¥) for j # k as insertions.

Then for j # k form the structure (HU*) T1U*)) by ‘merging’ ') and ' via the
same construction as above (now within the overall diagram I''). By the same reason-
ing as in Lemma 5, the set of unpaired half-edges EU*) must be of even cardinality,
and we can rule out the case |[EUH)| = 0.

In the case |EU*)| = 2, the structure (H*) T10*) once again defines a truncated
Green's function diagram I'U%) admitting both I®) and I'") as insertions. But since
% s maximal, [0k = Fgf), and T0) is contained in T,

In the case |[EG®)| = 4, since T'0) does not contain ¥ (i.c., the half-edge set of the
former does not contain that of the latter), the same reasoning as above guarantees
that T@ and T do not overlap or touch.

Then consider the diagram I'” formed from I by collapsing the insertion I'V). In
both of our cases (namely, that I'¥) is contained in I'’ and that T@ and I'¥) do not
overlap or touch), the insertion I'™ descends to an insertion in I containing hgk).

[teratively repeating this procedure for all j # k (i.e., collapsing all of the inser-
tions ['V) to obtain the original skeleton diagram I'), we find that ') descends to
an insertion in I'y containing hgk), contradicting the fact that I'y is 2PI. O]
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C Definitions and results from convex analysis

In this section we review some definitions and results from convex analysis. In this
work many results are stated for concave functions, i.e., functions f such that —f are
convex. The standard results of convex analysis can always be applied by considering
negations. We state results below for convex functions to maintain consistency with
the literature. Many results are stated in somewhat more generality than is needed
for the purposes of this work (e.g., we do not simply conflate proper and non-proper
convex functions). This is done to make sure that the reader can refer to the cited
references. The discussion follows developments from Rockafellar [91] and Rockafellar
and Wets [92].

C.1 Convex sets and functions
We begin with the definition of convex sets and functions.

Definition 6. A set C' C R" is convez if (1 —t)x +ty € C for every z,y € C' and all
te0,1].

Definition 7. An extended real-valued function f on a convex set C, i.e., a function
f:C — [—00,00] = RU{—00, +00}, is convex if

(A=t +ty) < (1 —=t)f(x) +tf(y)

for all x,y € C and all t € (0,1), where we interpret co — oo = +oo if necessary.
We say that f is strictly convex on the convex set C'if this inequality holds strictly
whenever x # .

Definition 8. The (effective) domain of a convex function f on S, denoted dom f,
is the set dom f ={x € S : f(x) < +o0}.

The following is an immediate consequence of the preceding definitions:
Lemma 9. Let f be convex on S C R". Then dom f is convexz.

We note that when f € C?(C'), our definition of convexity coincides with the
definition from multivariate calculus:

Theorem 10. Let f € C*(C), where C C R" is open and convex. Then f is convex
on C if and only if the Hessian matriz V2 f(x) is positive semi-definite for all z € C.

Proof. See Theorem 4.5 of Rockafellar [91]. O

Notice that for f convex on a convex set C' C R, we can extend to f defined on
R™ by taking f lrm\c = +00. It is immediate that f is convex on R™. Thus one loses
no generality by considering only functions that are convex on R".

The following definitions are helpful for ruling out pathologies:
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Definition 11. A convex function f is called proper if dom f # () and f(z) > —o0
for all x.

We will only ever need to consider proper convex functions.

Definition 12. If f is a proper convex function, then f is called closed if it is also
lower semi-continuous. (If f is a non-proper convex function, then f is called closed
if it is either f = 400 or f = —00.)

Remark 13. For the fact that this can be taken as the definition, see Theorem 7.1 of
[91].

The convexity of a function guarantees its continuity in a certain sense:

Theorem 14. A convex function f on R™ is continuous relative to any relatively
open convex set in dom f. In particular, f is continuous on intdom f. In fact, it
holds that a proper convex function f is locally Lipschitz on int dom f.

Proof. See Theorems 10.1 and 10.4 of Rockafellar [91]. O

C.2 First-order properties of convex functions

There is an extension of the notion of differentiability that is fundamental to the
analysis of convex functions.

Definition 15. Let f be a convex function on R". y € R" is called a subgradient of
fat x € dom fif f(z) > f(x) + (y,z — ) for all z € R™. The subdifferential of f
at x € dom f, denoted Of(x), is the set of all subgradients of f at x. By convention
df(x) =0 for z ¢ dom f.

Theorem 16. Let f be a proper convex function. Of(x) is a non-empty bounded set
if and only if x € int dom f.

Proof. See Theorem 23.4 of Rockafellar [91]. O

It is perhaps no surprise that the derivative and the subdifferential of a convex
function coincide wherever it is differentiable.

Theorem 17. Let f be a conver function, and let x € R™ such that f(x) is finite. If
f is differentiable at z, then V f(x) is the unique subgradient of f at x, where V is
the gradient defined with respect to the inner product used to define the subgradient.
Conversely, if f has a unique subgradient at x, then f is differentiable at x.

Proof. See Theorem 25.1 of Rockafellar [91]. O
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C.3 The convex conjugate

A fundamental notion of convex analysis is convex conjugation, which extends the
older notion of Legendre transformation.

Definition 18. Let f be a function R® — [—00, +00]. Then the convex conjugate (or,
Legendre-Fenchel transform) f* : R™ — [—o00, +00] with respect to an inner product
(-, ) on R" is defined by

F(y) =sup{(z,y) — f2)} = —inf {f (@) = {x,9)}

Theorem 19. Let f be a convex function. Then f* is a closed convex function,
proper if and only if f is proper. Furthermore, if f is closed, then f** = f.
Proof. See Theorem 12.2 of Rockafellar [91]. O

It is an important fact that the subgradients of f and f* are, in a sense, inverse
mappings.

Theorem 20. If f is a closed proper convex function, then x € 0f*(y) if and only if
y € 0f(x).

Proof. See Corollary 23.5.1 of Rockafellar [91]. O

Roughly speaking, differentiability of a convex function corresponds to the strict
convexity of its conjugate. Indeed:

Theorem 21. If f is a closed proper convex function, then the following are equiva-
lent:

1. intdom f is nonempty, f is differentiable on intdom f, and df(x) = 0 for all
x € dom f\ int dom f.

2. f* is strictly convex on all convex subsets of domdf* :={y : df*(y) # 0}.
Proof. See Theorem 11.13 of [92]. O

Note that for proper convex f, if dom f* is open, then domdf* = dom f* by
Theorem 16, and under the additional assumption that dom f is open, Theorem 21
simplifies to the following:

Theorem 22. Let f is a lower semi-continuous, proper convex function, and suppose
that dom f and dom f* are open. Then the following are equivalent:

1. f is differentiable on dom f.

2. f* s strictly conver on dom f*.
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C.4 Sequences of convex functions

Pointwise convergence of convex functions entails a kind of convergence of their sub-
gradients.

Theorem 23. Let f be a convex function on R™, and let C' be an open conver set
on which f is finite. Let f1, fo,... be a sequence of convex functions finite on C' and
converging pointwise to f on C. Let x € C, and let x1, 2, ... be a sequence of points
in C converging to x. Then for any € > 0, there exists N such that

Ofi(z;) C 0f(z) + B:(0)
for allt> N.
Proof. See Theorem 24.5 of Rockafellar [91]. O

Besides pointwise convergence, there is in fact another nature of convergence for
convex functions. This is the notion of epi-convergence, which is defined (even for
non-convex functions) as follows:

Definition 24. Let f;, f be extended-real-valued functions on R”. Then we say that
the sequence {f;} epi-converges to f, written as f = elim;_ f; or fi — f asi — oo,
if for all z € R", the following two conditions are satisfied:

liminf f;(z;) > f(z) for every sequence z; — x

limsup f;(x;) < f(x) for some sequence z; — z.

We say that the sequence {f;} hypo-converges to f, written as f = hlim; ., f; or
i LN f as i — oo, if {—f;} epi-converges to —f.

The notion of epi-convergence is particularly natural in the theory of convex func-
tions; accordingly hypo-convergence is more relevant to concave functions. Note
also that epi-convergence is neither stronger nor weaker than pointwise convergence.
However, there is a useful theorem that relates the pointwise convergence and epi-
convergence of convex functions.

Theorem 25. Let f; be a sequence of convex functions on R™, and let f be a lower
semi-continuous conver function on R™ such that dom f has non-empty interior. Then
f =-elim; . f; if and only if the f; converge uniformly to f on every compact set C'
that does not contain a boundary point of dom f.

Proof. See Theorem 7.17 of Rockafellar and Wets [92]. O

Under certain mild conditions, the epi-convergence of a sequence of convex func-
tions is equivalent to the epi-convergence of the corresponding sequence of conjugate
functions. Indeed, the following theorem is a natural motivation for considering epi-
convergence as opposed to pointwise convergence.
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Theorem 26. Let f; and f be lower semi-continuous, proper convex functions on
R™. Then the f; epi-converge to f if and only if the f! epi-converge to f*.

Proof. See Theorem 11.34 of Rockafellar and Wets [92]. O

Finally, under certain circumstances one can upgrade mere pointwise convergence
of convex functions to uniform convergence on compact subsets:

Theorem 27. Let f; and f be finite convex functions on an open convex set O C R",
and suppose that f; — f pointwise on O. Then f; converges uniformly to f on every
compact subset of O.

Proof. See Corollary 7.18 of Rockafellar and Wets [92]. O
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D Classical results on weak convergence of probabil-
ity measures

For completeness we recall here several classical results on the weak convergence of
measures. For reference, see, e.g., Billingsley [13].

Let S be a metric space, and let P(.S) denote the set of probability measures on
S (equipped with the Borel o-algebra). We say that a sequence u;, € P(S) converges
weakly to u € P(S), denoted py, = p, if [fdux — [fdu as k — oo for all
bounded, continuous functions f : S — R. A number of equivalent characterizations
of weak convergence are given in the following result, often known as the Portmanteau
theorem:

Theorem 28 (Portmanteau). Let S be a metric space, and let ., € P(S). The
following are all equivalent conditions for the weak convergence iy = pu:

1. limy oo [ f dpw = [ f du for all bounded, continuous functions f: S — R.

2. liminfy oo [ f du > [ f du for all lower semi-continuous functions f : S — R
bounded from below.

3. liminfy o px(U) > p(U) for all open sets U C S.
Remark 29. There are several other equivalent conditions often included in the state-
ment of this result.

A condition for extracting a weakly convergent subsequence, as guaranteed by

Prokhorov’s theorem below, is given by the following notion of tightness:

Definition 30. Let S be a metric space equipped with the Borel o-algebra. A set C
of measures on S is called tight if for any € > 0, there exists a compact subset K C S
such that u(K) > 1 — ¢ for all u € C. A sequence of measures is called tight if the
set of terms in the sequence is tight.

Theorem 31 (Prokhorov). Let S be a metric space equipped with the Borel o-algebra.
Then any tight sequence in P(S) admits a weakly convergent subsequence.
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E Proofs of lemmas from Part II1

E.1 Lemma 8

Proof. Suppose 1 < A is in My and write du = p dor where p is the probability
density. Since p < A, Cov(u) must be positive definite. Let pg be the Gaussian
measure with the same mean and covariance as p, and let pg be the corresponding
probability density. Then one can compute that

1
/plog pe do = ~3 log ((2me)™ det Cov(p))

(and in particular this integral is absolutely convergent). Now
_ P
plogp = plog pc + plog —.
PG
The first term on the right-hand side of this equation is absolutely integrable, and
the integral of the second term exists (in particular, the integral of the negative part

of the second term is finite, and the value of the full integral is in fact —H,, (1))
Therefore the integral [ plogp dz € (—oo, o] exists. Moreover

H(p) = —/plogp dw
1
= 3 log ((2me)™ det Cov(p)) + H,, (1)
1
< 5 log ((2me)™ det Cov(p)),
with equality if and only if ug = p.
To prove the second inequality in the statement of the lemma, define i := [z du

to be the mean of pu. Then Cov(u) = G(u) — fa’, so in particular det Cov(u) <
det G(u), with equality if and only if 7 = 0. O

E.2 Lemma 9

Proof. Without loss of generality we can assume that p; = p; dz for all j.
First, by the Portmanteau theorem for weak convergence of measures (Theorem
28) we have, for any z € R", that

G(u)z = /(sz)2 dp < lim inf/(zT:c)2 dpt)

Jj—o00

Jj—o0

= liminf/zTachz dp = liminf 27G(u;)z < C||2||>.
j—o0
It follows that © € My (and moreover G(u) < C - I,).
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Our goal is to put ourselves in a position to use the upper semi-continuity (note
our sign convention) of the relative entropy with respect to the topology of weak
convergence (see Fact 7). Let § > 0, and let Z3 = fe‘ﬁ“z”2 dz. Let 73 be the

Gaussian measure with density proportional to e~ Il#1I* . Then
H(p;) = —/pj log p; dz
pi(7)
= tos) — [ pitaog =2 w5 [ py(@)lel ao
Zg

= log(Zp) + H,,(15) + BTr[G ()]

Then by the upper semi-continuity of the relative entropy with respect to the
topology of weak convergence, we have

hﬂiljp H(p;) <log(Zs) + Hyy(p) + BCN = H(p) + B(CN = Tr[G(p)]) -

Since this inequality holds for any 8 > 0, the lemma follows. m

E.3 Fact 11

Proof. We can assume that p is absolutely continuous with respect to the Lebesgue
measure, i.e., has a density p (otherwise H(u) = —oo and the inequality is trivial).
It follows that p; := m;#u are absolutely continuous with respect to the Lebesgue
measure, i.e., have densities p;, for i = 1,2. Let x = (z1,25) denote the splitting of
x € RY according to the product structure R” = R? x R¥~P. Then using the fact
that 11 X po has density p;(z1)p2(x2), one directly computes that

/“) + H(MQ) + H,ul X 42 (:u)

p(z)
= )1 d 1 d log —————d
/,01 1) log p1(z1) da +/pz(w2) og p2(z2) xz+/p(fv) 08 e palra)
= /p ) log p1 :cl)dr+/p(iv) log pa(2) dx+/p($) long)dx
p1(x1)p2(22)
= / p(z)log p(x
But by Fact 7, the relative entropy term is non-negative. O

E.4 Lemma 2

Proof. Upper semi-continuity follows directly from Fatou’s lemma. ) is proper be-
cause its domain is nonempty and evidently {2 does not attain the value +oo.
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Now let 6 € [0,1] and Ay, Ay € dom 2. Then

QoA + (1—0)A,)

= = IOg/ (6_§ITA19”_U($)>9 <e_§$TA2$—U(x)>19 dz
o 1-60
> —lOg [(/ 6_%$TA1:C—U($) dx) (/ e—%g;TAgat—U(z) dl’) ]

= QA + (1 - 0)Q[A,],

where we have used Holder’s inequality in the second step. This establishes concavity.
Strict concavity on dom €2 follows from the following fact: Holder’s inequality holds
with equality in this scenario if and only if e=32" A1a=U(2) —32"A22=U(@) fo a]] x,
i.e., if and only if A; = A,.

Lastly observe that since dom 2 is an open set, for any A € dom (2,

=€

n
/ e§w26—%mTAx—U(m) dz < +00
R

for some 6 > 0. Now, for any polynomial P, there exists a constant C' such that for
all A" in a sufficiently small neighborhood of A,

P<x>e—%mTA’m—U(x) < 065126—%3:TA:E—U(3:)'
Since derivatives of all orders of the integrand in (2.2) are of the form
P(x)eféa:TAme(:v)’

differentiation under the integral is justified, and the smoothness result follows. [

E.5 Lemma 16

Proof. First assume A € dom(Q, so Z[A] < +oo. Let p € My and define f(z) :=
%xTAx + U(x). For any f such that e~/ is integrable, define v; to be the probability
measure with density proportional to e=/. Then provided p < A,




Since p € My, we have H(u) < +o0o as discussed in Remark 17. Careful observation
reveals that manipulations are valid in the sense of the extended real numbers even
when [ f dp = +oo. Moreover, p & A if and only if p &« vy, in which case both
sides of (E.1) are +o00. Therefore (E.1) holds for all u € M.

For A € dom @, (E.1) establishes the ‘<’ direction of (3.3). For A ¢ dom ,
Q[A] = —o0, so this direction is immediate.

Next suppose that A € dom ). Since dom {2 is open, it follows that vy € M.
From (E.1) and the inequality —H,,(x) > 0 (which holds with equality if and only if
p = vy), it follows that (3.3) holds. Moreover, that the infimum in (3.3) is uniquely
attained at p = vy, ie., at du(z) = ﬁe‘é‘”T“_U(‘”) dz. O
E.6 Lemma 19

Proof. By definition F[G] = —oo whenever G € S¥\SY. Now we show that also
F|G] = —o0 for G on the boundary dS¥. This follows from the fact that for such G,
any u € G71(G) is supported on a subspace of R" of positive codimension, i.e., not
absolutely continuous with respect to the Lebesgue measure, and therefore H(u) =
—00. Moreover, since such p is in Mo, we have (via the weak growth condition) that
JU du € (—o0,00], so the expression within the supremum of (3.2) is —oo for all
we g HaG).

Meanwhile, for G € SY,, one can see that F[G] > —oco by considering u to be
mean-zero with a compactly supported smooth density, linearly transformed to have
the appropriate covariance GG. For such p, both terms in the supremum are finite.

Moreover, for G € S¥, we also have that F[G] < +oo. Indeed, for p € G7(G),
by Lemma 8 we have H(p) < 3 log[(2me)" det G]. Since [U dpu > —Cy(14+Tr G), we
have a finite upper bound on the expression in the supremum in (3.2), which finishes
the proof. O

E. 7 Lemma 20

Proof. Let G1,Gy € St,, 6 € [0,1], and € > 0. Furthermore let i1, 1o € My such
that u; € G~ YG;) and V[w;| > F[G;] — /2. Then, noting that Ouy + (1 — O)us €
G 1(0G; + (1 — 0)G,), we observe

FlOG: + (1 — 0)G,]

sup Ul
u€g71(9G1+(1—9)G2)

U [Op1 + (1= 0)pa
0U ] + (1 — 0) W]
H.F[Gl] + (1 — 9)F[G2] — &,

AVARAVARAYS

where the penultimate step employs convexity of ¥. Since € was arbitrary, we have
established concavity.
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The fact that F is proper follows from Lemma 19. Since F is concave, by Theorem
14 it is continuous on int dom F, which is in fact all of dom F by the weak growth
assumption. Thus we only need to check upper semi-continuity at points G outside
of domF. At G ¢ dom F = S7, upper semi-continuity is trivial because F = —oo
on a neighborhood of GG. Therefore let G € S, and suppose that G € S}, such
that Gy — G as k — co. We need to show that limsup,_, . F[Gy] = —oco. Throwing
out all G, ¢ ST, from the sequence cannot increase the limit superior, so we can just
assume that G, € S} for all k. Since G € 95, we have det G = 0, and therefore
det G — 0. By Lemma 19 we have

1
FlGi] < 5 log [(2me)"™ det Gi] + Cy (1 + Tr Gy).

Since the right-hand side of this inequality goes to —oo as k& — oo, the proof is
complete. O

E.8 Lemma 21

Proof. Observe that (1) Q and F are upper semi-continuous, proper concave functions
(by Lemmas 2 and 20), (2) F = Q* and Q = F*, and (3) both dom 2 and dom F =
S, are open. Then the strict concavity and differentiability of  on dom F = &% |
follow directly from Theorem 22.

Now we turn to proving C'*°-smoothness. Though infinite-order differentiability
is not typically discussed in convex analysis, it can be obtained from infinite-order
differentiability and strict convexity of the convex conjugate via the implicit function
theorem. Indeed, define the smooth function h : 8¢, x dom {2 — 8" by

WG, A) = VQIA] - G.

Then Dh = ( —1Ign ‘ V30 ), and since () is smooth and strictly concave, the right
block is invertible for all A,G. Fix some G’ € 87, and let A" = VF|[G'] € dom(,
so h(G', A") = 0. Then the implicit function theorem gives the existence of a smooth

function ¢ on a neighborhood ¥V C 8%, of G’ such that h(G, ¢(G)) = 0 for all G € V.
But this means precisely that ¢ = V.F, hence in particular V.F is smooth at G'. [

E.9 Lemma 36
Proof. Write

We want to show that as ¢ — 07, Z[-,eU] epi-converges (see Definition 24) to
Z|[-,eU]. If so, then —Q[-,eU] epi-converges —[-,0], and Theorems 26 and 25
yield in particular that F[-,eU] — F[-,0] pointwise on ST, as ¢ — 07. Then
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by Theorem 23 we have the pointwise convergence of the gradients on S, i.e.,
AlG,eU] — A[G,0l =G 1 ase — 0" for G € S7,.

Thus it remains to show that Z[-,eU] epi-converges to Z[-,eU]. The first of the
conditions in Definition 24 follows immediately from Fatou’s lemma, so we need only
show that for any A € SV, there exists a sequence A. — A such that

limsup Z[A.,eU] < Z.[A, 0]

e—0t

In particular, it suffices to show that

limsup Z[A, U] < Z.[A,0]. (E.2)

e—0t

For A ¢ 87, the righthand side is 400, so the inequality holds trivially.
Thus assume A € S7,. By the weak growth condition, we can write U(z) =

ﬁ(x) —A- )‘Hx”z, where C' > 0 and U > (0. Then
Z{A,&TU] = /es)‘e%IT(AE)‘)mdj(z) dr < /eff)\e%wT(As)\):v dﬂ?,

and evidently the righthand side converges to Z[A, 0] by dominated convergence. [J

E.10 Lemma 37

Proof. Let G € S?,. Recall Eq. (E.2) from the proof of Lemma 36. From this
inequality, it follows that there exists 7 > 0 and an open neighborhood N of G~! in
St such that A € domQ[-, U] for all (g, A) € (0,7) x N.

Now consider ¢ > 0 sufficiently small so that £ < 7 and A := Ag(é) € N (possible
by Lemma 36). Define the smooth function h : (0,7) x N' — S¥ by

h(g, A) = VaQ[A,eU] — G.

Then Dh(e, A) = ( = | VAQ[A,eU] ), and since Q[+, U] is smooth and strictly con-
cave, the right block is invertible for all £, A. Moreover, we have h(é,fl) = 0 by
construction. Then the implicit function theorem gives the existence of a smooth
function ¢ on a neighborhood I of € such that h(e, ¢(g)) = 0 for all ¢ € I. But this
means precisely that ¢ = Ag. The implicit function theorem then also says that
/ 2 -1 oh

Ag(e) = =(VallAg(e), eU)) ™ 52 (e, Ag(e)) (E.3)
for all € € I, where A¢, denotes the ordinary derivative of the function Aq of a single
variable. In particular Eq. (E.3) holds at ¢ = . But since € was arbitrary (beyond
being taken sufficiently small), it follows that Eq. (E.3) simply holds for all € > 0
sufficiently small.
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We want to show that all derivatives of Ag : (0,00) — SV extend continuously to
[0, 00). Starting with Af,, we can examine these functions by taking further derivatives
on the righthand side of Eq. (E.3). The result will be an expression involving integrals
of the form

/P(Z’, U(:C)) eféxTAG(E)IfsU(x) dz,

where P is some polynomial, and it suffices to show that such integrals converge to
their desired limits

/P(x, Ulz))e 2 7' da,

The argument is by dominated convergence. First observe that from the at-most-
exponential growth assumption (Assumption 5), it follows that there exist a,b > 0
such that |P(z,U(z))| < aebll®ll for all z. As in the proof of Lemma 36, write U(z) =
U(x) — A — A|z||%, where C' >0 and U > 0. Then

P2, U (2))] e T (A0 -20e—c0(0

_1,T _
aeb”xﬂes)\e sz (Ag(e) 5)\)23.

|P(a,Ula)) ez 4OV <
<

Then for all € > 0 small enough such that e < 1 and Ag(e) —eX = 3G, we see that
the absolute value of the integrand is bounded uniformly by
aeszHe)\efixTG_lm?

which is integrable. This completes the dominated convergence argument, and we
conclude that all derivatives of A extend continuously to [0, 00).

Next we aim to use the preceding to show that all derivatives of &4 and ¥ also
extend continuously to [0, c0).

To this end, recall the Dyson equation

Yo =A¢ -G,

which requires that the desired extension property of ¥4 is equivalent to that of Ag,
which we have already proved.
Now for any € > 0, we have

Ou(e) = 2F[G,eU] — Trlog G — N log(2me)
= Tr[Aq(e)G] — 2Q[Ag(g),eU] — Trlog G — N log(2me)
by Legendre duality, from which it follows from our extension property for Ag, to-

gether with the arguments used to establish it, that all derivatives of ®5 extend
continuously to [0, 00). O
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E.11 Lemma 44

Proof. Based on Egs. (4.6) and (4.7), we want to show that G[A(M)(e),Ug(M)] ~
G[AM)(e),eU]. As a first step, we aim to show that

Z[AM (), UM] ~ Z[AM)(g), eU].
Indeed, we can write

Z[AM)(¢), U] — Z[AM) (g), UM)]

£

— [ (1 A0SO (g

We can choose C such that
—CMH < wg(e) — S5M(e) = M

for all € > 0 sufficiently small.

Now let R(¢) = e7?/2 for p € (0,1). We split the integral in (E.4) into a part
over Br)(0) and another part over the complement. The integrand is dominated by
e~%"7 for some ¢ uniform in e, the integral of which over the complement of B r()(0)
decays super-algebraically as ¢ — 0, so we can neglect this contribution.

Meanwhile, for x € Bg()(0), we have

27 [Zale) - 5EM(e)] o] < c2Mri,
hence there exists C' such that

1 i efémT [EG(E)*E(GSAN(E)]I < C,€M+1_p

for all x € Bp()(0). Combining with (E.4) and dominated convergence, we have
established Z[A®D (), UM ~ Z[AM) (), eU].

This result, together, together with analogous arguments applied to integrals of
the form

/ iy e 2t AN Ee-eU) (1 _ e [Ec@)—zgm(a}x) d.
vields GIAM) (2), U] ~ GIAMD(e), U] 0

E.12 Lemma 50

Proof. For convenience, we define

F[G] = sup {H(,u) —/U du} :
neG—HG)NM.
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Evidently F, < F and F,[G] = —o0 if G ¢ S}, so we can restrict attention to
GedSt,.
Fix ¢ > 0. Let G € 87, so F[G] is finite, and let u € M, such that

Hp) - [V dn= FiG) -2

In particular, H(u) # —oo, so du = p dx for some density p. Then consider the
measure pr € M (R) given by density pg := Z5' - p- xr, where X is the indicator
function for Bg(0) and Zg = [ Br(0) P dz. By monotone convergence, Zr — 1.
Unfortunately we cannot expect G(ugr) = G, but we do have G(ur) — G (following
from dominated convergence, together with the finite second moments of p). We then
want to modify g (keeping its support compact) to construct a nearby measure with
the correct second moments.
To this end let Gg = (G — G(ur)] + G(ur), where 7z > 1 is chosen so that
Tr — +00 and the eigenvalues of Gz remain uniformly bounded away from zero and
infinity (possible since G(ur) — G). Note that we have G = 7' G+ (1—75")G (1r).
Now let m € My be any compactly supported measure with a density and finite
entropy, and let mg = Tr#m, where Tg is a linear transformation chosen so that
G(mr) = Gg. Since the eigenvalues of G are uniformly bounded away from zero and
infinity, the T can be chosen to have determinants uniformly bounded away from
zero and infinity (which guarantees that that the |H(mg)| are uniformly bounded),
and 7g can be taken to have uniformly bounded support. Then finally we can define
a measure vg := 7 7 + (1 — 77 ) iur, 50 G(vgr) = G and vg is compactly supported.
For the proof it suffices to show that

H(vg) — / U dvg — H(p) — / U dp (E.5)

as R — oo.
By the weak growth condition (Definition 3), we can choose a constant C' such

that U defined by U(z) := C(1 + ||z||?) + U(x) satisfies U(z) > ||z[|2. Now
J s al) dun = [ @+ ) du < oc
by monotone convergence together with the fact that Zr — 1. Furthermore
it [ @ lal?) dme 0,

so in fact
/(1 Fllz|?) dvp — /(1 F1l2l?) du < 400

Therefore, without loss of generality, we can prove E.5 under the assumption
that U(xz) > ||«||*. But then [U dur — [U dp by monotone convergence, and
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Th ! J U dnr — 0 since the g have uniformly bounded support, so in fact [ U dvg —
[U dp.

Then we need only show that H(vg) — H(u). Here one verifies from the con-
struction that vg converges weakly to u, and moreover the second moments of vg,
are uniformly bounded, so by Lemma 9, we have limsupy H (vg) < H(u).

But by the concavity of the entropy, we have H(vg) > 75 H(mg)+(1—715" ) H (ug).
Now recall that the |H(7g)| are uniformly bounded in R, so 75'H(mg) — 0. Thus
the statement liminfg H(vg) > H(u) (and hence also H(vg) — H(u)) will follow if
we can establish H (ugr) — H ().

Now

Hinr) =log(Ze) - 2 [ plogp o
Br(0)

But we know Zrp — 1, so we need only show that

/ plogp dx—>/plogp dx.
Br(0)

From Lemma 8, the negative part of plogp is integrable. But then the fact that
H(p) > —oo precisely means that the positive part of plog p is integrable, i.e., plog p is
absolutely integrable. Then the desired fact follows from dominated convergence. [J
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F The noninteracting partition function

We want to compute Zy[A] = Z[A;0] for A € HY. Fix some A € Hd, and diagonalize
A =U'AU, where U is unitary and A = diag(\y,...,Aq). Then Hy[A] = 3cTUTAUc.
Define & = 32, Ujck, 50 & = 3, [Uf]wich, and let & = (é,...,¢4)T. Then Hy[A] =
%ZZ Ain;, where /ﬁl = EZEi. It can be readily verified that the operators ¢; and
é;-r defined via such a canonical transformation satisfy the same anticommutation
relations as the ¢; and ¢l hence can be viewed as new annihilation and creation

79

operators. Hence in particular the number operators n; all commute, and

ZolA] = Tr -e*HO[A]}

= Tr -e_ L )"“%’“}

= Tr He_k’ﬁk].

Now since ny is idempotent,

Nk — i%(—xi)m @5

m=0
= 1+ ii(—A)m 7
_1m! 7 k

= 1+ (e —1)ng.

Then with |n) denoting, for n € {0,1}%, the occupation number basis with respect to
the new creation and annihilation operators, we have

I1 (1 e - 1]@)]
= > GITT (e = 1) 8)

ne{0,1}4

— Z H (14 [ —1]ny)

ne{0,1}¢ k

— H Z (1 + [e_A’“ — 1]n)

k ne{0,1}

= H (14 e )

k
= det (1 + e_A) ,

Z() [A] = Tr
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from which it follows that
Qo[A] = —logdet (1+e™) = —Tr [log (1 + e )],

SO

DolA] = V[A] = i — =1+ e

Therefore the inverse map Ag[D] is given by
Ao[D] =log (D" — 1)
for D € intDC(ll).
Now the noninteracting density operator is then given by
d

1 g 1« 14 [e — 1ny
Al = clAe _ Dok AR )
IOU[ ] Zo[A]e ZO[A]e H 1+ e M

k=1

Note that even in the case in which A\, = +00, po[A] is then well-defined, and in fact
7 (po[A]) can be obtained as a limit of v (po[A™)]) for A™ = UTA™U for A finite
and diagonal such that A(™ — A,

Thus if D € ODS) and one takes D™ ¢ int Dg) simultaneously diagonaliz-
able with D such that D™ — D, then v (py [4o[D™)]]) = D™ — D, but also
v (po [Ao[D'™]]) — 7 (po[A]), where A = log (D™ — 1) has eigenvalues possibly
Foo0.
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G The Kadanoff-Baym contour

Here we briefly discuss one main non-equilibrium setting of interest, known as the
Kadanoff-Baym formalism. One considers an initial time ¢3 and a final time ¢;, with
t1 > to, and for t € [to, t1], H(t) denotes the Hamiltonian at time ¢. This Hamiltonian
determines the evolution, starting at time tg, of a prepared grand canonical ensemble
defined by a density operator p, i.e., a positive semi-definite operator on the Fock
space of unit trace. Assuming, for simplicity, strict positive definiteness, we can write

for some Hamiltonian H and inverse temperature 5. Of course, this form leaves
freedom in choosing S, but it is good to think of 5 as a free parameter. Often
H may be thought of as H(ty) — uN, but this need not be the case. To ensure
that Assumption 8 holds, it will suffice to assume that Tr[e #7+N] < 400 for some
¢ > 0 sufficiently small. This condition is analogous to the condition x € int dom Z
discussed in Appendix 5.2 for the equilibrium finite-temperature ensemble. Assuming
the condition, let On denote the restriction of e=#H to the N -particle subspace. Then
it follows that Tr[Oy] decays exponentially in N, hence ||Oy ||, does as well.

Here the contour is the Kadanoff-Baym contour CXB, specified by the path y*B
which can be written as a concatenation

Y =Ty M

Here v~ : (0,t; — tg) — C is defined by s+ s +to, vt : (0,t; — tg) — C is defined by
s+t —s, and ™ : (0, 3) — C is defined by s + to —is. Accordingly we define sub-
contours, C4 and Cxg. The concatenation vXP is viewed as a function (s0,51) — C,
where so = 0 and s; = 2(t; — to) + 5.

We have already defined the contour Hamiltonian H(z) for z € C+. To complete
the specification of our ensemble we stipulate that H (z) = H for z € Cy . For
contour times s,s’ < t; — ty, the contour-ordered Green’s function G(s,s’) recovers
the appropriate notion of the real-time-ordered non-equilibrium Green’s function;
similarly, appropriate notions of advanced and retarded Green’s functions can be
recovered from the contour-ordered Green’s function. However, only the contour-
ordered Green’s function admits a favorable perturbation theory, and this remarkable
fact is one motivation for considering it. See [100] for further details. In this work
we additionally see that the contour-ordered setting is also the natural setting in
which to recover a sparsity result for the self-energy of impurity problems in the
non-equilibrium setting. B

Now one can readily check that the partition function is given by Z = Tr[e ##] > 0
(so Assumption 9 is satisfied). Now we verify Assumption 8. For s’ < s < s1 — f3,
note that U(s,s') is unitary, hence bounded. Moreover, for s1 — § < s < s, we

327



have U(s,s') = e~ =) wyhich is trace class (by our assumption), hence bounded.
It follows that for any sy < s’ < s < s;, the operator U(s, s’) is bounded. In fact,
U(s1,81 — B) = e PH and as mentioned above, the operator norm of this operator
restricted to the N-particle subspace decays exponentially in N. Thus Assumption 8
is satisfied.
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